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Abstract—Most hardware compilers apply loop pipelining to in-
crease the parallelism achieved, but pipelining is restricted to the
only innermost level in a nested loop. In this work we extend and
adapt an existing outer loop pipelining approach known as single
dimension software pipelining to generate schedules for field-pro-
grammable gate-array (FPGA) hardware coprocessors. Each loop
level in nine test loops is pipelined and the resulting schedules are
implemented in VHDL and targeted to an Altera Stratix II FPGA.
The results show that the fastest solution for all but one of the loops
occurs when pipelining is applied one to three levels above the in-
nermost loop. Across the nine test loops we achieve an acceleration
over the innermost loop solution of up to seven times, with a mean
speedup of 3.2 times. The results suggest that inclusion of outer
loop pipelining in future hardware compilers may be worthwhile
as it can allow significantly improved results to be achieved at the
cost of a small increase in compile time.

Index Terms—Field-programmable gate array (FPGA), integer
linear programming (ILP), nested loop, pipelining.

I. INTRODUCTION

T HE REAL-TIME demands of embedded applications, es-
pecially those related to image, video, and signal pro-

cessing, often exceed the processing capabilities of embedded
microprocessors [1]. To overcome this problem custom hard-
ware coprocessors may be included in the system to imple-
ment one or more compute expensive loops within the target
application, allowing the microprocessor to implement the less
demanding sections of the algorithm. While hardware copro-
cessors can dramatically increase the performance of an em-
bedded system, their development can be a lengthy and compli-
cated process relative to software development. To address this
problem, a number of tools have been developed that allow hard-
ware coprocessors to be generated automatically from existing
software descriptions [2]–[5]. Of key importance when gener-
ating hardware is the exploitation of parallel execution in the al-
gorithm as this is how acceleration is achieved. Loop pipelining
techniques [6] are critical in achieving efficient parallelism and
are included in most hardware compilers.
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Traditionally loop pipelining is applied at the innermost loop
level in a nested loop [3]–[6]. This can lead to inefficient solu-
tions in cases where there are dependences that cross multiple
iterations at the innermost loop, or if the innermost loop has
few iterations. A number of methods have been developed in the
software domain that allow nested loops to be pipelined above
the innermost level [7]–[9] and these can allow shorter sched-
ules to be achieved. The single dimension software pipelining
(SSP) approach [7] in particular has been shown to allow shorter
schedules with higher levels of parallelism than can be achieved
with inner loop methods, even when loop transformations such
as interchange, and unroll are also considered. When applied
to nested loops the existing hardware compilers target only the
innermost loop level for pipelining. Outer loop pipelining has
not yet been considered for hardware because it is assumed that
the increase in the control complexity will reduce the maximum
clock rate that can be achieved to such an extent that any sched-
uling gains will be outweighed [5].

In this paper, we extend and adapt the existing SSP ap-
proach to better suit the generation of schedules for hardware,
specifically field-programmable gate arrays (FPGAs). We
also introduce a search scheme to find the shortest schedule
available within the pipelining framework to maximize the
gains in pipelining above the innermost loop. We also present
a generic pipeline controller capable of implementing sched-
ules pipelined above the innermost loop without significantly
reducing the maximum clock speed of the final system below
that which can be achieved for an inner loop only solution. Our
scheduling approach is applied to nine loop kernels to generate
hardware coprocessors which are targeted to an Altera Stratix II
FPGA. The results show that the fastest solution for each loop
occurs when pipelining is applied above the innermost loop.
When compared to inner loop pipelining a maximum speedup
of 7 times is achieved, with an average speedup across the nine
loops of 3.2 times.

The remainder of this paper is split into seven further sec-
tions. In Section II, we provide a brief description of Modulo
Scheduling and the existing SSP methodology. Sections III and
V describe our extension and adaptation of this existing method-
ology to improve results when targeting FPGAs, and Section IV
describes the FPGA resource constraints. In Section VI, we
present details of our scheme to search the solution space, along
with details of our modulo scheduling formulation. Section VII
details the results achieved for nine test loops and Section VIII
summarizes the conclusions of this work.
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II. BACKGROUND

Perhaps the most widely used loop pipelining methods are
based around modulo scheduling [6]. In modulo scheduling, the
operations from a single iteration of the loop body are scheduled
into stages, with each stage requiring clock cycles to exe-
cute. Each operation in the loop body is assigned to start on a
single cycle in a single stage. The stages run sequentially to
execute a single iteration of the innermost loop, but may all run
in parallel for different loop iterations without breaching the re-
source constraints of the target platform. A new iteration of the
innermost loop is initiated every clock cycles with the result
that the executions of loop iterations are overlapped.

Standard modulo scheduling-based methods are limited to
pipelining (overlapping) the iterations of the innermost loop in
a loop nest [6]. Single-dimension software pipelining (SSP) [7]
extends innermost loop pipelining methods, such as modulo
scheduling, allowing them to be applied at any level in a
rectangular loop nest. Under this methodology, a single loop
level is selected for pipelining based upon metrics such as the
expected initiation interval for each level and/or the potential
for data reuse. The data dependence graph for the loop nest is
then simplified according to the method presented in [7]. By as-
suming that the iterations from loop levels above and below the
pipelined level execute sequentially, all dependence distance
vectors [10] are reduced to equivalent scalar values. This allows
standard modulo scheduling techniques to be applied to the
nested loop, regardless of which level is being pipelined. The
final schedule is then constructed from the modulo schedule.
A new iteration of the pipelined loop level is initiated every

clock cycles, but an extra delay must be added after each
group of consecutive iterations. The delay added between
each group is the same and its value is defined in [7]. The extra
delays are necessary to ensure that no more than iterations
are overlapped into a pipeline with stages as this would cause
resource conflicts. The existing SSP methodology has been
developed for software targeted to processor-based platforms
that offer instruction level parallelism.

III. EXTENDING THE SOLUTION SPACE

Standard modulo scheduling restricts the initiation interval
and the number of clock cycles per stage to be the

same. This restriction is maintained in the existing single di-
mension software pipelining (SSP) work [7]. In this section, we
show that when pipelining above the innermost loop level, this
restriction may increase the length of the final schedule.

Let and be the lower bounds on set
by the system’s resource and dependence constraints, respec-
tively. The determination of is discussed in Section IV
while the calculation of is described in [11]. The stage
length, , must be greater than or equal to , while the
minimum is bounded by both and . Thus,
in cases where the resource constraints are less restrictive than
the dependence constraints , the min-
imum will be less than the minimum . Forcing and to
take the same value may therefore increase the minimum stage
length that can be achieved and reduce the available solution
space.

From the scheduling function presented in [7], an expression
for the number of clock cycles required to execute a rectangular,
perfectly nested loop with levels of nesting1 can be obtained
by substituting the values for the last operation in the loop. This
is defined by

cycles

(1)

represents the number of loop iterations at level in the nest2

and is the loop level selected for pipelining. When a loop nest
with large loop counts is pipelined above the innermost loop the
length of the schedule is dominated by the value of cycles

. Hence, finding the shortest schedule may require
to be minimized at the expense of a larger value of .
The original SSP work targets platforms with limited func-

tional units (relative to platforms such as FPGAs where logic
resources are abundant) such as VLIW processors. One would
expect that the limited number of functional units on these plat-
forms might produce relatively tight resource constraints such
that will typically be greater than . Hence,
the authors of the original work saw no need to separate the
values of and as they will most likely both be constrained
to the same value by . However, the abundant logic
resources on modern FPGAs (see Section IV for more details)
may allow smaller values of , such that dom-
inates. Thus, we felt it worthwhile to remove the constraint for

and to have the same value. This extension could be ap-
plied to other architectures, such as VLIW processors, but it may
simply increase the scheduling effort for no significant sched-
uling gains.

Allowing the values of and to take different values
should enable greater acceleration over pipelining at the in-
nermost loop level in cases when is greater than

. However, we make no assumption about the relative
values of and and the methodology pre-
sented in the remainder of this paper is applicable in all cases.
The separation of these values merely extends the available
solution space over that offered by the original SSP work.
If is greater than then the solution our
approach finds offer less significant (if any) gains over the
original SSP approach.

IV. FPGA RESOURCE CONSTRAINTS

The goal of this work is to identify a compute intensive loop
nest in a target application and compile this loop to a hard-
ware coprocessor on an FPGA. Modern FPGAs have high re-
source densities with the largest devices offering in excess of
10 lookup tables (LUTs) and hundreds of embedded multi-
pliers [12]. It may, therefore, be reasonable to assume that each
instruction in the target loop can be implemented on a ded-
icated resource, ultimately producing no resource constraints

1Level L is the innermost loop and level one the outermost.
2N and N are defined to be one for uniformity.
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Fig. 1. Scheduling imperfectly nested operations. Each numbered box represents an execution of the stage denoted by the enclosed number. Each vertical column
of stages represents part of the execution of one of the first five outer loop iterations. (a) Sample loop nest. (b) Section of the perfectly nested schedule. (c) Extending
the perfectly nested schedule to include one imperfect stage. The shaded grey boxes represent imperfectly nested stages. The black circles mark out an example
of a resource conflict in the schedule. (d) Extending the perfectly nested schedule to include two imperfect stages. (e) Extending the perfectly nested schedule to
include five imperfect stages.

(i.e., ). However, while logic resources are abun-
dant, the data operated on by the FPGA datapath is typically
stored in off chip memories, and the number of ports through
which this data may be accessed will be limited. Often it is not
the physical resources on the device that limit performance, but
the off chip memory bandwidth available to access the arrays
used by the application [13]. The limited number of off chip
memory ports acts as a constrained resource that must be sched-
uled around during pipelining, much as the limited number of
adders or multipliers must be scheduled around when targeting
architectures with limited arithmetic resources. In this work, we
assume that it is the number of available memory ports that will
limit the parallelism that may be exploited, rather than the avail-
able computational resources. It is also assumed that all func-
tional units (such as multipliers) with latencies greater than a
single clock cycle are internally pipelined, which is reasonable
given the architectures of modern FPGAs [12].

With these assumptions and an array to physical memory map
(which must be supplied by the designer in this work)3 the value
of for a given loop and target platform may be calcu-
lated based on the ratios of accesses to ports for each memory.
The minimum number of clock cycles required to ex-
ecute the memory accesses to memory in a single iteration
of the innermost loop (ignoring dependence constraints) can be
computed using (2). represents the number of reads and

the number of writes in a single iteration of the innermost
loop for all of the arrays assigned to memory . is the

3The only requirement of the array to memory map is each memory is suffi-
ciently large to accommodate all the arrays mapped to it.

number of ports4 to , and and are the issue in-
tervals (the minimum number of cycles between successive op-
erations) of the read and write operations, respectively. The final
value of for the given target platform and target loop
is then defined by (3)

(2)

(3)

V. IMPERFECT NESTING

In practice, few loops are perfectly nested and so the
single-dimension software pipelining methodology is extended
to deal with imperfectly nested instructions [14]. This method-
ology requires the use of multiple stage lengths to achieve
maximum efficiency. The implementation of multiple stage
lengths in FPGA hardware would require complex control
that would ultimately reduce the clock frequency of the final
pipeline. To avoid such complications a simpler method for
scheduling imperfectly nested loops has been developed. Extra
imperfect stages are added to the pipeline which execute only
at the beginning and/or end of the loop level where they are
required. To prevent resource conflicts in the schedule, the
imperfect stages are added in multiples (or sets) of , where
is the number of perfect stages. The reasoning behind this is
demonstrated using the simple example in Fig. 1(a).

4In this description, we consider only read/write ports, but the methodology
is easily extended to deal with dedicated read and write ports.
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In this example, it is assumed that the loop is first pipelined
ignoring the imperfectly nested instructions and then modified
to include them. The outermost loop is pipelined and the per-
fect operations are scheduled into five stages, with an initiation
interval of two stages.5 Once the pipeline has been filled the per-
fect schedule follows the pattern shown in Fig. 1(b). The stepped
bold line in Fig. 1(b) marks on each outer loop iteration the end
of one iteration of the middle loop level and the start of the next.
To implement the full imperfect loop the execution of imperfect
operations must be inserted along this line.

Assuming that all of the imperfect operations can be executed
in a single pipeline stage the obvious schedule would be that
shown in Fig. 1(c). However, this schedule causes multiple iter-
ations to require the same stage at the same time, which is not
allowed. A possible solution to this problem is to include extra
(possibly empty) imperfect stages so that the number of imper-
fect stages matches the length of the initiation interval (two in
this case). This does remove the stage conflicts, as shown in
Fig. 1(d), but it also creates a new problem. Both the imper-
fect stages (X0 and X1) must run in parallel with each of the
perfect stages at some point in the schedule. This may make it
impossible to assign a constrained resource to any cycle in the
imperfect stages without conflicting with a perfect stage. This
problem will persist for any number of imperfect stages fewer
than (five in this case). Fig. 1(e) shows that there are no stage
conflicts when five imperfect stages are used. Furthermore, each
imperfect stage always ‘replaces’ one particular perfect stage in
the schedule. For example, stage X0 always executes in time
slots that would be allocated to perfect stage 0 in the original
perfect schedule. Hence, provided the resource usage pattern of
the imperfect stage matches that of the perfect stage it replaces,
there will never be resource conflicts in the imperfect schedule.

Let be the set of imperfectly nested operations that must
execute at the start/end of an iteration at level in the loop nest.
The start (or end) of an iteration at level always entails the
start (or end) of an iteration at level . The set of imper-
fect operations executed for level is therefore a subset of
the operations executed for level . As we move outwards from
the innermost loop the number of imperfectly nested instruc-
tions may increase. Hence, to improve the efficiency of our ap-
proach, we allow an increasing number of sets of stages to be
included for each level in the loop above the innermost loop.
We define to be the number of sets of stages included in the
schedule to accommodate all imperfectly nested operations up
to and including loop level . Only the loop levels up to and in-
cluding the pipelined level, , are implemented on the FPGA.
Hence, the total number of sets of imperfect stages included in
the schedule for the FPGA hardware is .

VI. SCHEDULING

In this work, the goal is to find the optimum (shortest)
schedule available within the restrictions of our framework
and the memory port constraints of the target platform. The
relatively large number of variables present, even for small
loops, makes optimal scheduling within resource constraints

5These values are chosen arbitrarily for the example and are not critical.

a difficult problem. For this reason, our scheduling approach
is split into two parts. The first part is a search of the possible
values for the stage length, , the number of perfect stages, ,
the number of sets of imperfect stages, , and the initiation
interval, . The second part is an integer linear programming
(ILP)- [15] based modulo scheduling formulation that assigns
start times to the loop operations for fixed values of , , and

so that either the initiation interval or the total number of
stages executed is minimized.

The two inputs to the scheduling process are the data de-
pendence graph for the nested loop and an array to physical
memory map. The data dependence graph comprises
a set of nodes and a set of edges . Each node represents
an operation in the loop nest. Each edge represents
a dependence between nodes and , with dependent
on . Edge is tagged with a dependence distance
vector denoting the number of loop iterations separating
the dependent instances of and at each loop level. The
data dependence graph is simplified for each loop level. Each

is reduced to single scalar value, , which denotes
the number of loop iterations separating the dependent opera-
tions at the pipelined loop level. Further details concerning the
form of the data dependence graph and the dependence simplifi-
cation can be found in [7]. Further to the dependence simplifica-
tion, all operations (nodes) nested above the pipelined level are
removed from the graph as only operations from the pipelined
loop level and below are implemented in the hardware copro-
cessor on the FPGA.

A. Searching the Solution Space

When pipelining an imperfectly nested loop at an arbitrary
level, , the length of the schedule is defined by (4) and (5)

(4)

cycles

(5)

represents the total number of stages executed during a
single iteration of the loop at the pipelined level and each
represents the number of sets of imperfect stages included for
level in the loop.6 Equation (4) is simply a weighted sum of
the number of sets of stages nested at each level in the loop and
(5) is simply the imperfect generalization of (1). From these ex-
pressions, it is not immediately clear how the scheduling pa-
rameters ( , , , and the values) should be traded to find
the schedule with the shortest execution time. To this end the
search scheme presented in Algorithm 1 has been developed.
Algorithm 1 must be executed for each level in the target loop.

6Z is defined to be zero for all i � L.
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Algorithm 1: Searching the pipelining solution space for each
loop level. represents the sum of the latencies of all
imperfect operations nested up to the pipelined level

1: ;

2: ;

3: while do

4: ;

5: ;

6: ;

7: while do

8: ;

9: while do

10: ;

11: ;

12: done=true;

13: while do

14: ;

15: ;

16: II++;

17: end while

18: Zp++;

19: end while

20: S++;

21: ;

22: end while

23: T++;

24: end while

The search begins by calculating the value of based
on the port constraints for the target platform and loop, as de-
scribed in Section IV. The scheduling options are explored for
increasing values of until a bounding condition is satisfied.
For any given value of the minimum schedule length ac-
cording to (5) is cycles. The search terminates
when a value of is reached such that this lower bound schedule
length is greater than the length of the best schedule already
found.

For each value of the minimum value of is found. The
scheduling options are then explored for increasing values of
until a bounding condition is breached. For each the minimum

and values are estimated as these are required to bound
the search. For each candidate the lower bound schedule
length is calculated assuming that the estimated minimum

and values may be achieved. It is also assumed that is a
factor of as this removes the ceiling and modulus functions
from (5), making the schedule length a monotonic increasing
function of . When an value is reached such that this lower
bound is greater than the length of the current best schedule,
the search is able to progress onto the next value of .

For each value of , the minimum value of is found and the
scheduling options are explored for increasing values of . Let

be the sum of the latencies for all imperfect operations
up to and including the pipelined level. Including sets
of imperfect stages in the schedule allows every ordering for
the imperfect operations within the dependence and resource
constraints to be reached. The optimum and values can
therefore always be achieved within sets of imperfect
stages. Increasing the value of above will always
increase the schedule length and so the search may progress onto
the next value once a value of is reached. A similar
bounding approach is also employed for the range of values.
The value of is never increased above , where is
the sum of the latencies for all of the operations in the loop up
to and including the pipelined level.

For each the minimum values of and are found (not
estimated). Modulo scheduling of the loop is then performed
for the current values of , , and with increasing values of

. The goal during modulo scheduling is the minimization of
as this yields the minimum schedule length for the given

values of , , , and . The lower bound schedule length
for each value of is calculated using (5) by assuming that the
minimum may be achieved. Once an value is reached
such that the lower bound exceeds the length of the best schedule
already found, the search progresses to the next value.

The , , and func-
tions all make use of the ILP modulo scheduling formulation
described in Section VI-B. The functions set different vari-
able bounds and minimize different cost functions which are
discussed at the end of Section VI-B. The
function also uses the scheduling formulation to find the
minimum , attempting to schedule for increasing values of

until a feasible solution is found. The and
functions utilize a simplified version of the

scheduling formulation that does not model the imperfectly
nested resource constraints. While is able to
return the true minimum for the given (because is only
dependent on how the perfectly nested operations are sched-
uled), returns an estimate of the minimum

for the given . However, it will never return a value greater
than the true minimum and so this value can still be used for
generating lower bound schedule lengths.

is a much simpler function that does
not attempt any scheduling. Instead each value is estimated
based on the number of clock cycles required to complete all of
the memory accesses nested perfectly or imperfectly up to and
including loop level , ignoring all dependences. The estimated

values, along with the given value of , allow an estimate of
the minimum to be found using (4). The estimated value
for the minimum will never exceed the true minimum and
so can be used to generate lower bound schedule lengths.
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The number of iterations of the innermost loop in the search
will vary from target loop to target loop. However, the worst
case size of the search can be calculated based on the worst case
ranges of the , , , and variables. It can be shown that
the worst case range of values for each variable is approximately

, where is the sum of the latencies for all of the
operations in the simplified data dependence graph. Hence, the
number of inner loop iterations will be of the order of .
While this represents a potentially large number of iterations,
for the test cases presented in Section VII the search was found
to bound after far fewer iterations.

B. Modulo Scheduling

Modulo scheduling of the simplified dependence graph is
implemented using ILP as this provides a simple method for
obtaining schedules with minimal cost functions. The cost func-
tions used are discussed at the end of this section. In the ILP for-
mulation the start time of each node, , in the simplified depen-
dence graph, , is defined as an integer variable .
The latency of each operation is defined as an integer constant

. Each edge in produces a linear constraint in the sched-
uling formulation, as described by (6). is an integer variable
representing the initiation interval. again represents the
number of loop iterations at the pipelined loop level between
the dependent instances of nodes and

(6)

Recall that within each individual modulo scheduling formu-
lation the values of , , and are constants. The perfectly
nested operations may only be scheduled to start in the per-
fect stages and every perfect operation must complete its execu-
tion before the end of the final perfect stage. These requirements
lead to the constraints in (7) and (8), which assume the first per-
fect stage begins its execution at time . is the set of all
perfectly nested operations in the dependence graph

(7)

(8)

The imperfectly nested operations may be scheduled into any
of the perfect or imperfect stages, but must all complete before
the end of the final imperfect stage. The imperfect stages
may be considered to execute both before and after the perfect
stages and so the constraints in (9) and (10) must be met during
scheduling. is the set of all imperfectly nested operations in
the dependence graph

(9)

(10)

For each level above the innermost loop and below the
pipelined loop, the value of (which is defined as an integer
variable) must be determined during scheduling. Since the im-
perfectly nested operations may be scheduled to execute either
before or after the perfect stages the values are constrained
by both (11) and (12). is the set of operations nested imper-
fectly up to and including level

(11)

(12)

The remainder of the variables and constraints in our modulo
scheduling formulation are required to model the resource con-
straints of the target system. For each physical memory, , the
value of is recalculated according to (2), this time in-
cluding both the perfect and imperfect memory operations in the
values of and . Let be the number of imperfectly
nested accesses to memory in the simplified data dependence
graph. The resource constraints for memory will take one of
three forms depending on the values of and .

1) : In this case, it is possible to execute all accesses
(both perfectly and imperfectly nested) to memory in
parallel. As such no resource constraints are required for
the access operations to this memory.

2) and : In this case, there are insuffi-
cient ports to execute every memory access in parallel, but
it must still be possible to execute all perfect stages in
parallel. For each memory access operation, , assigned
to memory a new integer variable, , and binary
variables, ,7 are defined. defines the stage to which
operation is assigned while the binary variables deter-
mine the cycle within the stage. is one if operation
is scheduled to begin on cycle and zero otherwise. The
start time of operation is then constrained by (13) and
(14). The constraints defined by (15) ensure that, when all

perfect stages execute in parallel, no more accesses are
scheduled to a single cycle than can be supported by the
available ports . is the set of perfect memory
accesses to memory

(13)

(14)

(15)

3) and : In this case, the constraints
must ensure that all of the perfect stages may execute in
parallel without breaching the port constraints. They must
also ensure that each imperfect stage uses no more ports
on each cycle than the corresponding perfect stage. The
resource constraints required for multiple sets of imperfect
stages differ from those for a single set of stages

. Due to space constraints, only the constraints
for a single set of imperfect stages are described since the
optimal solution for the loops we target normally requires
only a single set of imperfect stages. For each perfectly
nested memory operation assigned to memory , an
extra binary variables ,8 are defined. is de-
fined to be one if operation is scheduled to begin on
cycle of perfect stage and zero otherwise. The sched-
uled start time of , , is then constrained by (16) and
(17). again represents the set of perfect memory ac-
cesses to memory

(16)

7(0 � t < T ).
8(0 � s < S) and (0 � t < T ).
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(17)

For each imperfectly nested memory operation assigned
to memory , a further binary variables,

,9 are defined. is defined to be one if operation
is scheduled to cycle of stage . If is zero the imper-

fect operation is scheduled to a perfect stage, otherwise it
is scheduled to an imperfect stage. A further binary vari-
able, , is also defined. is one if is scheduled to
start after the execution of the perfect stages and zero oth-
erwise. The start time of , , is then constrained by (18)
and (19). represents the set of imperfect access opera-
tions assigned to memory

(18)

(19)

The resource constraints for memory in the imperfect
system are defined by (20) and (21). Equation (20) defines
the resource constraints for the perfect stages while (21)
deals with the imperfect stages. Each imperfect stage is
constrained to use no more memory ports than the cor-
responding perfect stage. In cases where not all of the
memory ports are utilized on every cycle in the perfect
stages, the integer variables allow the imperfect
stages to make use of these “spare” access slots

(20)

(21)

The modulo scheduling routine is called numerous times by
the search routine with different values of , , and as
inputs. The cost function which must be minimized varies de-
pending on which function in the search which makes the sched-
uling call. The and functions re-
quire the minimization of , which is defined as an integer
variable and whose value is determined by (4). The
function also places an upper bound on the value of . The

function uses as the cost function.
The value returned by the ILP formulation may cause re-

source conflicts in certain cases. Although a proof is not in-
cluded due to space constraints it can be shown that, when
and have different values, the constraints that is an integer
multiple of and that the greatest common divisor of

and equals one must be met. When these constraints
are not met by the value returned from the ILP the minimum
legal for the given values of and may be found by in-

9(0 � � < Z ), (0 � s < S), and (0 � t < T ).

creasing to the next integer multiple of such that the
of and is one.

VII. HARDWARE IMPLEMENTATION

Extending loop pipelining above the innermost loop does
not add any additional complexity to the generation of the
resulting datapaths. The automatic generation of VHDL dat-
apaths from pipelined schedules has received considerable
attention in existing work [3], [5] and no real extensions be-
yond current methods are required when moving above the
innermost loop. However, the hardware control structures for
loops pipelined above the innermost level have not previously
been considered and this section proposes a novel method for
their implementation.

The hardware controller for a pipelined loop must supply the
following signals to the datapath.

1) A signal to indicate which of the clock cycles in each
stage is being executed. The stages run in lock step so the
same signal supplies every stage.

2) A signal to indicate which of the stages in the pipeline are
enabled. During the pipeline fill and flush (and if there are
imperfect stages in the pipeline) the correct set of stages
must be disabled or enabled to ensure correct operation.

3) A set of signals to indicate the current loop iteration being
executed by each stage in the pipeline.

When pipelining at the innermost loop level these signals can
be supplied by relatively simple circuits, such as those shown in
Fig. 2(a) and (b). A counter and shift register supply the correct
loop index to each of the stages while a comparator and a
second shift register determine the enable signals. The circular
shift register in Fig. 2(a) tracks the current cycle in each stage.
Execution of the pipeline is triggered by setting the reset input
high for a single cycle. The simplicity of such a control scheme
will generally create a relatively short critical path through the
control logic which should be comparable to the critical path
in the datapath logic. Hence, a high maximum clock rate can
generally be achieved. For any outer loop pipelining scheme to
be worthwhile it must be possible to implement the controller
in a comparably simple manner to ensure that any drop in clock
frequency is minimized. If this is not the case then any potential
decrease in the schedule length will be canceled by the drop in
clock rate.

In deriving a control scheme for outer loop pipelining, we
first consider the generation of the loop index vectors for each
stage. A counter is sufficient for this purpose in the innermost
loop case because each stage executes the loop iterations in se-
quence (i.e., 0, 1, 2 ). This is not the case when pipelining
above the innermost loop. Consider the example schedule seg-
ment shown in Fig. 3(a). Starting from the highlighted stage,
with time progressing vertically downwards, stage 0 executes
the loop iterations in the order (1,0), (0,1), (2,0), (1,1), (0,2),
(2,1), and so on. This is a more complex pattern than a simple
increment of the innermost loop index from one execution of
a stage to the next. However, looking down the columns of the
schedule it is apparent that stages 1 and 2 execute the same iter-
ation as the immediately preceding instance of stage 0. Thus, a
shift register can still be used to supply all but stage 0 with the
correct index vector, reusing the index vector from stage 0 as
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Fig. 2. Simple controller design for a loop pipelined at the innermost level. (a) Cyclical shift register to indicate the current cycle in each stage. (b) Control logic
to generate the loop index and enable signal for each stage. The bold bus lines are of width log N , where N is the number of loop iterations.

Fig. 3. Section of an example schedule for a double nested loop pipelined at
the outermost level. It is assumed the loop has nine iterations at each level and
it has been scheduled into a pipeline with three stages and an initiation interval
of two stages. These numbers are chosen arbitrarily. Each box represents the
execution of one pipeline stage. The number outside the brackets in each box is
the stage number while the numbers in brackets represent the index vector for
the loop iteration executed by each stage.

with inner loop pipelining. Furthermore, it is noted that the
index vector for each instance of stage 0 is merely the index
vector from the preceding instance of stage 2 with the inner loop
index incremented.10

The circuit in Fig. 4 is therefore sufficient to provide the loop
index to each stage for a single level in the loop. The circuit is
duplicated for each loop level up to and including the pipelined
level to provide the complete index vector for each stage. The
contents of the “incrementer” block depend on the level in the
loop. Fig. 5 details the “incrementer” design for the innermost
loop level, the design for the pipelined loop level and the design
for all other levels in between.

Due to the feedback loop present in the circuit in Fig. 4 the
index vectors for each stage must be initialized correctly for the
circuit to function as hoped. Fortunately, these initial values may

10When the inner loop index reaches total iteration count for innermost loop
it is reset to zero and the index for the next loop level is incremented.

Fig. 4. Circuit to generate the loop index for each stage at one level in the
loop. The bold bus lines are of width log N , where N is the number of loop
iterations at the given loop level. The “Incrementer” block is detailed in Fig. 5.
The input values on the “1” input of the multiplexors (3 and 5 in this figure)
represent the initial reset values for the loop indices. The values shown were
chosen arbitrarily and are not significant.

be derived simply from the proposed schedule and set as con-
stants within the circuit. To derive the initial index vector for
each stage we extend the schedule back to the start of the loop
execution as shown in Fig. 3(b). The index vectors in the high-
lighted stages are the values that would be present if the loop
were executed repeatedly with no break between one execution
and the next, i.e., they are the index vectors for the end of the
loop execution. As these index vectors pass through the “incre-
menter” blocks at each level they will overflow back to the start
of the loop execution, resulting in the desired initialization. To
ensure the correct operation of the loop the highlighted stages
in Fig. 3(b) will not be enabled and so no datapath operations
will be executed for them.

The “Inc_out” signal generated by the “incrementer” block at
the pipelined level, referred to as “Inc_top” from here on, may
seem superfluous as there are no higher loop levels for it to feed
into. However, it is useful in the control of the generation of the
correct enable signal for each stage. The logic controlling the
enable signals for a pipeline with only perfectly nested stages
is shown in Figs. 6 and 7. The extensions to deal with imper-
fect nesting are relatively simple, requiring just additional shift
registers and a small umber of logic gates, but these are not de-
tailed here for brevity. At the pipeline reset the enable signal
for stage 0 is set high to begin the execution of the first itera-
tion of the loop. The “1” is shifted through the register enabling
each stage in turn. There is a feedback path from stage to
stage 0 as each iteration at the pipelined loop level entails more
than one iteration of the innermost loop and so a single stage
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Fig. 5. “Incrementer” blocks used by the circuit in Fig. 4 to update the loop indices. The bold bus lines are of width log N , where N is the number of loop
iterations at the given loop level. (a) The “Incrementer” for the innermost loop level. (b) The “Incrementer” for all loop levels between the innermost level and the
pipelined level. (a) The “Incrementer” for the pipelined loop level.

Fig. 6. Logic to control the enable signal for each pipeline stage. The “Enable/
Disable” block is detailed in Fig. 7. The “Shift Reg” block is a shift register with
S bits. “en[0]” is the output from the first register in the chain. “en[S-1]” is the
output from the last register in the chain. At the reset “en[0]” is set to “1” while
all other bits are set to “0”. The “Inc_top” input is connected to the “Inc_out”
from the “Incrementer” block at the pipelined loop level.

must remain enabled. The initial values for the index vectors will
cause the “Inc_top” signal to go high times as iterations
2 through (at the pipelined level) begin their executions.
This switches the multiplexer in Fig. 6 so that an additional “1”
is input into the shift register for each new iteration,11 eventu-
ally enabling all stages. The “Enable/Disable” block, detailed
in Fig. 7, counts the number of “Inc_top” inputs received and,
once all stages have been enabled, it switches its output to
“0”. The next occasion when “Inc_top” goes high occurs when
the pipeline flush begins at the end of the loop execution. As
the final iterations at the pipelined level end they again cause
the index vectors to overflow as they pass through the “incre-
menter” blocks, sending “Inc_top” high a further times. This
again switches the multiplexer in Fig. 6, but the output from the
“Enable/Disable” block is now “0” so increasing numbers of
stages are disabled. When the last iteration terminates the last
“1” in the shift register will be replaced with a “0” and all data-
path operations will terminate.

The hardware structures described will serve to control most
loops pipelined above the innermost loop level, but there are
special cases where variations on the blocks presented must
be used. Examples of this are when the number of loop itera-
tions at the pipelined level is less than the number of perfectly
nested stages and when the initiation interval is greater than the
number of innermost loop iterations in a single iteration at the
pipelined level. Although the details for these cases cannot be

11The output of the “Enable/Disable” block is initially “1” after the reset.

Fig. 7. “Enable/Disable” block. The “Inc_top” input is connected to the
“Inc_out” from the “Incrementer” block at the pipelined loop level.

included due to space constraints, they have been considered and
a small library of VHDL modules written to cover every pos-
sible combination of scheduling parameters ( , , , and ).
The blocks are all parameterized and a simple tool has been de-
veloped to instantiate the correct blocks with the correct generic
values to automatically generate a pipeline controller for the
given values of , , , and .

VIII. RESULTS

Our extended single dimension software pipelining algorithm
has been used to pipeline each level in nine nested loops. The
pipelined data path for each loop level is implemented manu-
ally in VHDL based on the schedule produced by our tool. The
VHDL for the pipeline controller for each case is generated au-
tomatically by our scheduling tool from the set of parameterized
component blocks described in Section VII. Four of the loops
use a fixed point number representation in their datapaths. These
are an image edge detection kernel, a full search motion esti-
mation kernel, a complex fast Fourier transform (FFT), and a
2-D median filter. The remaining five loops have floating point
datapaths. These are a matrix-matrix multiply kernel, a 2-D hy-
drodynamics fragment taken from the Livermore Loops [16], a
successive over relaxation kernel (SOR) [17], the MINRES al-
gorithm [18], and an LU decomposition kernel [19]. The edge
detection, motion estimation, and median filter algorithms act
upon 256 256 pixel images (8 bit fixed point). The search
window for the motion estimator is 2 pixels and the median
filter operates over a 5 5 pixel window. The matrix multiply,
hydrodynamics, successive over relaxation, MINRES, and LU
decomposition kernels operate on 1000 1000 element (single
precision) floating point matrices. The outermost loop (level 1)
in the MINRES and SOR kernels is not pipelined as it is a while
loop in both cases and the number of iterations is not fixed. For
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TABLE I
SCHEDULING RESULTS FOR THE ED, ME, FFT, AND MED KERNELS. THE SPEEDUP FIGURE IS RELATIVE TO THE

SCHEDULE LENGTH OBTAINED WHEN THE INNERMOST LOOP IS PIPELINED. THE AVERAGE PARALLELISM

IS THE RATIO OF THE COMPLETELY SEQUENTIAL SCHEDULE LENGTH TO THE PIPELINED SCHEDULE LENGTH

TABLE II
SCHEDULING RESULTS FOR THE MMM, HD, SOR, MIN, AND LU KERNELS. THE SPEEDUP FIGURE IS RELATIVE TO THE

SCHEDULE LENGTH OBTAINED WHEN THE INNERMOST LOOP IS PIPELINED. THE AVERAGE PARALLELISM IS THE RATIO

OF THE COMPLETELY SEQUENTIAL SCHEDULE LENGTH TO THE PIPELINED SCHEDULE LENGTH

each case, it is assumed that all of the image or matrix data ac-
cessed by the loop is stored in one bank of single port off-chip
SRAM. An exception is made for the hydrodynamics kernel
where it is assumed that five large matrices used are split across
two banks of SRAM.

The scheduling results for each level in the four fixed point
test loops are detailed in Table I and the results for the five
floating point loops are detailed in Table II. In every case,
aside from the FFT example, pipelining above the innermost
loop level does yield a shorter schedule. The FFT kernel has
a long loop carried dependence at the outer loop level and so
there is no advantage in pipelining above the innermost loop.
However, since the pipelining methodology presented also
considers the innermost loop, no performance is lost compared
to an inner-loop-only methodology. While this is of interest,
the original single dimension software pipelining work [7] has
already demonstrated the benefits of extending pipelining above
the innermost loop. However, the results also demonstrate that
our extensions to the SSP methodology can offer gains over the
existing work. For example, when pipelining loop level 1 of
the hydrodynamics kernel the optimum stage length is found

to be 6 while the initiation interval is 42. If were forced to
take the same value as the minimum stage length would be
42, leading to a schedule that is seven times longer than that
presented here. The results for the motion estimation kernel
demonstrate the potential benefit of searching the available
solution space. For loop level 5, the minimum number of stages
when is minimized is 3. With three stages in the pipeline
the minimum of two cycles may also be achieved, so three
stages appears to be optimal. However, the scheduling search
increases to four stages as there are 16 iterations at the
pipelined level and making a factor of minimizes the
schedule length. When levels 3 and 4 are pipelined the number
of perfect stages is first increased to 4 to accommodate extra
imperfectly nested instructions (allowing to be zero), and
then increased to five so that it is again a factor of (which
is 5 in both cases).

Table III details the performance results for eight of the test
loops when the pipelined hardware accelerator for each loop
level is targeted to an Altera Stratix II FPGA, specifically an
EP2S15 part of the fastest speed grade (C3). The hardware ac-
celerator has not been implemented for either loop level of the
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TABLE III
HARDWARE IMPLEMENTATION RESULTS FOR THE TEST LOOPS. THE SPEEDUP FIGURE IS RELATIVE TO THE INNERMOST LOOP

SOLUTION. ALUTS ARE THE BASIC CONFIGURABLE ELEMENTS IN THE STRATIX II FAMILY OF FPGAS

FFT as there are no scheduling gains in moving to the outer loop.
Likewise, the hardware accelerator for pipelining at level 3 in
the median filter has not been implemented as it offers no gains
over the inner loop. Only the control and datapath operations
from the levels up to and including the pipelined loop level are
targeted to the FPGA, with the remaining loop levels executed
on a host microprocessor. The design of the pipeline controller is
such that two clock cycles are required to initialise the pipeline
each time it is called by the host system. The additional cycles
have been added to the schedule lengths in Tables I and II to
produce those shown in Table III. For each loop level the time
taken for scheduling was less then 10 s, with most completing
in less than 1 s, which may be considered negligible when com-
pared to the minutes taken for synthesis and place and route.

The results in Table III show that, in all eight cases, the op-
timum (fastest) solution occurs when pipelining above the in-
nermost loop. However, we notice that the fastest implementa-
tion does not usually coincide with the shortest schedule as there
is some degradation in the clock frequency of the pipelines as
we move towards the outermost loop. In every case, the fastest
implementation occurs one to three loop levels above the in-
nermost loop as these levels offer the best tradeoff between the
scheduling gains and the clock frequency. This is contrary to
the claims in existing work that extending pipelining above the
innermost is rarely worthwhile [5].

The degradation in the maximum clock frequency varies
across the eight implemented loops. The edge detection data-
path is a small, simple circuit and so the critical path through
the complete design lies within the controller. Hence, we see
a steady decline in the clock frequency as the pipelining level
moves up through the loop and the controller becomes more

complex. The motion estimator also has a relatively simple
datapath and so the critical path for levels 5 and 6 again lies
within the controller. There is a sharp drop in the clock rate as
we move up to levels 3 and 4, but this is not due to the controller.
Levels 3 and 4 require the implementation of imperfectly nested
operations which increase the datapath complexity, moving
the critical path into the datapath. When levels 1 and 2 are
pipelined, the imperfect operations are scheduled differently
and this reduces the length of the critical path, allowing the
clock rate to increase above that achieved for levels 3 and
4. The arithmetic units in the floating point implementations
form the critical path in each case and so there is virtually no
degradation in clock frequency for these loops.

There is an increase in FPGA resource usage as pipelining
moves towards the outermost loop. For simple circuits such as
the edge detector and the motion estimator the fastest solution
has an ALUT and register usage roughly double that for the
innermost loop. This is because the edge detector and motion
estimator have datapaths that are relatively small and therefore
comparable to the size of the controller. Hence, a significant
increase in the size of the controller leads to a significant in-
crease in the overall resource usage. The more complex data-
paths of the matrix multiplication and hydrodynamics kernels
lead to less noticeable increases in the resource usage as we
move towards the outer loops. In fact, for both the matrix multi-
plication and hydrodynamics examples, the increase in resource
usage when moving to the outer loop is less than would be ex-
pected bearing in mind the extra level of control added. This is
most likely due to the heuristic nature of the optimization algo-
rithms used during the place and route process to map the design
to the FPGA. These optimizations may duplicate logic and/or
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registers to increase the clock rate achieved, and this process
may mask any actual increase in resource usage if the increase
is small relative to the total. The increased resource usage for
the outer loops of the MINRES, SOR, and LU decomposition
examples is mainly due to the inclusion of extra imperfectly
nested floating point operations. In every case, the designer must
decide whether the increase in speed achieved in pipelining at
an outer loop level is necessary, or warrants the extra resource
usage incurred.

While it has been shown that outer loop pipelining can offer
advantages over the direct implementation of inner loop only
methods, the role of loop interchange has not yet been con-
sidered. The matrix multiplication example has a loop carried
dependence at the inner loop level that forces an initiation in-
terval of seven cycles when pipelining the innermost loop. How-
ever, there are no dependences at the outer loop levels, so inter-
changing either of the two outer levels to the innermost loop and
then pipelining will leave the initiation interval bound only by
the resource constraints, as is the case when pipelining above
the innermost loop. So what advantage does our approach offer
over interchange and inner loop pipelining? First, as pointed out
in [7], some loops may not be interchanged due to dependences.
Also, as with the hydrodynamics kernel, it is possible for there
to be loop carried dependences at all loop levels. In the case of
the hydrodynamics kernel the initiation interval will be 42 cy-
cles, no matter how the loop is interchanged. Hence, interchange
and inner loop pipelining will produce a solution that is roughly
7 times slower than our approach.

Another advantage of the approach presented here is the
ability to deal with imperfectly nested operations, especially
imperfectly nested memory accesses. If there are operations
nested imperfectly at any level which we wish to interchange
to the innermost loop, these operations must be moved into the
innermost loop (and their executions guarded against). This
may force a larger number of stages in the pipeline than our
approach can offer. It may also force a larger stage length if
the operations are memory accesses since the minimum stage
length is determined by the numbers of perfectly nested
accesses to each memory. The matrix multiplication is a good
example of this as there is a write to the external memory nested
above the innermost loop. Interchanging either outer loop to
the inner loop will force this write into the inner most loop and
increase the minimum from 2 to 3 cycles, reducing the speed
of the final solution to roughly two thirds of that offered by our
approach.

Two other potential advantages of our approach over inter-
change and inner loop pipelining are the reduction in the number
of cycles spent flushing and filling the pipeline and the potential
for data reuse. All of the speedup gained in the motion estima-
tion example is gained because the outer loop pipelines are filled
and flushed less frequently. In the LU decomposition example,
we are able to buffer a column of matrix data on chip when the
outer loop is pipelined. This reduces the number of perfectly
nested memory accesses to the external memory from 3 to 2 per
iteration, allowing a minimum of 2 cycles instead of 3.

While our approach can offer advantages over interchange
combined with inner loop pipelining, that does not mean that
loop interchange has no role in improving results achieved when

pipelining above the innermost loop. However, the potential
gains of combining loop interchange and outer loop pipelining
in hardware have not yet been considered and this is left as future
work. It should be noted however that interchange was consid-
ered in combination with outer loop pipelining in the original
SSP work [7] and was shown to be of benefit.

IX. CONCLUSION

In this work, an existing methodology for pipelining soft-
ware loops above the innermost loop level has been adapted for
use in generating FPGA based hardware coprocessors. The ex-
isting single dimension software pipelining approach has been
extended to allow the initiation interval and stage length of a
pipeline to take different values, offering an improvement in per-
formance of 7 times in one example. We have also introduced a
simplified method for dealing with imperfectly nested instruc-
tions that reduces control complexity. Furthermore, a search of
the scheduling space has been developed such that the schedule
with the shortest execution time (in clock cycles) is found.

Our scheduling tool has been applied to nine test loops. In
all but one case, when the resulting coprocessors are targeted
to an Altera Stratix II FPGA, the fastest solution is found when
the loop is pipelined one to three levels above the innermost
loop. While there may be degradation in the clock frequency of
the resulting hardware when pipelining is extended above the
innermost loop, the decreases in the schedule length have been
shown to outweigh this factor. As a result we achieved speedups
over the innermost loop solution ranging from 1 (no speedup)
to 7 times, with an average (root-mean-square) speedup of 3.22
times. These results indicate that, while pipelining above the in-
nermost loop may not provide significant gains in every case,
adding this capability to the toolbox of transformations used by
hardware compilers could certainly be of use in exploiting par-
allelism in hardware coprocessors. This seems especially true
when targeting floating point kernels as the long latencies of the
(normally) deeply pipelined arithmetic units can lead to long
loop carried dependences and large initiation intervals.
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