
Peperasmèna Autìmata (PA)

Ta peperasmèna autìmata eÐnai oi aploÔsterec {upologistikèc mhqanèc}.
Den èqoun mn mh, all� mìno mÐa eswterik  mon�da me peperasmèno arijmì
katast�sewn. Diab�zoun thn eÐsodo apì arister� proc ta dexi� kai k�je
sÔmbolo prokaleÐ allag  thc eswterik c kat�stashc.
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Orismìc Peperasmènwn Autom�twn

'Ena peperasmèno autìmato M eÐnai mia pent�da M(K, Σ, δ, s, F ), ìpou:

• K eÐnai èna peperasmèno sÔnolo, to sÔnolo katast�sewn.

• Σ eÐnai èna peperasmèno sÔnolo, to alf�bhto.

• s eÐnai mÐa kat�stash, s ∈ K, pou onom�zetai arqik  kat�stash.

• F eÐnai uposÔnolo tou K, F ⊆ K, pou onom�zetai sÔnolo telik¸n
katast�sewn.

• δ eÐnai mÐa sun�rthsh, δ : K × Σ → K kai onom�zetai sun�rthsh
met�bashc.

H sun�rthsh met�bashc δ kajorÐzei ousiastik� th leitourgÐa tou autom�-
tou. An q eÐnai h kat�stas  tou kai to epìmeno sÔmbolo thc eisìdou eÐnai
σ, tìte δ(q, σ) eÐnai h epìmenh kat�stash tou autom�tou.



Diagr�mmata PA

Par�deigma:
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>: arqik  kat�stash. ◦©: telik  kat�stash.

To di�gramma deÐqnei èna PA me K = {q0, q1, q2}, Σ = {0, 1}, s = q0,
F = {q0} kai δ

q σ δ(q, σ)
q0 0 q0
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Gl¸ssec kai Peperasmèna Autìmata

Lème ìti èna PA M(K, Σ, δ, s, F ) dèqetai th sumboloseir� w, an xekin¸ntac
apì thn arqik  kat�stash s, afoÔ {epexergasteÐ} thn eÐsodo, katal gei
se k�poia kat�stash tou F . Gia na orÐsoume pio austhr� thn ènnoia
{dèqetai} qrei�zetai na orÐsoume th sqèsh {par�gei}.

An M(K, Σ, δ, s, F ) eÐnai èna PA, h duadik  sqèsh `M ( {par�gei se èna
b ma} ) orÐzetai wc ex c:
(q, w) `M (q′, w′), an kai mìno an

• w = σw′, gia k�poio σ ∈ Σ

• q′ = δ(q, σ)

H `M eÐnai mia sun�rthsh `M : K × Σ+ → K × Σ∗

Ta stoiqeÐa tou K×Σ∗ ta onom�zoume sunolikèc katast�seic (configurations).



Par�deigma: 1
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• (q0, 0110) `M (q0, 110)

• (q0, 1101) `M (q1, 101)

• (q1, 1) `M (q0, ε)

OrÐzoume th sqèsh `∗M ( {par�gei se mhdèn   perissìtera b mata} ) wc
ex c:

(q, w) `∗M (q′, w′)
an kai mìno an up�rqoun q1, . . . , qn ∈ K
kai σ1, σ2, . . . , σn ∈ Σ tètoia ¸ste

• w = σ1σ2 . . . σnw
′

• (q, σ1σ2 . . . σnw
′) `M (q1, σ2 . . . σnw

′) `M . . . `M (qn, w
′)

kai qn = q′



Par�deigma:
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(p, 0110) `∗M (p, 0110)

(p, 0110) `∗M (s, 0)

(p, 0110) `∗M (p, ε)

Parathreiste oti h `∗M den eÐnai sun�rthsh all� sqèsh (giatÐ den proka-
jorÐzei pìsa b mata ja gÐnoun).



Lème ìti to M dèqetai th sumboloseir� w   ìti to w eÐnai apodektì apì
to M , an kai mìno an

(s, w) `∗M (q, ε), gia k�poio q ∈ F

OrÐzoume th gl¸ssa enìc PA M(K, Σ, δ, s, F ) san to sÔnolo twn sumbolo-
seir¸n pou eÐnai apodektèc apì M .

L(M) = {w : w eÐnai apodektì apì to M}



Par�deigma: 1
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L(M) = {w : w perièqei �rtio arijmì apì 1}

Apìdeixh:
Me majhmatik  epagwg , sto m koc tou w.
Epagwgik  upìjesh:
(q0, w) `∗M (q0, ε)
an kai mìno an to w perièqei artio arijmì apì 1 kai
(q1, w) `∗M (q0, ε)
an kai mìno an to w perièqei perittì arijmì apì 1.



Par�deigma: Sqedi�ste PA pou na dèqetai th gl¸ssa

L = {w : w den perièqei 11}

Ap�nthsh:
1 1

0 0 0,1

Par�deigma: Sqedi�ste PA pou na dèqetai th gl¸ssa

L̄ = {w : w perièqei 11}

Ap�nthsh:
1

0 0 0,1

1

Prosexte oti einai sqedìn to Ðdio autìmato me th diafor� ìti oi telikèc
katast�seic tou enìc eÐnai oi mh telikèc katast�seic tou �llou.



Mh Nteterministik� Peperasmèna Autìmata

ApoteloÔn mia genÐkeush twn (nteterministik¸n) PA. AntÐ gia sun�rthsh
met�bashc d pou kajorÐzei apolÔtwc thn epìmenh kat�stash, ta mh nte-
terministik� PA èqoun k�poia sqèsh met�bashc D pou epitrèpei 0, 1, 2  
perissìterec epìmenec katast�seic.

GiatÐ meletoÔme mh nteterministikèc mhqanèc;

• GiatÐ dieukolÔnoun tic apodeÐxeic.

• GiatÐ apoteloÔn ton pio fusikì kai sÔntomo trìpo gia na perigr�youme
k�poiec gl¸ssec.



Orismìc mh Nteterministik¸n PA

'Ena mh nteterministikì PA eÐnai mia pent�da M(K, Σ, ∆, s, F ), ìpou

K
Σ
s
F

:
:
:
:

sÔnolo katast�sewn
alf�bhto
arqik  kat�stash
sÔnolo telik¸n katast�sewn


'Opwc akrib¸c kai ston

orismì twn nteterministik¸n
PA.

kai ∆ : h sqèsh met�bashc

∆ ⊆ K × Σ∗ ×K
ε
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MporoÔme na epekteÐnoume ìlouc touc orismoÔc pou aforoÔn nteterministi-
k� PA. H basik  diafor� eÐnai h ex c:
Lème ìti {to M dèqetai to w}, an up�rqei k�poia akoloujÐa metab�sewn
pou katal gei se telik  kat�stash tou F .

Paradeigma: To

01

q0 011 dèqetai th sumboloseira 011︸︷︷︸ 01︸︷︷︸.
O orismìc thc sqeshc `M gia mh nteterministik� PA eÐnai

(q, w) `M (q′, w′), an kai mìno an up�rqei u ∈ Σ∗, tètoio ¸ste

1) w = uw′

kai 2) (q, u, q′) ∈ ∆

Oi �lloi orismoÐ eÐnai Ðdioi gia nteterministik� kai mh nteterministik� PA.



IsodunamÐa nteterministik¸n kai mh nteterministik¸n peperas-
mènwn autom�twn

Je¸rhma: Gia k�je mh nteterministikì peperasmèno autìmato M up�r-
qei èna nteterministikì peperasmèno autìmato M ′′ tètoio ¸ste L(M) =
L(M ′′).

Apìdeixh: 'Estw M(K, Σ, s, ∆, F ) èna mh nteterministikì peperasmèno
autìmato.

B ma 1. ja to metatrèyoume ètsi ¸ste k�je met�bash na gÐnetai me to polÔ
èna sÔmbolo. AntikajistoÔme k�je met�bash (q, σ1σ2 · · ·σk, q

′) ìpou k > 1
me tic metab�seic (q, σ1, p1), (p1, σ2, p2), . . . , (pk−1, σk, q

′), kai prosjètoume
nèec katast�seic p1, p2, . . . , pk−1.
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'Estw M ′(K ′, Σ, ∆′, s′, F ′) to apotèlesma tou B matoc 1.

B ma 2. Ja metasqhmatÐsoume to M ′ se èna nteterministikì peperasmèno
autìmato M ′′(K ′′, Σ, δ′′, s′′, F ′′). Kaj¸c to M ′ epexerg�zetai thn eÐsodo
mporeÐ na brÐsketai se k�poiec pijanèc katast�seic. Jèloume to M ′′ na
�jum�tai� ìlec autèc tic pijanèc katast�seic. All� èna nteterministikì
autìmato �jum�tai� mìno thn kat�stash sthn opoÐa brÐsketai. Epomè-
nwc oi katast�seic tou M ′′ prèpei na kwdikopoioÔn sÔnola apì pijanèc
katast�seic. 'Ara oi katast�seic tou M ′′ prèpei na eÐnai ta uposÔnola
tou K ′.

H met�bash (Q, σ, Q′) epitrèpetai an to trèqon pijanì uposÔnolo kata-
st�sewn eÐnai to Q kai afoÔ diabasteÐ to sÔmbolo σ to nèo uposÔnolo
ìlwn twn pijan¸n katast�sewn eÐnai to Q′.



OrÐzoume loipìn to M ′′(K ′′, Σ, δ′′, s′′, F ′′) wc ex c:

• K ′′ = 2K ′
, to sÔnolo ìlwn twn uposunìlwn tou K ′.

• H sun�rthsh δ′′ orÐzetai ¸c

δ′′(Q, σ) = {q′ : (q, σ) `∗M ′ (q′, ε) gia k�poio q ∈ Q} ∀Q ∈ K ′′, σ ∈ Σ.

GiatÐ qreiazìmaste `∗M ′ kai ìqi apl� `M ′?

• s′′ = {q : (s′, ε) `∗M ′ (q, ε)}.
• F ′′ = {Q : Q ⊆ K ′, Q ∩ F ′ 6= ∅}.

UpoleÐpetai mia apìdeixh pwc L(M) = L(M ′′) :
Me epagwg  sto m koc thc sumboloseir�c eisìdou . . .


