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Abstract

Epistemic states are very useful in Knowledge Representation, in particular
for defining logics of minimal knowledge in NonMonotonic Reasoning. The most
successful example has been the introduction of stable belief sets by R. Stalnaker, a
notion which heavily influenced the development of modal nonomonotonic logics.
Up to now, the proposed epistemic states do not distinguish between knowledge
and belief, focusing mostly on an analysis of a rational agent’s introspective power.
We define and investigate here a structure incorporating what is true, what is
known and what s believed by a rational agent in possible worlds models. The
notion of K Bpr-structures introduced, provides a fine-grained modal analysis of
an agent’s epistemic state, actually one that differentiates knowledge from belief
and accounts for an agent without full introspective power concerning knowledge.
Many epistemic properties of this structure are proved and it is shown that belief
collapses in the form of a Stalnaker stable set, while knowledge does not. Finally,
a representation theorem is proved, which matches K Bp-structures to models of
the logic S4.2, advocated by W. Lenzen as the ‘correct’ logic of knowledge, a
statement further supported by the work of R. Stalnaker and other researchers.



1 Introduction

Epistemic Logic | , | has been traditionally concerned with the rigorous anal-
ysis of the propositional attitudes ‘agent; knows ¢’ and ‘agent; believes that @ holds’. It
grew up as an area of Philosophical Logic but it has been given a fresh new perspective
and a strong motivation through its applications in Computer Science (for instance the
analysis of distributed systems | ) and Artificial Intelligence (autoepistemic
logics | |, multi-agent systems | | and many others). In its current form,
Epistemic Logic has been greatly benefited by the development of Modal Logic and, in
particular, by the advent of ‘possible worlds’ (or Kripke) semantics. Nowadays, many
rich epistemic languages have been introduced and applied in various fields of comput-
ing; see [ | for a short presentation and many pointers to the literature. Epistemic
Logic has recently met Dynamic Logic in an area which deals with the dynamic phenom-
ena of public announcements, ‘rumours’ and other actions which affect the knowledge
state in a group of agents: Dynamic Epistemic Logic | | deals with logics of
knowledge and change.

Artificial Intelligence has provided a new, ‘introspective’ perspective on modal epis-
temic reasoning. In Knowledge Representation, the issue of a ‘good’ representation of
a rational agent’s (typically acting in a domain of interest and holding partial, incom-
plete information about the world) epistemic state is very important. A simple, yet
very successful and influential notion is Stalnaker’s definition of a stable belief set
([ 1, 1 |), which has played a significant role in the development of modal Non-
Monotonic Reasoning (NMR). Succint and expressive logical definitions of an agent’s
epistemic state are of interest to other branches of Knowledge Representation too, such
as belief revision and reasoning about actions.

In this paper we proceed to work on a detailed analysis of the epistemic and dox-
astic theories held by a rational agent, operating in a complex possible-worlds envi-
ronment, under the realistic condition that the information acquired by the agent allows
him to distinguish (at least) some of the possible worlds in the picture. This is definitely
different from the S5 picture of the Stalnaker stable sets, worked around the universal
model paradigm, where no possible world is distinguishable for the others. Here, we ac-
tually place the (important for KR) question of the formal representation of an agent’s
knowledge and belief, under the lens of classical modal epistemic reasoning and revisit
the notion of epistemic state(s) under a new, semantic perspective. Our objective is to
describe the epistemic and dozastic status of a rational agent without full introspection
(which has been strongly criticized in epistemic logic), taking a modal approach, which
differentiates knowledge from belief. We introduce a notion of K Bpg-structures,
intending to capture the interplay between truth, knowledge and belief held by
an agent operating in a domain modelled as a set of possible-worlds. We examine several
proof-theoretic properties of K Bgi-structures and provide a representation theorem for
these structures, which proves an exact correspondence to the models of S4.2; the logic
advocated by W. Lenzen as the ‘correct’ logic of knowledge [ |. It is hardly surpris-
ing that the initial motivation of this research has been the ambition to define simple



variants of Stalnaker’s stable sets inspired from interesting epistemic models, such as
the models of S4.2.

The paper is organized as follows: in Section 2 we establish notation and terminology.
In Section 3.1 we provide a motivating example for the epistemic states introduced in
this paper. In the rest of Section 3 we define the K Bg-structures and examine their
formal properties. In Section 4 we prove a representation theorem which links K Bg-
structures with models of the logic S4.2. In Sections 5 we provide a detailed example
for an epistemic situation, in view of our results in the previous sections. We conclude in
Section 6 with some references to related work and some questions for further research.

2 Notation and Terminology

2.1 Modal Logic

In this section we gather the necessary background material and results: for the ba-
sics of Modal Logic and modal Non-Monotonic Reasoning the reader is referred to the
books | , , , ]. We assume a modal propositional language Lg,
endowed with an epistemic operator Oy, read as ‘it is known that ¢ holds’. Sentence
symbols include T (for truth) and L (for falsity). Some of the important axioms in
epistemic/doxastic logic are:

K. (BeADO(p D4)) > 0¢

T. Op D¢ (axiom of true, justified knowledge)

4. Op D OO0y (axiom of positive introspection)

5. =O¢p D O-0p (axiom of negative introspection)

G. —||:|—||:|(p D) |:|—||:|—\(p

The epistemic interpretation of G will be made clear below. Modal logics are sets of
modal formulas containing classical propositional logic (i.e. containing all tautologies in
the augmented language L£g) and closed under rule

0, p DY
BT

The smallest modal logic is denoted as PC (propositional calculus in the augmented
language). Normal are called those modal logics, which contain all instances of axiom
K and are closed under the rule of generalization

MP

RN. 2
U

By KA;...A, we denote the normal modal logic axiomatized by axioms A; to A,.
Well-known epistemic logics comprise KT45 (S5) (a strong logic of knowledge) and
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KT4G (S4.2). Throughout this paper we use the notion of strong provability
from a theory I | ]. In the case of a normal modal logic A we write [ 5 ¢
iff there is a Hilbert-style proof, where each step of the proof is a formula, which is a
tautology in Lg, or an instance of K, or an instance of an axiom of A, or a member of I,
or a result of applying Uniform Substitution, MP or RN to formulas of previous steps.
We say that a theory I is consistent with logic A (denoted as: cA) iff I ¥ L. Theory ©
is I-consistent with A (IcA) iff (Vn € N)(Vpo, ..., 00, €O) T Fpr o A... Ap, D L, and
theory © is mazimal I-consistent with A (mIcA) iff © is IeA and (V¢ ¢ ©) © U {9} is
not I-consistent with A (IincA).

Furthermore, we say that I is closed under A-consequence iff I = Cny(I). By
definition, Cnx(I) = {¢ € Lo | I Fo ¢}. The notion of proof -, depends on A.
Except of modus ponens, in case of a normal modal logic A, it contains generalization.
If propositional logic PC, is considered, and I C L (as in Prop.4.3 later on), then
we say that I is closed under propositional consequence iff I = Cnpc, (). This time
Cnpc,.(I) =dt. {¢ € L | I Fpc, ¢}, and proof Fpc, contains only modus ponens.

Normal modal logics are interpreted over Kripke models: a Kripke model 9 =
(W, R, V) consists of a set of possible worlds (states, situations) W and a binary acces-
sibility relation between them R C W x W: whenever wRv, we say that world w ‘sees’
world v, or that v is an alternative to w. The valuation V' determines which proposi-
tional variables are true inside each possible world. Within a world w, the propositional
connectives (-, D, A, V) are interpreted classically, while Oy is true at w iff it is true
in every world ‘seen’ by w (notation: 9%, w I+ Op). The pair § = (W, R) is called the
frame underlying M. A logic A is determined by a class of frames iff it is sound and
complete with respect to this class; it is known that S5 is determined by the class of
frames with a universal accessibility relation, while S4.2 is determined by the class of
frames with a reflezive, transitive and directed' accessibility relation | ].

2.2 Stable belief sets

The following notion has been very influential in NonMonotonic Reasoning. Stable
belief sets, were introduced by R. Stalnaker in the early ’80s | | as a formal
representation of the epistemic state of an ideally rational agent, with full introspective

capabilities. A set of formulas S in a monomodal epistemic language is a stable set if it
is ‘stable’ under classical inference and epistemic introspection:

(i) Cnpc(S) € S
(ii) ¢ € S implies Jp € S

(iii) ¢ ¢ S implies ~Op € S

Lie. (Vw,v € W)(Fu € W)(wRu & vRu).



2.3 A digression on Bimodal Epistemic Logics and the epistemic
content of S4.2

W. Lenzen has advocated in | | that S4.2 is the ‘correct’ logic of knowledge and be-
lief. His results are further supported by R. Stalnaker’s work [ | who has arrived at
S4.2 through a different (but equivalent) set of epistemic principles. Our perspective is
very much influenced by W. Lenzen’s work in | |, where many interesting formula-
tions of knowledge and belief are discussed. To explain briefly the epistemic importance
of S4.2 we will move temporarily to a bimodal language in order to express axioms that
capture the interplay between knowledge (K) and belief (B). Firstly let us explain that
the ‘basic’ epistemic logic is S4k axiomatized by Kx. Ko AK(p D 1) D Kep, Tk. Ko D ¢
and 4k. K¢ D KKp. Another important logic is doxastic KD45g, axiomatized by Kg,
4p and the axioms Dg. By D =B—y and 5. "By D B—=Bep.

The so called bridge axioms or interaction axioms attempt to capture the interaction
between the two attitudes. Following is a list of the most important ones, with the name
R. Stalnaker uses in | |; inside the parenthesis is the name used by W. Lenzen for
the same axiom, if the name is different.

KB. Ky O By
Knowledge implies belief. (B1, entailment property in | 1)

(B2.3) By D -B-Kyp
Assuming that something is believed to be true, it cannot be the case that it
is believed not to be known?.
PIB. By D KBy
Positive introspection regarding belief. (B2.4)

NIB. -By D K-By

Negative introspection reqarding belief.

SB. By D BKp
‘strong belief” — ‘subjective certainty’. (B2.1)

The epistemic importance of S4.2. In the late '70s, W. Lenzen proved that assuming
S4k for knowledge, KD45g for belief and some plausible axioms for their interplay, we
arrive at a logic practically equivalent to S4.2, assuming that belief there is captured by
a derived modal operator introduced by the axiom DB. By = -K—Ky (which captures
belief through knowledge); we call this version S4.2xg. Similar results can be found in
R. Stalnaker’s work.

2 According to W. Lenzen, a ‘realist epistemologist’ should, at least, accept this principle [ ,
p. 43].



Proposition 2.1

S4 + KD45g + B1 + B2.3 + B2.4=S4.25 | , Lenzen|
S4+CB+ KB +SB+PIB+NIB=S42¢s  [51a00, Stalnaker]

Ending this digression, we wish to remind the reader that our language is monomodal
in this paper, we reserve Oy for knowledge and we keep Lenzen’s shorthhand for belief
as ~O-0¢p. Some of the epistemic principles mentioned above, will be used below in
our results.

2.4 Cluster analysis of transitive logics

The cluster analysis of transitive logics is well known | , Chap.g8]| ]. We
provide the necessary definitions and results below, with a bit of personal flavour in
terminology.

Some useful facts. We will restrict ourselves to possible-worlds frames with a reflex-
ive, transitive and directed relation (henceforth called rtd-relation), keeping in mind
that in the class of reflexive and transitive frames, directedness is equivalent to weak
directedness® | , p- 30]. The following definition for these relations, captures the
notion of cluster, as a maximal subset of states, inside which the (restriction of the)
accessibility relation is universal. Following this definition, we gather some properties
of clusters inside rtd-relations.

Definition 2.2 Let R C W x W be any (binary) rtd-relation on W, and @ # C C W.

(i) C is called a cluster of R iff
(Vs,t € C)sRt and (Vu € W\ C)(Fv € C)(—~uRv or —vRu)

(i1) The cluster C' of R is called final iff Vu € W\ C)(Yv € C)(uRv & —vRu)

Fact 2.3
(i) (Vs e W)(3C : cluster) s € C
(i) ( )
(111) (¥ clusters C,C" CW)(Vs € C,s" € C")(sRs' = (Vt € C,t' € C") tRY')
(i) ( )

V clusters C,C' CW) CNC' =@

Y clusters C,C" CW)(Vs € C,s € C")
((C #C" & sRs') = (Vt € C,t' € C") ~t'Rt)

(v) If a final cluster exists, it is unique. There is always a final cluster in finite
models.

3ie. (Vw,v,u € W)((wRv & wRu) = (3t € W)(vRt & uRt))



It is customary to order clusters too, and we employ the following definition to make
this concrete. As we will prove, there is no loss of generality in ‘collapsing’ the clusters
by defining a relation on the clusters’ indices and we will work for simplicity with frames
possessing a finite number of clusters (the indices will be members of D = {0,...,n}).
The lemma following the definition makes clear that the relation constructed inherits
properties from its ‘generating’ relation R.

Definition 2.4 Let R be an rtd-relation on W. Then, a pattern-relation R, C D x D
of R is any relation on D s.t. (Vi,j € D)

ZRp] = (EIS eC,te CJ) sRt

where Cy, ..., C, C W is an enumeration of the clusters of R.

Lemma 2.5 Let R be an rtd-relation on W and R, a pattern-relation of R (for clusters
Co,...,C, CW ). Then,

(i) (Vi,j € D)(iR,j < (Vs € C;,t € C;) sRt)
(it) R, is also an rtd-relation.

(1ii)  All clusters of R, are singletons.

PROOF. (i) It is immediate, by Def.2.4 and Fact 2.3(ii).
(i) Follows easily by Def.2.4 and (i), since R is rtd.

(iii) First of all, in light of (ii), it is meaningful to refer to R,-clusters, which contain
R-clusters. Suppose, for the sake of contradiction, that there is an R,-cluster with more
than one elements. Let 7,5 be two of them. Since they belong to an R,-cluster, by
Def.2.2(i), iR,j and jR,i, hence, by (i), (Vs € C;,t € C)) (sRt & tRs) (1)

But, by Fact 2.3(ii) (and since C; # @), there exists a u € C; \ C;, hence, by Def.2.2(i),
there is a v € C; s.t. ~uRv or —wRu, which contradicts to (1). And since clusters are
by definition non-empty, they are singletons. |

The property (iii) entails another one, which will be useful below, so we will focus on
rtd-relations endowed with (iii). These relations deserve a name.

Definition 2.6 FEvery binary relation which is reflexive, transitive, directed and has
only singleton clusters (i.e. every cluster consists of only one reflexive element) is called
a simple rtd-relation (s-rtd).

Lemma 2.7 Let R be an s-rtd-relation on W. Then, there is an f € W s.t.

(Gd) (Vi e W) (iRf & (i # f = ~fRi))



PRrROOF. Let FF C W be the final cluster, guaranteed by Fact 2.3(v), and ¢ € W. Since
every cluster is a singleton, let F' = {f}. If ¢ = f, then, since R is reflexive, iRf. If
i # f, then, i € W\ F, hence, by Fact 2.3(ii), iRf and —f Ri. |

The following fact is now obvious.

Corollary 2.8 Let R be an rtd-relation on W and R, a pattern relation of R (for
clusters Cy,...,C,, € W). Then, R, is an s-rtd-relation and satisfies (Gd), where
W =D.

Let us mention here that it can be proved that S4.2 is also determined by the subclass
of its frames (finite or infinite) possessing a final cluster; the result is implicit in | ]
and it can be also found at | ].

3 K Bpg-structures

3.1 Motivation

We will work on an example of M. Fitting from | |; similar examples can be found
in various places at | |. Assume that we are interested in the representation of
knowledge (and ignorance) of an agent about the current raining conditions in New York
and in Novosibirsk. We need two propositional variables (e.g. y,n), which represent “it’s
raining in New York” and “it’s raining in Nowvosibirsk” respectively. Then, there are
four different situations, i.e. combinations of truth values of y and n. Suppose that
our agent resides in New York and knows whether it is raining there or not. Assume
that it is raining there. Then, she would consider both situations y,n and y, —n as
two alternatives of the true state of the world. If she were in y,n, she could not be
able to distinguish her situation from ¥, —n, and vice versa. And of course, y,n itself
is indistinguishable from y, n. In this case, since y is true in every alternative situation
for our agent (i.e. she knows y), Oy is true in y,n and in y, —n. Analogously, if it
isn’t raining in New York, situations —y,n and —y, -n are not distinguishable to each
other by our agent, and O—y is true in both of them. This epistemic model could be
represented as in Figure 3.1 on page 8, provided that arrows connect indistinguishable
situations.

This is the standard approach of an epistemic model, and the model is considered
to be symmetric, i.e. that all arrows are bidirectional. This means in our model, for
instance, that our agent’s ignorance about the weather conditions in Novosibirsk is
independent of what is really happening there, in other words, she knowns exactly the
same facts independently of where she is located, within the indistinguishable part of the
model. Generally, the standard approach assumes that all indistinguishable to eachother
situations, ‘see’ one another, which is a result of the assumption that the information
given to the agent is the same in all indistinguishable situations.
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We claim that this assumption is not always true. For example, in the previous model
one might think of a special case, where the heavy rain in Novosibirsk was reported in the
news headlines, and our agent became aware of that. Then, assuming it isn’t raining
in New York, from —y,n, situation —y,—n is distinguishable, whereas from —y, —n,
situation —y, n isn’t, since we assume that in this case no comment about the (good)
weather in Novosibirsk was made by the news agencies, and our agent doesn’t know
what’s happening there.

Except of some special cases, which can not be covered by the assumption of uniform
distribution of information within indistinguishable situations, there is another draw-
back of the standard assumption and its entailment that all indistinguishable situations
‘see’ each other. Suppose that an agent, being in a situation (let us name it) i, does not
know . Then, there must be an indistinguishable from ¢ situation j, where —¢ holds.
Since every other indistinguishable from 7 situation k sees j, it will also in £ be true that
our agent does not know ¢ (a witness for that is j). Hence, our agent does know in i
that she doesn’t know . So, in every situation, it holds that if the agent does not know
something, then she is aware of her ignorance about that. And this very fact, which is
known as negative introspection, is not acceptable by the vast majority of philosophers.

In our approach, trying to find a remedy for these drawbacks, we will assume that
information is not uniformly distributed all over the situations. We intend to
establish a formal representation of knowledge sets, which will not necessarily be the
same globally, but different for each situation (in fact, we will describe the properties of
those sets, not necessarily for each situation, but for ‘blocks’ of indistinguishable situ-
ations). So, assuming that there are n different situations, we denote for any situation
i € {0,...,n} the agent’s knowledge set as r;. To be able to define those sets,
we have to consider sets 7;, which will contain all true formulas in situation
1. Our agent does not necessarily know every formula in 7;; and anything believed by
her, might not be true. Furthermore, being in a situation ¢ the agent might distinguish
between her current situation and another, because she has some information, which
allows her to do so. But she might also not be able not distinguish between her current



situation ¢ and another j. As explained previously, if j is an alternative situation for 7,
then it is not necessarily true that ¢ is an alternative situation for j, since being in j, our
agent might be provided with extra information, which might allow her to distinguish
between j and 1.

Note also, that - in the general case - the agent does not know in which sit-
uation she is located. If we know that the agent is in situation 7 and that, say, j,
k and [ are alternative situations for 7 (i.e. indistinguishable from 4), she might not
know that she is in 7. She rather knows that ¢, j, k£ and [ are all indistinguishable situ-
ations. Speaking about indistinguishable situations from ¢ means that we do know that
if our agent were in ¢, she would consider these situations together with ¢ as alternative
variations of her present situation, which is unknown to her.

Furthermore, we could know — since we enjoy the “eagle’s view” — that if our
agent were in situation j, she would have the information to distinguish between her
situation and, say, k, but this is something that she does not know. Only if she actually
were in j she would know that. Now, assume that in the previous example our agent is
aware of the fact that in all alternative situations (included the unknown to her, current
situation ) a formula ¢ is true (i.e. ¢ € T; NT; N1, NT}). Then, it is natural to say
that she is sure about @, that she knows ¢. Therefore, given a relation R C {0,...,n},
representing all couples of indistinguishable situations (i.e. ¢Rj means that j is an
alternative situation for i), we will define in the next section, r; as nmj T;.

As mentioned previously, in our modal language £ the modality denotes knowl-
edge. Hence, we have two ways of denoting knowledge of ¢: using formula Oy, and
saying that ¢ € r;,. To be consistent with our intuitions, we have to demand that

if ¢ € r;, then Op € T; (3.0.i)
(i.e. if our agent knows ¢, then, obviously, it is true that she does know it!), and
if p ¢ r;, then "Op € T; (3.0.ii)

One might wonder why don’t we simply demand ¢ € r; iff Op € T;. Then, ¢ ¢ r; would
simply entail Op ¢ T;, which seams to be natural, since “it is not true that I know ¢”
looks equivalent to “it is true that I do not know ¢”! This equivalence is obviously true,
if we see each situation ¢ as a unique state of affairs, as we did hitherto. But in a more
general case, we could consider bunches of situations (possibly, infinite many situations
in a bunch), where all situations of the same bunch are indistinguishable to each other,
i.e. for every situation s of a bunch, any other of the same bunch, is an alternative one
for s. From now on we will call those bunches, clusters and we will denote them as i, 7,
k etc. The situations themselves will be denoted as s, t, u etc.

We intend to define those clusters in a such way, that if some situation s of a
cluster 7 considers situation t of any other cluster as an alternative one, then every
other situation of 7 will consider ¢ as an alternative one. And if we say that ¢ is true
in cluster ¢, obviously, we would like to mean that ¢ is true in every situation of 1,
i.e. that T; contains all formulas valid in i. Hence, Og ¢ T; does not necessarily entail
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that —0O¢ € T;. But the inverse is true. That’s why we chose the stronger property:
¢ ¢ r; = -0y € T;. Note also that now, R does not anymore relate situations, rather
than clusters, in the sense that iRj means that our agent, being in any situation s of ¢
considers as indistinguishable from s any situation of j.

We will also adopt the option of defining belief through knowledge. To do so,
we will follow the idea introduced by W. Lenzen | ], who argued that the following
definition of belief is acceptable even by the ‘most scrupulous epistemologist’: an agent
believes ¢ iff she does not know that she doesn’t know ¢ (i.e. “O-0¢ defines
‘believing in ¢’). Now, our agent knows that she doesn’t know ¢ iff ¢ ¢ r; for every
alternative situation j for 7, hence, she would believe ¢ iff ¢ € r; for some alternative
situation j for i. Therefore — assuming that the belief sets, containing everything be-
lieved by our agent in any situation of 4, will be denoted as a; — it is consistent with
Lenzen’s definition to identify a; as UZ-R]- rj. As noted above, there exists a direct way
to speak about “believing” : —O-Op. So, to be consistent with our intuitions, we
have to define the theories 7; and a; in such a way, that they will satisty the following
conditions:

if o € a;, then -O0-0¢p € T; (30111)

(i.e. if our agent believes in ¢, then, it is true that she does not know that she doesn’t
know it), and
if ) §é Ag, then O=Op € T; (301V)

Let us now sum up, everything we have discussed so far. We began, considering
an agent, who might be in some situation, and who accepts as possible from there, all
other situations, which she can not distinguish. We presumed that there is a relation R
connecting those situations, in the sense that, s Rt iff situation ¢ is indistinguishable from
s. We decided that R should be reflexive, transitive and directed (rtd), and we saw that
in that case, there are clusters of situations, which (situations) are indistinguishable
from eachother. Then, by defining the pattern relation R, of R, which connects all
clusters of R, we proved that it is an s-rtd-relation, i.e. rtd and, additionally, it has only
singleton-clusters, which entails that there is one “final” element (property (Gd)). So,
henceforth, we will focus on this pattern relation, which links clusters to eachother, and
everytime we mention R, we refer to the pattern relation, which is s-rtd.

We also declared that we want T} to be the set of all valid formulas in all situations
of cluster <. We found out that r; = ﬂmj T; should be the set of all formulas known in
cluster ¢, and a; = |, rj Tj the set of all formulas believed there. We were interested only
to clusters, rather that to single situations, since in all situations of a cluster, exactly
the same formulas are known. This is immediate, since to ‘know in a situation s’ means
‘true in all indistinguishable situations from s’ and every situation in a cluster considers
as indistinguishable exactly the same set of situations.

Hence, assuming that we were given an s-rtd-relation between clusters of situations,
we should describe all requirement the 7;’s should meet, so that the intuitive properties
(3.0.1)—(3.0.iv) about knowledge and belief are true. This is exactly what we are going
to do in next section.
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3.2 Definition of K Bi-structures

Let us have in mind that D = {0,...,n} contains the (indices of the) clusters of the
epistemic situations considered, and that Ty, ..., 7T, are the corresponding theories, con-
taining exactly all formulas, valid there. Firstly, we describe all those properties, which
these theories should satisfy, and privide the overall structure a name.

Definition 3.1 Let R C D x D be an s-rtd-relation on D and Ty,...,T, C Lo be
consistent theories s.t. (Vi € D)

(PC;) PCg, CT; and T; is closed under MP
(P) (Yo € La)(p € Nig; Ty = Bp € T)

(Ni) (Vo € Lo)(p ¢ Ti = ~0p € ;1 1))

Furthermore, for any i € D, we define r; and a; as

M, = mT] and JAVEESS Urj

iRj iRj

Then, the ordered triple (1), (r;), ())&, is called a KBr-structure. In fact, it is a
triple consisting of n-tuples of theories.

The following simple example demonstrates that Stalnaker stable sets correspond to a
trivial case of our setting, i.e. one that originates from a simple cluster.

Example 3.2 Consider D = {0}, a consistent theory Ty C Ln, and the corresponding
K Byooy-structure (Tp, ro, a0) {0} (for the trivial s-rtd-relation over D, {(0,0)}). Then,
by Def. 3.1, Tj satisfies: (Vo € Ln)

(PCy) PC,, CTy and Ty is closed under MP
(Po) weTly=0pcT
(No) ¢ To=-OpecT

T} is a stable set according to Stalnaker’s definition. Furthermore, ro = ag = Tj.

Example 3.3 Let us consider now the s-rtd-relation R = {(0,0), (1,1),(1,0)} and the
corresponding K Bg-structure ((T;), (r;), (a;))% . Then, Def.3.1 says that Ty and T} are
meant to be consistent and to satisfy all conditions listed below: (V¢ € Lp)

(PCy1) PC, CTy, Ty and Ty, T are closed under MP

(Py) ¢eTo=0peT,
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(No) 90¢T0:>_'D90€T0&_‘D30€T1
(P1> QOGT()&QOET1:>D(‘0€T1

(M) ¢TI =-Opel

Furthermore, Mg = T(), r = TO ﬂTl, Ag = T() and A = T() U (TO ﬂTl) = T(). The fact that
ag = A1 = 1p is not a coincidence, but a result of some properties, which are satisfied
by R, and which will be proved below (Fact 3.14).

The next Fact shows that everything in Definition 3.1 is consistent with what we said
in section 3.1.

Fact 3.4 (Vi € D)((P;) < (3.0.0) & (N;) < (3.0.11))
Definition 3.1 entails properties (3.0.iii), (3.0.iv) and (Vi € D)(Vp € La)

per < OpeT, and ¢€n < -O-OpeT, (3.4.v)

PRrROOF. The equivalence of (P;) and (3.0.i) is immediate, by definition of r;. Next,

assume that (Vi € D)(N;) holds and let ¢ ¢ r;. Then, by definition of r;, there is a
j € Ds.t. iRj and ¢ ¢ T;, and by (N;), -Op € T;.

Conversely, assume that (Vi € D) (3.0.ii) holds and let ¢ ¢ T; and j € D s.t.
jRi. Suppose for the sake of contradiction, that ¢ € r;. Then, by definition of rj,
S ﬂij Ty, and since jRi, ¢ € T;, which is a contradiction. Hence, ¢ ¢ r;, so, by
(3.0.ii), "Dy € Tj. Therefore, =O¢p € (\;; Tj, and (IV;) is true.

For (3.0.iii), assume that ¢ € a;. Then, by definition of a;, there is an i € D s.t. iRj
and ¢ € r;. Hence, by (3.0.i), Op € Tj, and since Tj is consistent, -0y ¢ T}, so,
—0O¢ ¢ (;r; Tj, therefore, by definition of r;, ~O¢ ¢ r;, and by (3.0.ii), -O-0¢ € T;.

For (3.0.iv), let ¢ ¢ a;. Then, by definition of a;, for all j € D s.t. iRj, ¢ ¢ r;, hence,
by (3.0.ii), (Vj € D)(iRj = —DOp € Tj), so, =O¢ € (\;; T}, i.e., by definition of r;,
—0¢p € r;, and finally, by (3.0.i), O-O¢p € T;.

For (3.4.v), if ¢ ¢ r;, then, by (3.0.ii), =O¢ € T;, hence, since every T; is consistent,
Oy ¢ T;. Therefore, using also (3.0.i), ¢ € r; < Op € T;. Furthermore, if ¢ ¢ a;, then,
by (3.0.iv), O=0¢ € T;, hence, since T; is consistent, -O0-O¢ ¢ T;. So, by (3.0.iii),
Y€ n & ~O0-0p eT;. [ |

3.3 Epistemic properties of KBgr-structures

Even without any restrictions to R, Def. 3.1 would endow all theories appearing there
with axiom K, as the first lemma verifies. Further on in our discussion in the motivation
section, it would be desirable that the properties of R would lead to the incorporation of
some intuitively acceptable properties of knowledge and belief in r; and a;. The following
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lemmata state that reflexivity leads to two desirable properties: the entailment thesis
(knowledge implies belief) and the property requiring that knowledge implies
certainty.

Lemma 3.5 Let ((T;), (r;), (2:))E,, be any K Bg-structure. Then,

(Vi e D)V, € Lo) K e T

PRrROOF. If =Op € T; or =O(¢p D v) € T, then, by (PC;), K € T;.

If =O¢ ¢ T; and =O(¢ D ) ¢ T;, then, by (3.0.ii), ¢ € r; and ¢ D ¢ € r;, hence, by
definition of rj, ¢ € (V;g,; Tj and ¢ D Y € (;; Ty, so, by (PCj), ¥ € (\;5; Tj, therefore,
by (P;), Oy € T;, and finally, by (PC;), again K € T;. |

Lemma 3.6 Let ((1;), (r;), (a:))f, be any K Bg-structure. Then, (Vi € D) r; C T; N a;
(i.e. everything our agent knows is true, and she believes it).

PROOF. Assume i € D and ¢ € r;. By definition of r;, ¢ € ﬂiRjTj, and since iRz,
¢ € T;. Furthermore, since iRi, ¢ € (J;p;1j = & |

Lemma 3.7 Let ((T;), (r;), (2:))E ) be any K Br-structure. Then,
(Vie D)(Vp € Ln) T €T,

Proor. If =Op € T;, then, by (PC;), T € T;.
If =O¢ ¢ T}, then, by (3.0.ii), ¢ € r;, i.e. by definition of ry, ¢ € (;,; T}, and since R
is reflexive, i Ri, so, ¢ € T;, hence, by (PC;), again T € T;. [ |

Not really surprisingly, transitivity entails positive introspection concerning knowl-
edge, as a context rule. Next, Lemma 3.8 along with the definition of a; entail Lemma
3.9.

Lemma 3.8 Let ((T;), (r;), (8:))E,, be any K Br-structure. Then, (Vi € D)
(PI;) (Vo € Lo)(per=0per)
PROOF. Suppose that ¢ € r;, i.e. by definition of r;, ¢ € [),; T;. Then,
(Vj € D)(iRj = ¢ €Tj) (%)

Let now k € D s.t. iRk, and | € D s.t. kRI. Since R is transitive, iRIl, so, by (%),
¢ € T;. Hence, ¢ € .z 11, subsequently, by (P;), O¢ € T}. Therefore, Op € (), px Tk,
i.e. by definition of r;, Oy € ;.

Lemma 3.9 Let ((T;), (r;), (8:))E ) be any K Br-structure. Then,
(Vi€ D)(Vp € Lo)(p € n; = Oy € a)
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Note that Lemma 3.9 in light of (3.4.v) (see section 3.1) shows that if our agent believes
something, then she believes that she knows it (which is similar to Lenzen’s property
(B2.1) | ]). Transitivity of R is embedded in every theory of Def. 3.1 through
axiom 4. Finally, Lemma 3.11 is technically useful in the next section.

Lemma 3.10 Let ((T;), (r;), (a;))2 , be any K Bg-structure. Then,
(Vie D)(Vp € Ln) 4 €T,

PRroOOF. If =0y € T}, then, by (PC;), 4 € T;.
If =O¢p ¢ T, then, by (3.0.ii), ¢ € r;, and by Lemma 3.8, Oy € r;, hence, by (3.0.),
OOy € T;, so, by (PC;), again 4 € T;.

Lemma 3.11 Let ((T;), (r;), (a;))1,, be any K Bg-structure. Then, (Vi,j € D)
ZR] =T, g rj

PROOF. Let ¢ € r; and £ € D s.t. jRk. Then, since R is transitive, 1Rk, and by
definition of r;, ¢ € T}, hence, by definition of rj, ¢ € r;. [ |

Finally, directedness of R leads to properties, similar to Lenzen’s (B2.3) and (B2.4)
[ , p-43-44]. The former one, which should be acceptable by a “realistic epistemol-
ogist”, says that if an agent believes something, then she can not believe that
she doesn’t know it. The [atter property, which should be acceptable — according to
Lenzen — by a “simplifier”, states that if an agent believes something, then she
knows that she believes it.

Lemma 3.12 Let ((T), (r;), (a;)) 2, be any K Bg-structure. Then,
(Vi € D)(Vyp € Lp)

(B2.3) @€n=-Op¢a; and (B2.4) pen=-0-0Op€r;

PROOF. Since both implications have the same premise, we start proving both of them,
assuming that ¢ € a;. Then, by definition of a;, there is a j € D s.t. iRj and ¢ € r;.
Let now [ € D s.t. iRl. Then, since R is weakly directed *, there must be an m € D s.t.
jRm and [Rm. Furthermore, assume that s € D be s.t. mRs. Since jRm and since
R is transitive, jIR%s, hence, since ¢ € r; = ﬂij Ty, p € Ts. So, ¢ € (),,ps s, and by
(Pn), Op € T,,, and since T,, is consistent, =O¢ & T,,.

For (B2.3). It has been proved so far, that there is an m € D s.t. [Rm and —=O¢ ¢ T,,.
Consequently, by definition of r;, =O¢ ¢ r;, hence, (VI € D)(iRl = =0y ¢ r;), so, by
definition of a;, Oy ¢ a;.

For (B2.4). Since -Og ¢ T,, and since [Rm, by (N,,), ~0-0¢ € T}, hence, =-0-0¢p €
(i 11, and by definition of r;, ~O-0O¢p € ;. [ |

4 As we have said in section 2, since R is reflexive and transitive, being directed is equivalent to
being weakly directed.
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Now, let us focus on the last presumption for R: being a simple rtd-relation. Then,
by Lemma 2.7, property (Gd) is true for R. Without loss of generality, we will tacitly
assume that the ‘final’ element of R is 0, i.e. that (G'd) appears in the following form:

(Gd) (Vi€ D) (iR0 & (i > 0 = —O0Ri))

This property endows every theory of Def. 3.1 with axiom G and leads to next two
results.

Lemma 3.13 Let ((T;), (r;), (a;)) 2, be any K Bg-structure. Then,
(Vie D)(Vp € Ln) G €T,

PrROOF. If O-Op € Tj, then, by (PC;), G € T,

If O-O¢p ¢ T;, then, by (P;), there is a j € D s.t. iRj and ~Oyp ¢ Tj, hence, since (by
(Gd)) jRO, by (No), ¢ € Ty, therefore, because Tj is consistent, =@ ¢ Tp, and by (Ny),
—O-p € ﬂjRoTja so, by (Gd), (Vj € D)~O-¢ € T}, hence of course, ~O—¢p € ﬂiRjTj,
and by (F;), O-0O-¢p € T;, consequently, by (PC;), again G € T;.

Fact 3.14 Let (1), (r;), (2:))E ) be any K Bg-structure. Then, (Vi € D)
(Z) A; =T = T()

(i)  a; is a stable theory according to Stalnaker’s definition

PROOF. (i) Suppose that ¢ € a;. Then, by definition of a;, there is a j € D s.t. iRj

and ¢ € rj, hence, by definition of r;, ¢ € ﬂij Ty, and since — by (Gd) — jRO, ¢ € Ty.

Conversely, assume that ¢ € Tj. But, by definition of ry and (Gd), ro = ﬂORj T; = To,

hence, ¢ € ro. But, again by (Gd), iR0, hence, ¢ € {J;z;rj, so, by definition of a;,

© € A;.

It has been proved that a; = T, but also that ro = Tj.

(ii) (PCy), (Po) and (Ny) guarantee that T is Stalnaker stable. Then, so is every a;, by
|

(i)-

Now, it is immediate that our belief sets follow the principle of consistency of belief,
i.e. that if an agent believes ¢, she can not believe —p.

Lemma 3.15 Let ((T), (r;), (a;))2 , be any K Bg-structure. Then,

Vi € D) (VY L
(vi € D)(¥p € Lo) peEn =0 ¢n

PROOF. If ¢ € a;, then, by Fact 3.14, ¢ € Tp, hence, by consistency of Ty, ~¢ ¢ T,
and again by Fact 3.14, =¢ ¢ a,. |
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All the previous lemmata seem to justify the choice of the K Bg notion in Def. 3.1:
K Bp-structures contain K(nowledge) theories (the r;’s), and B(elief) theories (the a;’s).
According to Fact 3.14, one of the r;’s coincides with everything believed in any situation.
Without loss of generality, it is assumed that this one is ro. In the following section we
will present a model-theoretic characterization of K Bg-structures. To do so, we need
the next important result, in which we employ a notion of strong provability.

Lemma 3.16 If ((T;), (r;), (8:)) , is any K Bg-structure, then, (Vi € D)
(i) 1y is closed under strong S4.2 provability, i.e. r; = {p € Lo | r; Fsaz ¢}.

(i) i is a consistent with S4.2 theory (c¢S4.2-theory).

PRrROOF. (i) It is obvious that, if ¢ € r;, then r; Fgq2 ¢. Conversely, suppose that
r; Fsa2 . It will be proved, by induction on the length of r; Fg42 ¢, that ¢ € ;.

Ind.Basis. For length of proof equal to 1. Let j € D be s.t. iRj.

If ¢ € PC,y, then, by (PC}), ¢ € T;. If ¢ is an instance of K or T or 4 or G, then, by
Lemmata 3.5, 3.7, 3.10 and 3.13 respectively, ¢ € T;. Hence, in any case ¢ € T}, and
since 1Rj, by definition of r;, ¢ € ;.

Ind.Step. If ¢ and ¢y D ¢ are formulas of the proof in previous steps, then, by
Ind.Hypothesis, ¥ € r; and ¢ D ¢ € ry, ie. (Vj € D)iRj = (Y € Tj & ¢ D ¢ € Ty),
and so, by (PCj), ¢ € T}, hence, by definition of r;, ¢ € ;.

If o = O and v is a formula of the proof in a previous step, then, by Ind.Hypothesis,
Y € r; and so, by (PI;) (Lemma 3.8), Oy € r;.

(ii) Suppose, for the sake of contradiction, that r; was an incS4.2-theory. Then r; Fgq.2
1, hence, by (i), L € r;, i.e. by definition of r; and (Gd), L € T, hence, Tj is
inconsistent, which is a contradiction, by Def.3.1. [ |

4 S4.2 representation of K Br-structures

First of all, we need to define the theories we will use.

Definition 4.1 Assume any Kripke model 9t = (W, R, V') and any C C W . Then,
Thgm(C) =def {(p € Lg | (Vw S C) Sm,w I+ QO}

Kgm(C) —def {QO € ED | (Vw S C) im,w s D(p}

Bgm(C) = def {QO € Lo | (‘v’w € C) Dﬁ,w I —||:]—|D(p}
Intuitively, Ther(C') is the theory containing formulas, which are true in every situation
of C, Kom(C) is everything our agent knows in every situation of C, and Bgy(C) is

everything she believes in, in every situation of C'. Our first result states that in the case
of an epistemic S4.2-model, everything she knows and everything she believes in, can
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be captured syntactically by the notion of K Bg-structures. Furthermore, everything
she believes in, is the same in all clusters, and coincides with everything she knows in
the final cluster. For an example, see Section 5.

Theorem 4.2 Let M = (W, R, V) be any S4.2-model with clusters C; C W (i €
D), where Cy is the final cluster. Then, there is a relation P C D x D such that
{(Tha(Cy)), (Kam(Cy)), (Bm(Ci))) 2 is a K Bp-structure and Ban(C;) = Kon(Co).

PROOF. According to Definition 3.1 we should:

(a) prove that all Thyn(C;) are consistent theories, and

(b) find a simple, reflexive, transitive and directed relation P C D x D s.t. (Vi € D)
(¢) Km(Ci) = (;p; Tj and (PC;), (F;) and (N;) hold for Tha(C;).

As far as the Byy(C;)’s is concerned, by Fact 3.14, it suffices to prove that (Vi € D)
(d) Bm(C;) = Uz'Pj Ka(C5).

Here are the proofs of (a) to (d).

(a) For convenience, let us denote each They(C;) as T;. Obviously, T; # @ and ¢ €
T, = —¢ ¢ T;, so they are consistent.

(b) Since R is rtd, by Def.2.4, it is meaningful to refer to its pattern-relations. So, let
P C D x D be a pattern-relation of R (for clusters Cy,...,C,), i.e.
iPj <& (Fw € C;)(Fv € C)) wRw

Then, by Corollary 2.8, P is an s-rtd-relation.
(¢) By Def.4.1, we have to show that for any i € D, p € Ln
(Vw e C;) Mw - Op < (Vj € D)(iPj = (Vv e C;j) Ml )

For (=), consider any j € D s.t. iPj and any v € C;. Then, assuming any w € C;, by
Lemma 2.5(i), wRv, hence, by premise, 2, v IF . For (<), take any w € C; and any
v € W s.t. wRv. Then, since UjED C; = W, thereis a j € D s.t. v € ()}, hence, by
definition of P, ¢Pj, so, by premise, 9, v IF ¢, therefore, 91, w I Oep.
(PC;) This propery is obvious, since all formulas of PC., are valid in every Kripke
model, and since closure of T; under MP is actually the definition of truth of ¢ D v in
a Kripke model.
(P) Assume that ¢ € (;p,; Tj ie. Vj € D s.t. iPj, (Vw € Cj) M w |- . Let w € C;
and v € W s.t. wRv. Then, there is a j € D s.t. v € C}, so, by definition of P, iPj,
hence, by assumption, 9%, v Ik ¢, consequently, 9, w |- Oy, so Oy € T;.
(N;) Suppose that ¢ ¢ T; i.e. there exists a w € C; s.t. M, w |- —p. Let j € D be s.t.
jPi and v € C;. Then, by Lemma 2.5(i), vRw, hence, since M, w IF =p, M, v |- =0,
s0, =0 € T}, and =0 € (,p; 1}.
(d) By Def. 4.1, it suffices to show that for any i € D, p € Lg

(Vw € C;) M w - ~0-0¢p <= (3j € D)(iPj & (Vv € C;) M, v IF Oyp)
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For (=), after considering any w € Cj, using the premise, it must be a u € W s.t. wRu
and 9, u IF Op. Since UjeD C; =W, thereis a j € D s.t. u € C}, hence, by definition
of P, iPj. Furthermore, consider any v € C;. Since Cj is a cluster, uRRv. Finally, let
s € W s.t. vRs. R is transitive, so uRs, hence (because I, u I- Op) M, s IF ¢ ie.

M, v IF Do,

For (<), consider any w € C; and any v € C}, where j is the integer, whose existence
is guaranteed by the premise. Then, 9%, v IF Oy and, since iPj, by Lemma 2.5(i), wRwv,
hence, 9, w IF -0O-D0p.

Similarly to parts (a), (b) and (¢) of the proof of Theorem 4.2 one can prove that,
having fixed modal-free, consistent and closed under propositional consequence theories
So, . -+, Sp and an s-rtd-relation P, we can find a K Bp-structure ((1;), (r;), (a:))f such
that the non-modal part of the theories Ty, ..., T,, is exactly Sy, ..., S, respectively.

Proposition 4.3 Let Sy, ..., S, C L be modal-free, consistent and closed under propo-
sittonal consequence theories, and P C D x D an s-rtd-relation. Then, there exists a
K Bp-structure ((T;), (r;), (a))iep s.t. TNL=S; (i € D).

PROOF. Consider the model 9t = (W, R, V'), where
o W =UpCi where
Ci={(i,w) € D x (®—{t.f}) | Vo € 5;) w(p) =t} (i€ D)

) R = Uin C, X Cj
o V(p)=Ueplli,w) € Ci | wlp) =t} (pe®)

Every C; consists of all (indexed by i) propositional valuations which satisfy S; (note
that @ is the set of all propositional variables and (® — {t,f}) is the set of all functions
from ® to {t,f}). Let us now fix any ¢ € D. First of all, let us point out that the notion
w(y) is meaningful, since S; C £, and so, ¢ € L.

Furthermore, C; # &, since S; is consistent, and hence, by the completeness Theorem for
propositional logic, S; is satisfiable. Next, using the definitions of V' and of propositional
valuations, by a trivial induction on the complexity of ¢, we can prove that, (V(i,w) €

W)(ve € £) M, (1, w) I ¢ = W(p) = t (4.3.0)

Now, consider any ¢ € S;. Then, by the definition of C;, (V(i,w) € C;) W(p) = t, so, by
(4.3.1), since ¢ € L, (V(i,w) € C;) M, (i,w) IF ¢, hence, p € Thoy(C;), and of course,
p e Thgm(CJ NnL.

Conversely, let ¢ € Thon(C;) N L. Then, (V(i,w) € C;) M, (i,w) I ¢, consequently, by
(4.3.1), since ¢ € L, (V(i,w) € C;) w(p) = t, so, by the definition of C;, S; E ¢, hence,
by the completeness Theorem for propositional logic, S; Fpc ¢, and since S; is closed
under propositional consequence, ¢ € S.
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Hence, the assertion will follow for theories Thon(C;), by proving additionally that
(Than(Cy)), (ri), (ai))E, is a K Bp-structure. But, by the construction of R, since
P is rtd, so is R. Then, it is meaningful to refer to its pattern-relations. Let us focus
on P. Firstly, P is a binary relation on D. Next, for any 7,5 € D, assume that iPj.
Then, by definition of R, (V(i,w) € C;, (j,v) € C;) (i,w)R(j,v), and since C;,C; # @,
(3, w) € Cy, (4,v) € Cj) (1, w)R(j,v).

Conversely, suppose that (3(i,w) € C;, (j,v) € C;) (i,w)R(j,v). Then, by definition of
R, there must be 7', j € D and Cy, Cy s.t. #'Pj" and (i,w) € Cy, (j,v) € Cy. But then,
by the definition of the C;’s, i =i and j' = j, hence, iPj. Furthermore, by construction
of R, all C; (i € D) are clusters of R. Hence, all this shows, by Def.2.4, that P is a
pattern-relation of R (for clusters Cy,...,C,). Now, we continue our proof exactly as
in parts (a), (b) and (¢) (only for (PC;), (P;) and (XV;)) of the proof of Theorem 4.2,
and we conclude that ((Tho(C;)), (r;), (8:))2 is a K Bp-structure. |

As an application of Proposition 4.3, let us consider again On='Z" s-rtd-relation R of
example 3.3. Furthermore, consider p € ®, Sy = Cnpc,.({p}) and S; = Cnpc, (D). It
is easy to see that Sy = Cnpc,(Sy) and S; = Cnpc,(S1). Clearly, both are satisfiable,
hence, by the soundness theorem for propositional logic, they are consistent. So, by
Proposition 4.3, there is a K Bp-structure {(Ty, Ty), (ro,r1), (80, 21))% s.t. ToN L =S,
and Ty N L = S;. Hence, p € Ty and p ¢ T (for otherwise, p € S, so Fpc, p, hence p
would be a tautology, which is absurd). Then, since p ¢ T3, by definition of ry, p & r.
But, p € Ty, hence, by (Py), Op € Ty, and since Ty is consistent, =Op ¢ Tp, so, ~Op & ry.
Therefore, p ¢ ry # —0Op € ry;. This counterexample verifies the next lemma, which is
most welcomed.

Lemma 4.4 There are K Bg-structures, whose knowledge-part (some r;’s) does not sat-
1sfy the negative introspection property concerning knowledge.

Our next goal is to prove the converse of Theorem 4.2, i.e. for a given K Bg-structure,
there is an epistemic S4.2-model, in which everything an agent knows and believes,
is described by the K Bpg-structure given, and furthermore, everything she believes,
is described by one of the knowledge-theories in structure K Bgr. The model we are
searching for, will be a construction similar to the well known canonical model for a

modal logic, and it will be based on the normal modal logic S4.2, which we will denote
as A.

Definition 4.5 Let ((T;), (r:), (a:))f ) be any K Br-structure. The canonical model for
it, is Kripke model M = (W*°, R°, V), where

(i) W¢=U;ep WS, where W§ = {(i,0) € D x P(Lg) | © : mricA} (i € D)

(i) (V(i,©),(5,2) € W) ((;, O)R*(j,2) =
(iRj & (Vo€ Lo)(Ope® = yc€z)))

(iii) — (Vp € ®)(V(p) = {(i,©) e W* | p € ©})
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The following lemmata will be useful in our main theorem. The first two are presented
without proofs, since they are well-known, classical results.

Lemma 4.6 Let A be any normal modal logic, I a cA-theory, © a mIcA-theory and
0, La-formulae. Then,

(i)  © is closed under MP
(i)  either ¢ € © or np € ©
(iii) TFx@ <= (Vz:mlIcA)p €z
(v) @AY EBO < (pe€O and ) € O)

Lemma 4.7 (Lindenbaum) Let A be any normal modal logic, I a cA-theory and T
an IcA-theory. Then, there is a mIcA theory © s.t. T C ©.

Remark 4.8 Firstly, notice that W€ is the disjoint union of all mr;cA theories with
indexes in D. Furthermore, by Lemma 3.16(ii), every r; (i € D) is cA, hence, to refer
to mr;cA-theories is meaningful, and r; ¥, L, so, {T} is r;cA, and by Lindenbaum’s
Lemma, there exists a mr;cA-theory (which, by the way, contains {T}), therefore, every
We#@ (i € D).

Lemma 4.9 (Truth Lemma) (V¢ € Lp)(V(i,0) € W) (I, (1,0) IF p & p € O)

PRrROOF. The proof runs by induction on the complexity of ¢. The induction basis follows
immediately from Def. 4.5(iii). For the induction step, the first part, concerning ¢ O v,
follows trivially from the induction hypothesis using items (i) to (iv) of Lemma 4.6.
Now, for the second part of the induction step, the Oy case:

me, (1,0) Ik Dy iff (V(j,2) € We)((i,0)R(j,z) = M*, (j,z) IF ¢) iff (by Ind.Hyp.)
(V(j,2) € W) ((i,©)R(j,z) = ¢ € z). It suffices to show that this is equivalent to the
fact that Oy € ©.

(=): Suppose that Op ¢ ©. Notice that, since (i,0) € W€, © is mr;cA. Now, let us
define H = {1 € Lp | Oy € ©} and 1 = {—=p}UH. Suppose, for the sake of contradiction,
that 1 was rjincA i.e. there exist ¥1,...,9, €18.t. ;Fx U1 AL AP, D L.

e if n =1 and ¢y = =y ie. r; o @, then, by (RN), r; ko Ogp, hence, since © is
mr;cA, by Lemma 4.6(iii), Op € ©, which is a contradiction.

o ify1,...,¢, €EH, thenr; FpA Y1 A... A, D @, since L D p e PC.
ifn>1and ¢y,...,¢%,—1 €Hand ¢, = ~p, then r; Fx Y1 A ... A Y1 D @
So, in both cases, there are 1, ...,1, € Hwithn > 1s.t. r; Fa Y1 AL AU, D .
Hence, by RN and using K (and by a trivial induction), r; Fx Oy A... A O, D
O, so, by Lemma 4.6(iii), Oyy A ... A Oy, D Op € ©. But, since 9y, ...,1, € H,
by definition, Oy, ..., O, € O, therefore, by Lemma 4.6(iv),(i), D¢ € ©, which
is again a contradiction.
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So, 1is a r;cA-theory, and by Lindenbaum’s lemma, there is a mr;cA-theory z s.t. 1 C z,
hence, =¢ € z, which entails, by Lemma 4.6(ii), that ¢ ¢ z.

Furthermore, since R is reflexive, iRi, and (V¢ € Ln), if Oty € O, then, by definition,
1 € H, hence, 1) € 1, so, 1) € z. Therefore, by Def.4.5(ii), (i, ©)R"(3, z).

(<) Suppose that Op € © and let (j,z) € W€ bes.t. (i,©)R(j,z). Then, by Def.4.5(ii),
pE z.

Lemma 4.10 Let ((T;), (r:), (a;)) 1, be any K Bg-structure, and ¢ its canonical model.
Then, (Vi € D)(Vp € Lg)

riFa o <= (V(,0) e WF) M (i,0) IF Op

PRrROOF. For (=), assume that r; 5 ¢. Then, by (RN), r; Fx O, hence, by Lemma
4.6(iii), (VO : mr;cA) Op € O, so, by Truth Lemma, (V(i,©) € WF) M, (,0) I Tp.

For (<), suppose that r; ¥s ¢ and, for the sake of contradiction, that {—=Op} was
riincA. Then, r; 5y Oy, hence, since T € A, r; ko ¢, which is a contradiction. So,

{—0¢p} is r;cA, therefore, by Lindenbaum’s Lemma, there is a © : mr;cA, i.e. a pair
(1,©) € W¢ s.t. =Og € O, hence, by Truth Lemma, 9, (i,0) ¥ Op. |

Now, we are ready to prove a representation theorem for K By-structures.

Theorem 4.11 Let ((1;), (r;), (2:)) ), be any K Bg-structure. Then, there exists an
S4.2-model M = (W, R, V) and C; CW s.t. (Vi € D)

ri = Kon(C;) a; = By(C;) =g

PROOF. Consider the canonical model 9¢ for K Bg-structure ((7;), (r;), (a;))%,, and
set C; =qer W. First of all, we will check whether 901¢ is indeed an S4.2-model.

For reflexivity, fix any ¢« € D and consider any (i,0) € Wf and a ¢ € Lo s.t. Op € O.
Then, since r; F5, T and since © is mr;cA, by Lemma 4.6(iii), T € O, hence, by
Lemma 4.6(i), ¢ € ©. Furthermore, since R is reflexive, iRi, hence, by Def. 4.5(ii),
(1,©)R(1,0©).

For transitivity, let (i,0) € W, (j,z) € W5 and (k,n) € W¢ be s.t. (i,0)R°(j,2) and
(j,z)R¢(k,n). Furthermore, consider any ¢ € L s.t. Op € ©. Then, since r; 5 4
and since © is mr;cA, by Lemma 4.6(iii), 4 € ©, hence, by Lemma 4.6(i), O0¢p € O,
so, since (i, ©)R(j,2), Op € z, and since (j,z)R°(k,H), ¢ € H. Furthermore, since R is
transitive and since iRj and jRk, iRk. Hence, by Def. 4.5(ii), (i, ©)R(k, H).

For directedness, we will firstly prove that

(V(3,0) € WEY(0, 1) € WE) (4, 0)RE(0, 1) (4.11.0)

Let ¢ € Lo be s.t. Op € ©. Suppose, for the sake of contradiction, that -Oyp € r;.
Then, r; Fy =0, hence (since © is mr;cA), by Lemma 4.6(iii), -O¢ € ©, so, © would be
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inconsistent, and hence, r;incA, which is a contradiction. So, ~O¢p ¢ r;, i.e. by definition
of r;, there is a k € D s.t. iRk and —-O¢ ¢ T,. But then, by (2) of Fact 3.4, ¢ € ry.
Furthermore, by (Gd), kR0, hence, by Lemma 3.11, rp C rg, so, ¢ € rg, consequently,
ro Fa ¢, and since H is mrocA, by Lemma 4.6(iii), ¢ € H. It has been proved that,
if Op € ©, then ¢ € . Additionally, iR0, hence, by Def. 4.5(ii), (i,©®)R(0,H). So,
(4.11.i) has been proved.

Now, consider any (i,©) € W, (j,z) € Wy and fix a (0,n) € W§. Then, by (4.11.i),
(1,©)R(0, 1) and (j,z)R(0,H), which entails directedness of 90t

We come now to theories of Knowledge Kope. By Lemma 3.16(i), ¢ € r; iff r; Fa .
Furthermore, r; b5 ¢ iff, by Lemma 4.10, (V(z,0) € C;) M€, (1,0) Ik Oy iff, by Def. 4.1,

€ Koy (C;). H ,
# € Kone(C1). Hence r = Kane (C) (4.11.ii)

Finally, we will focus on theories of Belief Bype. Consider any ¢ € Bgye(C;). Then,
(V(2,©) € Wf) e, (i,©) IF =0-0g, i.e. there exists a (j,z) € W¢ s.t. (i,©)R(j, z) and
M, (4,z) IF Op. Now, assume that (0,H) € W§ and let (k,H) € W s.t. (0,H)R(k,H'),
i.e. by Def. 4.5(ii), ORk, hence, by (Gd), k = 0. This means that (k,H") = (0,H") € W§.
But then, by (4.11.i), (j,z)R°(0,H). So, and since M, (j,z) IF g, it is true that
Mme, (k,v') IF ¢, hence, M, (0, H) IF Op, consequently, (V(0,H) € WE) M, (0,H) IF O,
which entails, by Def. 4.1, ¢ € Ko (W), and by (4.11.ii), ¢ € ry.

Conversely, suppose that ¢ € rg, i.e. again by (4.11.ii), ¢ € Kge(W¢). Consider any
(1,©) € Wf. Then, by (4.11.i), there is a (0,H) € W§ s.t. (i,©)R°(0,H) (in fact, it
is true for all elements of W{§, which is, by Remark 4.8, non-empty). Hence, since
¢ € Ko (W§), by Def. 4.1, 9¢, (0,n) IF Oy, so, MC, (i,0©) IF =0O-0¢p, i.e. by Def. 4.1,
© € Boe(C;). Therefore, proof of Boye(C;) = 1o (i € D) is complete. And of course, by
Fact 3.14(i), a; =19 (i € D). |

5 A detailed example

Let us present here an epistemic model example, where an agent (A) is provided with
information, which depends on the current agent’s situation. Suppose that (A) is in-
terested in the current raining conditions in Stockholm, Athens and Paris, and tries to
get some information from a friend of hers, which is a meteorologist (M). The source
of information for (A) is only (M). We assume that (M) responds to (A)’s struggle for
information very reluctantly, as follows.

1. If it is raining only in Athens, then (M) tells (A) that “It’s raining in Stockholm
or in Athens”.

2. If it is raining in Stockholm and not in all three cities, then (M) says “It’s raining
in Stockholm or in two cities overall”.

3. If it isn’t raining in Stockholm nor in Athens, then (M) says “It isn’t raining in
Stockholm nor in Athens, or it is raining in Athens and Paris”.
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4. If it is raining in Athens and Paris, then (M) is very talkative this time and
announces “It’s raining in Athens and Paris”!

Assuming a language with only three propositional variables, namely s,a and p
(corresponding to the facts that it is raining in Stockholm, Athens or Paris, respectively),
and considering the assertions above, we can construct the epistemic model shown in
Figure 1 on page 23. This is a typical S4.2-model with clusters Cy to C5. Cj is the
final cluster. Since each T; contains all formulas true (everywhere) in C;, and taking
in account the assertions 1 to 4 (in this order), we conclude that —s A a A —p € T3,
sAN=(aAp) €Ty nsA-a€Ty, and aAp e Tp.

Figure 1:

Now, Theorem 4.2 and Definition 3.1 state that everything that is true (7;) in each
cluster satisfies the following properties (the s-rtd-relation on D = {0, 1,2, 3} guaranteed
by Theorem 4.2 is P = {(0,0), (1, 1), (1,0), (2,2), (2,0), (3,3), (3,2), (3,0)}):

(PCDJ,Q’?,) ].:'(jgD g To,Tl,TQ,Tg and T(),Tl, TQ, T3 are closed under MP
(Po) (pETO:>D(p€TO
(No) @¢To=-OpeTy& OpeT &-OpeT,&-OpecT;

(Pl) (,OET()&QOET1=>D§0€T1
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Furthermore, Theorem 4.2 and Definition 3.1 say that everything an agent knows (r;)
in a cluster C; is exactly: ro =1y, ri =1y N1y, 1o =Ty NT5, and rg = 1Ty NTH N T35, and
everything she believes in any situation is the same and builds set Tj.

Now, taking into accountthe properties above, some examples follow, of what our
agent knows and believes in this epistemic model.

e Since each T; is closed under propositional consequence ((PCy) to (PC3)),

sVa € T3, 15, T

sV(aAp) € T, To
(msA=a)V(aAp) € Ty, 1o
alANp € T

Hence, sVa €rz, sV (aAp) Erg, (msA—-a)V (aAp) €Ery, and a A p € ry.

e If it is raining only in Athens, our agent is in Cj3, and since -s A a A =p € T3, by
(PCs), —p € T3, hence, since T3 is consistent, p ¢ T3, therefore, a A p ¢ T3, and by
definition of r3, a A p ¢ r3, i.e. she is not sure that it is raining in Athens and Paris
(which is good, since it isn’t true!). But, by definition of as, since a A p € rg and
(3,0) € P, a A p € a3, i.e. she believes that it is raining in Athens and Paris.

e In the same situation as above, s A a A =p ¢ r3 (since one can easily see that
—sAaA—p ¢ Ty, and (3,0) € P), i.e. our agent doesn’t know that it is raining only in
Athens; she doesn’t know in which situation she is located. Furthermore, since
—sANaA—p ¢ Ty and (3,0),(2,0),(0,0) € P, by (Ny), "O(=sAaA-p) € ToNToNT;,
hence, =0O(—s Aa A —p) € r3, i.e. she is aware of her ignorance about the fact that
it is raining only in Athens.

e By construction of this model, it is not necessarily true that it is raining in Athens in
every situation of Cs, i.e. a ¢ Ty, hence, since (3,2) € P, a ¢ r3, which means that in
the situation of C3 our agent does not know that it is raining in Athens, although
it is true. Furthermore, a € Ty, so, by (Fy), Ja € Tp, hence, =Oa ¢ T, and since
(3,0) € P, =Oa ¢ r3, i.e. our agent does not know that she doesn’t know that
it is raining in Athens; she believes she might know it! (this is also verified by the
fact that Oa € To = rp = a3). So, in this case our agent does not possess negatine
introspection.
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e In any situation of Csy, since s A =(a Ap) € Ty, a Ap ¢ To, hence, a Ap ¢ ro, i.e.
she doesn’t know that it is raining in Athens and Paris, which is rather expectable,
since this fact is simply false in every situation of Cs. But, a A p € Ty, so, by (F),
O(a Ap) € Ty, therefore, ~O(a A p) ¢ Ty, and since (2,0) € P, =O(a A p) ¢ ra, hence,
she does not know that she doesn’t know this fact. And, O(aAp) € Ty =g = a9,
hence, she believes (falsely) that she knows that it is raining in both cities. This time,
our agent is again not negative-introspective, but in a more ‘severe’ situation, since
she believes that she knows something, which is wrong.

6 Related Work - Further Research

The identification of logical theories, which capture the epistemic content of a rational
agent’s view of the world, is a very important topic in Knowledge Representation. A very
important notion has been the notion of a stable belief set, introduced by R.Stalnaker
[ | and further investigated in modal non-monotonic reasoning | ]. The original
motivation of this paper (rather distinctly far from the final result) has been the idea
to derive logically interesting notions of stable epistemic states out of a model-theoretic
starting point, and prove that they posses intuitive syntactic characterizations. This
seems natural to do: stable belief sets can be represented as S5 theories or sets of beliefs
held inside a KD45 situation [ 1,1 |. In a previous paper | | we obtained
interesting syntactic variations of epistemic states and proved representating theorems,
in terms of possible-world models for non-normal modal logics. It (still) seems natural
to investigate the other way around: to define epistemic theories in terms of possible
worlds models for interesting epistemic logics (such as S4.2,S4.4), and then match
this definitions to closure under intuitive context-rules, such as the ones encountered
in Stalnaker’s initial definition. On the way, it became clear to us that, from a purely
epistemological viewpoint that takes into account the information available to the agent
inside each situation, the S5-like analysis of epistemic reasoning is too simple to furnish a
realistic view (although there exists a compensation, in terms of various handy technical
properties). Thus, we took a step back to start from the very beginning: the notion of
accessibility between possible worlds, its epistemic content and logical interpretations.
This led us to the semantic analysis discussed in section 3.1 and to the origination of
K Bpr-structures.

The K Bg-structures introduced here represent a somewhat complex, yet interesting,
description of the epistemic status of a rational (but not fully introspective) agent,
allowing a differentiation of knowledge from belief. It would be interesting to embed
them in core KR techniques, such as default reasoning or belief revision; actually it is a
very challenging (albeit complex) task to define reasoning procedures that will take into
account the subtle differences between knowledge and belief. Such a task is bound to be
complex but it will be necessarily useful to deviate from the currently dominating model
of a logically omniscient, fully introspective agent. As a short-term goal, it is definitely
interesting to identify the computational complexity of reasoning with K Bg-structures.
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