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PerÐlhyh

Se aută th diatribă meletoÔme thn aplopoÐhsh trigwnikÿn kai tetraedri-
kÿn plegmĹtwn me qrăsh teqnikÿn pou basÐzontai se diadoqikèc surriknÿ-
seic akmÿn, kajÿc kai thn axiopoÐhsh twn paragìmenwn pollaplÿn epipèdwn
leptomèreiac (proodeutikÿn plegmĹtwn) gia thn apotelesmatikă epexergasÐa
twn montèlwn.

Wc proc ta trigwnikĹ plègmata, parousiĹzoume mÐa mèjodo kataskeuăc pro-
odeutikÿn periblhmĹtwn touc, me katĹllhlec surriknÿseic akmÿn. Qrhsimo-
poioÔme ta paragìmena periblămata gia thn epitĹqunsh tou elègqou eÔreshc
tomăc metaxÔ tou arqikoÔ plègmatoc kai mÐac eujeÐac.

Wc proc ta tetraedrikĹ plègmata, aplopoioÔme plègmata me enswmatwmè-
na dianusmatikĹ pedÐa. KataskeuĹzoume proodeutikĹ tetraedrikĹ plègmata
lambĹnontac upfl ìyin, katĹ th surrÐknwsh akmÿn, tìso th gewmetrÐa tou
plègmatoc ìso kai to enswmatwmèno pedÐo.

Tèloc, parousiĹzoume ènan apotelesmatikì algìrijmo upologismoÔ tomăc
aktÐnac-tetraèdrou, o opoÐoc axiopoieÐ tic suntetagmènec Plücker gia thn epi-
tĹqunsh twn upologismÿn. O algìrijmoc autìc mporeÐ na qrhsimopoihjeÐ gia
thn apotelesmatikă epexergasÐa proodeutikÿn tetraedrikÿn plegmĹtwn.
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Abstract

In this thesis we study the simplification of triangular and tetrahedral
meshes by the use of techniques based on successive edge collapses, as well
as the exploitation of the generated multiple levels of detail (progressive
meshes) for the effective processing of the models.

Regarding triangular meshes, we present a method for the construction
of progressive hulls, by suitable edge collapses. We use the generated hulls
for the acceleration of intersection tests between the initial mesh and a line.

Regarding tetrahedral meshes, we simplify meshes with associated vector
fields. We construct progressive tetrahedral meshes by taking into account,
while collapsing edges, both the geometry of the mesh and the associated
field.

Finally, we present an efficient algorithm for computing ray-tetrahedron
intersection, which exploits Plücker coordinates to accelerate computations.
This algorithm may be used for the efficient processing of progressive te-
trahedral meshes.
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PÐnakac sumbìlwn

v(x, y, z) Korufă trigwnikoÔ ă tetraedrikoÔ plègmatoc me svunte-
tagmènec x, y, z.

e(v0,v1) Akmă trigwnikoÔ ă tetraedrikoÔ plègmatoc me korufèc
v0 kai v1.

∆(v0,v1,v2) TrÐgwno ă ìyh plègmatoc me korufèc v0, v1 kai v2.

T (v0,v1,v2,v3) TetrĹedro me korufèc v0, v1, v2 kai v3.

M = (V,D) Trigwnikì plègma me svÔnolo korufÿn V kai svÔnolo tri-
gÿnwn D.

M = (V, T ) Tetraedrikì plègma me svÔnolo korufÿn V kai svÔnolo
tetraèdrwn T .

Φ = (V, T ,F) Dianusvmatikì pedÐo emfuteumèno svto tetraedrikì plèg-
ma (V, T ), me F to svÔnolo twn grammikÿn paremballou-
svÿn twn timÿn tou pedÐou svtic korufèc tou plègmatoc.

n KĹjeto diĹnusvma sve epÐpedo.

n̂ Kanonikopoihmèno (mètrou 1) kĹjeto diĹnusvma sve epÐpe-
do.

Π∆(x, y, z) ExÐsvwsvh epipèdou (wc proc x, y, z) pou orÐzetai apì tic
korufèc trigÿnou ∆.

Vol∆(x, y, z) ’Ogkoc tetraèdrou pou svqhmatÐzetai apì svhmeÐo (x, y, z)
kai tic korufèc trigÿnou ∆.

πr Suntetagmènec Plücker aktÐnac r.
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Prìlogoc

H paroÔsa didaktorikă diatribă parousiĹzei ta apotelèsmata thc ereunh-
tikăc mou prospĹjeiac twn teleutaÐwn etÿn sto qÿro twn Grafikÿn. An kai
{h eujÔnh twn grafomènwn barÔnei apokleistikĹ emèna}, h oloklărwsh thc
diatribăc mou den ja ătan dunată qwrÐc th sumparĹstash kai th suneisforĹ
pollÿn anjrÿpwn, touc opoÐouc aisjĹnomai thn upoqrèwsh na euqaristăsw
apì th jèsh aută.

O Anapl. Kajhghtăc QĹrhc JeoqĹrhc epèbleye thn èreunĹ mou me epimonă
kai upomonă. Suneisèfere thn polÔpleurh empeirÐa tou katĹ thn epexergasÐa
twn episthmonikÿn ergasiÿn pou prohgăjhkan thc diatribăc autăc kai frìnti-
se, ìla autĹ ta qrìnia, na diathreÐ prosanatolismì kai prooptikă h ereunhtikă
mou prospĹjeia. PĹnw apfl ìla, o QĹrhc mou stĹjhke wc fÐloc se aută th
makrĹ kai dÔskolh poreÐa, kai gifl autì ton euqaristÿ olìyuqa.

Tic prÿtec kateujÔnseic gia thn ekpìnhsh thc diatribăc mou tic ofeÐlw
ston EpÐk. Kajhghtă Alèxandro Mpem, ìmwc o aprosdìkhtoc jĹnatìc tou
den tou epètreye na dei to apotèlesmĹ thc.

O Kajhghtăc Nikìlaoc Misurlăc kai o Lèktorac FÐlippoc Tzafèrhc apo-
tèlesan ta Ĺlla mèlh thc TrimeloÔc Sumbouleutikăc Epitropăc thc diatribăc
mou. Touc euqaristÿ gia to qrìno pou dièjesan kajÿc kai gia thn upostărixă
touc ìla ta qrìnia pou anăkw ston Tomèa Jewrhtikăc Plhroforikăc. EpÐshc
euqaristÿ ta mèlh thc EptameloÔc Exetastikăc Epitropăc, Kajhghtă HlÐa
KoutsoupiĹ, Kajhghtă Stèfano Kìllia, Anapl. Kajhghtă IwĹnnh EmÐrh kai
Anapl. Kajhghtă Emmanouăl Sagkriÿth. Oi eÔstoqec parathrăseic ìlwn
twn parapĹnw sunèbalan sth beltÐwsh tou parìntoc keimènou.

PĹntote endiafèrousec ătan oi glwssikèc kai episthmonikèc parathrăseic
tou Dr BasileÐou Drakìpoulou, me ton opoÐo eÐqame eurÔterh sunergasÐa.



xviii Prologoc

O Anapl. Kajhghtăc BasÐleioc Zhsimìpouloc sunèbale sthn kalÔterh kata-
nìhsh twn zhthmĹtwn beltistopoÐhshc pou antimetwpÐsjhkan. O Dr Kwnsta-
ntÐnoc Androutsìpouloc parèsqe phgèc gia thn ulopoÐhsh twn algorÐjmwn
grammikăc beltistopoÐhshc. O Majhmatikìc Dhmătrhc Papaqristìpouloc
parèsqe, metaxÔ Ĺllwn, shmantikèc leptomèreiec sqetikĹ me to majhmatikì
upìbajro tou algorÐjmou twn tetragwnikÿn sfalmĹtwn. O André Guéziec
prosèfere prìjuma th duseÔreth dhmosÐeusă tou [Gué97], kai o James Klo-
sowski ton kÿdika ulopoÐhshc twn k-DOPs.

O EpÐk. Kajhghtăc Panagiÿthc RontogiĹnnhc me filoxènhse sto grafeÐo
tou gia megĹlo diĹsthma kai upărxe pĹntote phgă polÔtimhc hjikăc stărixhc,
gia thn opoÐa ton euqaristÿ jermĹ. Gia th sumparĹstasă tou euqaristÿ
epÐshc ton Dr Grhgìrh Karagiÿrgo. O sunĹdelfoc Panagiÿthc KatsaloÔlhc
èluse suqnĹ aporÐec mou sqetikĹ me to Linux.

TeqnikĹ zhtămata

H stoiqeiojesÐa tou keimènou thc diatribăc mou ègine me to prìgramma
LATEX 2ε, me qrăsh pĹmpollwn bohjhtikÿn pakètwn gia thn artiìterh diamìr-
fwsă tou. H ìlh diadikasÐa ătan mÐa endiafèrousa Ĺskhsh sth dhmiourgikì-
thta kai ston programmatismì.

ErgĹsthka se leitourgikĹ sustămata Windows kai Linux, ìpou ta pro-
grĹmmata TeXnicCenter kai Kile, antÐstoiqa, dieukìlunan shmantikĹ th qrăsh
tou LATEX2ε. Ta sqèdia èginan me to CorelDRAW, h epexergasÐa twn eikìnwn
me to Corel PhotoPAINT kai oi grafikèc parastĹseic me to gnuplot.

H eisagwgă twn majhmatikÿn sqèsewn dieukolÔnjhke apì to pakèto elmath
twn GiĹnnh PotamiĹnou kai Apìstolou Surìpoulou, touc opoÐouc kai euqari-
stÿ gia thn Ĺmesh diìrjwsh sfalmĹtwn pou diapÐstwsa.

Gia thn epexergasÐa thc bibliografÐac qrhsimopoiăjhke to BibTEX8 me
to pakèto babelbib tou Harald Harders. H metĹfrash twn sqetikÿn ìrwn
sta EllhnikĹ kajÿc kai kĹpoiec aparaÐthtec allagèc gia thn prosarmogă tou
sthn Ellhnikă glÿssa èginan apì emèna, me thn upostărixh tou suggrafèa
tou pakètou, ton opoÐo epÐshc euqaristÿ.

Ta montèla pou qrhsimopoiăjhkan gia tic dokimèc twn algorÐjmwn pou
anaptÔqjhkan antlăjhkan apì diĹforec phgèc mèsw tou DiadiktÔou. Sto
KefĹlaio 3, to montèlo tou alìgou anaktăjhke apì to ArqeÐo megĹlwn
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Πρόlογοc xix

gewmetrikÿn montèlwn (Large Geometric Models Archive) tou InstitoÔtou
TeqnologÐac thc Georgia (http://www.cc.gatech.edu/projects/large
models/), kai ta upìloipa montèla apì to arqeÐo deigmĹtwn thc etairÐac Cybe-
rware (http://www.cyberware.com/samples/). Sto KefĹlaio 4, to montè-
lo bluntfin brèjhke ston istoqÿro thc NASA (http://www.nas.nasa.gov/
Research/Datasets/datasets.html) kai to montèlo tou swlăna se para-
deÐgmata qrăshc tou progrĹmmatoc OpenDX (http://www.research.ibm.
com/dx/bonuspak/html/bonuspak220.html). To Sqăma 1.1 parĹqjhke me
to logismikì aplopoÐhshc QSlim tou M. Garland, to opoÐo eÐnai eleÔjera
diajèsimo apì thn istoselÐda http://graphics.cs.uiuc.edu/∼garland/
software/qslim.html.

NÐkoc Platăc
IanouĹrioc 2005
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1

1 Eisagwgă

1.1 PedÐo èreunac

Basikă epidÐwxh twn Grafikÿn me Upologistă eÐnai h akribăc fwtorealisti-
kă apeikìnish trisdiĹstatwn skhnÿn. Gia thn epÐteuxă thc, ta antikeÐmena­
epifĹneiec kai ìgkoi­pou summetèqoun stic apeikonizìmenec skhnèc prèpei na
anaparÐstantai me megĹlh leptomèreia. ’Enac apì touc kuriìterouc trìpouc
anaparĹstashc epifaneiÿn kai ìgkwn eÐnai ta trigwnikĹ kai tetraedrikĹ plèg-
mata, antÐstoiqa. QĹrh sthn prìodo twn teqnikÿn kataskeuăc touc, upĹrqoun
diajèsima plègmata exairetikĹ megĹlou plăjouc trigÿnwn kai tetraèdrwn, ta
opoÐa apodÐdoun kai thn paramikră leptomèreia twn antikeimènwn pou anapa-
ristoÔn.

Parìla autĹ, h axiopoÐhsh tètoiwn plegmĹtwn eÐnai suqnĹ problhmatikă,
kajÿc h megĹlh posìthta plhroforÐac pou fèroun apaiteÐ antÐstoiqa polloÔc
upologistikoÔc pìrouc gia thn epexergasÐa thc. Epiplèon, se pollèc efarmo-
gèc pou ta qrhsimopoioÔn diapistÿnetai ìti h leptomèreia pou eÐnai pragmatikĹ
qrăsimh eÐnai polÔ mikrìterh, eÐte sunolikĹ gia to plègma, an gia parĹdeigma
h apeikìnisă tou gÐnetai se polÔ mikrì mègejoc, eÐte se tmămatĹ tou, an autĹ
eÐnai makriĹ apì ton parathrhtă ă den faÐnontai sthn apeikonizìmenh skhnă
(Sqhma 1.1).

Gia touc lìgouc autoÔc èqoun anaptuqjeÐ mèjodoi aplopoÐhshc trigwnikÿn
kai tetraedrikÿn plegmĹtwn, pou stìqo èqoun na kataskeuĹzoun aploÔstera
montèla twn arqikÿn antikeimènwn, qwrÐc na jusiĹzoun, ìso eÐnai dunatì, thn
akrÐbeia thc anaparĹstashc. Oi mèjodoi autèc parĹgoun pollaplĹ epÐpeda
leptomèreiac tou arqikoÔ antikeimènou, kai oi efarmogèc pou ta axiopoioÔn
epilègoun dunamikĹ to katallhlìtero anĹloga me tic apaităseic touc.



2 1. Eisagwgh

­ Sqhma 1.1 ­
EpĹnw, to montèlo thc agelĹdac me 5.000 trÐgwna kai aplopoihmèno me
1.000 trÐgwna. KĹtw, ta dÔo prohgoÔmena montèla se smÐkrunsh, ìpou

h diaforĹ touc eÐnai dusdiĹkrith.

Oi mèjodoi aplopoÐhshc qrhsimopoioÔn pollèc diaforetikèc teqnikèc gia
thn epÐteuxh tou stìqou touc. MÐa apì tic pio epituqhmènec teqnikèc aplopoÐ-
hshc trigwnikÿn kai tetraedrikÿn plegmĹtwn efarmìzei diadoqikèc surriknÿ-
seic akmÿn tou plègmatoc. Me kĹje surrÐknwsh akmăc, aută antikajÐstatai
apì mÐa nèa korufă, kai ta trÐgwna ă tetrĹedra, antÐstoiqa, pou efĹptontan
se aută afairoÔntai apì to plègma. H efarmogă mÐac seirĹc tètoiwn topikÿn
aplopoiăsewn parĹgei mÐa akoloujÐa oloèna kai aploÔsterwn plegmĹtwn, ta
opoÐa proseggÐzoun me meioÔmenh akrÐbeia to arqikì antikeÐmeno.

Sth diatribă aută meletoÔme thn aplopoÐhsh kai epexergasÐa trigwnikÿn
kai tetraedrikÿn plegmĹtwn me th qrăsh teqnikÿn pou basÐzontai se diadoqi-
kèc surriknÿseic akmÿn touc. AnaptÔssoume mejìdouc gia thn apotelesma-
tikă aplopoÐhsă touc, oi opoÐec sunduĹzoun thn poiìthta kai thn taqÔthta
aplopoÐhshc. Epiplèon axiopoioÔme ta pollaplĹ epÐpeda leptomèreiac pou pa-
rĹgontai apì autèc, epekteÐnontac katĹllhla, gia to skopì autì, algorÐjmouc
epexergasÐac kai apeikìnishc trigwnikÿn kai tetraedrikÿn plegmĹtwn.
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1.2 Episkìphsh thc diatribăc

Sto KefĹlaio 2 pou akoloujeÐ dÐnoume to jewrhtikì upìbajro pou eÐnai
aparaÐthto gia ta epìmena. ParousiĹzoume tic basikèc idiìthtec twn trigwni-
kÿn kai tetraedrikÿn plegmĹtwn kajÿc kai mÐa episkìphsh thc upĹrqousac
bibliografÐac pou aforĹ thn aplopoÐhsă touc. Epekteinìmaste perissìtero
stic mejìdouc pou qrhsimopoioÔn diadoqikèc surriknÿseic akmÿn, kajÿc ja
tic qrhsimopoiăsoume sto kÔrio mèroc thc diatribăc.

Sto KefĹlaio 3 epikentrwnìmaste sta trigwnikĹ plègmata. Ekmetalleuì-
menoi thn euelixÐa twn mejìdwn aplopoÐhshc pou basÐzontai se surriknÿseic
akmÿn, kataskeuĹzoume diadoqikĹ aploÔstera, ènjeta periblămata enìc ar-
qikoÔ trigwnikoÔ plègmatoc; o algìrijmìc mac emploutÐzei kai beltistopoieÐ
sqetikă proôpĹrqousa mèjodo me trìpo ÿste na sugkerĹzontai kalÔtera h
taqÔthta kai h poiìthta thc aplopoÐhshc. EpÐshc parousiĹzoume ènan apo-
telesmatikì algìrijmo pou qrhsimopoieÐ ta paragìmena periblămata gia thn
epitĹqunsh elègqwn tomăc gewmetrikÿn stoiqeÐwn me to arqikì plègma; to
prìblhma autì parousiĹzetai me pollèc diaforetikèc ekfĹnseic sta GrafikĹ me
Upologistă kai h apotelesmatikă antimetÿpisă tou eÐnai shmantikă. [PT03b]

Sto KefĹlaio 4 estiĹzoume thn prosoqă mac sthn aplopoÐhsh tetraedri-
kÿn plegmĹtwn. Sthn perÐptwsh aută endiafèroun plègmata stic korufèc
twn opoÐwn metrÿntai èna ă perissìtera fusikĹ megèjh ta opoÐa sqhmatÐzoun
antÐstoiqa pedÐa emfuteumèna sto plègma. H upĹrqousa bibliografÐa antime-
twpÐzei thn aplopoÐhsh plegmĹtwn me emfuteumèna bajmwtĹ pedÐa. Sto kefĹ-
laio autì parousiĹzoume ènan algìrijmo pou aplopoieÐ tetraedrikĹ plègmata
me emfuteumèna dianusmatikĹ pedÐa, lambĹnontac upfl ìyin katĹ th surrÐknwsh
twn akmÿn tìso th gewmetrÐa tou plègmatoc ìso kai to dianusmatikì pedÐo, me
skopì th beltistopoÐhsh tou apotelèsmatoc. DÐnoume enallaktikoÔc trìpouc
ulopoÐhshc tou algorÐjmou, anĹloga me thn epijumhtă taqÔthta kai poiìthta
aplopoÐhshc. [PT04a, PT04b]

Tèloc, sto KefĹlaio 5, parakinoÔmenoi apì thn èreunĹ mac sto qÿro twn
tetraedrikÿn plegmĹtwn, anaptÔssoume ènan prwtìtupo kai apotelesmatikì
algìrijmo eÔreshc thc tomăc enìc tetraèdrou me mÐa eujeÐa. To prìblhma
autì den èqei antimetwpisteÐ mèqri tÿra kai h Ôparxh enìc tètoiou algorÐjmou
mporeÐ na epitaqÔnei shmantikĹ thn apeikìnish kai epexergasÐa tetraedrikÿn
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plegmĹtwn. Epiplèon, o algìrijmìc mac mporeÐ na enswmatwjeÐ apotelesma-
tikĹ se efarmogèc pou axiopoioÔn pollaplĹ epÐpeda leptomèreiac tou tetrae-
drikoÔ montèlou, ìpwc autĹ pou kataskeuĹzoume sto KefĹlaio 4. [PT03a]
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2 AnaparĹstash kai aplopoÐhsh
trigwnikÿn kai tetraedrikÿn
plegmĹtwn

2.1 Basikèc ènnoiec

2.1.1 AnaparĹstash epifaneiÿn

Oi epifĹneiec ston trisdiĹstato qÿro anaparÐstantai sunăjwc sta GrafikĹ
wc polugwnikĹ montèla, dhladă wc sÔnola epÐpedwn polugÿnwn. Ta pio su-
qnĹ qrhsimopoioÔmena polÔgwna gia to skopì autì eÐnai ta trÐgwna, kajÿc eÐ-
nai ta stoiqeiÿdh epÐpeda polÔgwna kai epiplèon opoiodăpote Ĺllo epÐpedo po-
lÔgwno mporeÐ eÔkola na trigwnopoihjeÐ [O’R98, CP89, GS85, NM95, Sei91a].
Sth diatribă aută ja asqolhjoÔme apokleistikĹ me epifĹneiec pou anaparÐ-
stantai wc trigwnikĹ montèla.

Basikìc orismìc

’Ena trigwnikì montèlo ă trigwnikì plègma (triangular mesh) M = (V,D)
apoteleÐtai apì èna sÔnolo shmeÐwn (korufÿn) V = {v1,v2, . . . ,vn} kai mÐa
trigwnopoÐhsh autÿn D = {∆1, ∆2, . . . ,∆m}. Ja jewroÔme pĹntote ìti h
sundesimìthta thc trigwnopoÐhshc D eÐnai sÔmfwnh me th gewmetrÐa tou plèg-
matoc, dhladă an dÔo korufèc trigÿnwn èqoun tic Ðdiec suntetagmènec, tìte
ta trÐgwna èqoun koină aută thn korufă.
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Aploeidă sÔmploka

Ja asqolhjoÔme mìno me trigwnikĹ plègmata pou eÐnai disdiĹstata aploei-
dă sÔmploka, sÔmfwna me ton akìloujo orismì. ’Ena Ĺploko σ diĹstashc
k, ă k-Ĺploko (k-simplex), eÐnai to kurtì perÐblhma k + 1 grammikĹ anexĹr-
thtwn shmeÐwn a0, a1, a2, . . . , ak. ’Etsi 0-Ĺploka eÐnai ta shmeÐa, 1-Ĺploka ta
eujÔgramma tmămata, 2-Ĺploka ta trÐgwna kai 3-Ĺploka ta tetrĹedra. KĹje
Ĺploko pou orÐzetai apì èna uposÔnolo twn shmeÐwn a0, a1, a2, . . . , ak kaleÐtai
upoĹploko (subsimplex) tou σ. Ta upoĹploka kaloÔntai genikĹ ìyeic (faces)
tou σ, kai eidikìtera oi 0-ìyeic tou kaloÔntai korufèc, oi 1-ìyeic akmèc, kai
oi (k − 1)-ìyeic èdrec (facets). ’Ena aploeidèc sÔmploko (simplicial complex)
Σ diĹstashc k eÐnai èna sÔnolo aplìkwn ta opoÐa èqoun diastĹseic 0 èwc k

kai ikanopoioÔn tic exăc idiìthtec:

1. KĹje ìyh enìc aplìkou tou Σ anăkei epÐshc sto Σ.

2. H tomă dÔo aplìkwn tou Σ eÐnai koină ìyh twn dÔo autÿn aplìkwn.

SÔmfwna me ton orismì autì, an èna trigwnikì plègma eÐnai aploeidèc sÔmplo-
ko, ta trÐgwna pou to apoteloÔn tèmnontai mìno katĹ măkoc twn akmÿn touc
kai epÐshc oi akmèc touc tèmnontai mìno sta Ĺkra touc (Sqhma 2.1).

(α) (β)

­ Sqhma 2.1 ­
H trigwnopoÐhsh (a) eÐnai aploeidèc sÔmploko, enÿ h (b) den eÐnai.

SumbolismoÐ

Ja sumbolÐzoume tic korufèc enìc trigwnikoÔ plègmatoc wc dianÔsmata-
stălec me tic suntetagmènec touc ston trisdiĹstato qÿro, gia parĹdeigma
vi = (xi, yi, zi)

T. EpÐshc ja sumbolÐzoume tic akmèc kai ta trÐgwna tou plèg-
matoc (ta opoÐa ja kaloÔme ìyeic tou) dÐnontac tic korufèc sta Ĺkra touc; gia
parĹdeigma mÐa akmă e me Ĺkra tic korufèc v0 kai v1 ja sumbolÐzetai e(v0,v1)
enÿ èna trÐgwno ∆ me korufèc v0, v1 kai v2 ja sumbolÐzetai ∆(v0,v1,v2).
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Pollaplìthtec

Oi trigwnikèc epifĹneiec me tic opoÐec ja asqolhjoÔme ja èqoun epiplèon
thn idiìthta na eÐnai disdiĹstatec pollaplìthtec, aplèc ă me sÔnoro. Geni-
kĹ mÐa pollaplìthta diĹstashc k (k-manifold) (antÐstoiqa, me sÔnoro) eÐnai
èna uposÔnolo tou Rm (m ≥ k) gÔrw apì kĹje shmeÐo tou opoÐou mporeÐ na
orisjeÐ mÐa perioqă shmeÐwn tou h opoÐa na eÐnai topologikĹ omoiomorfikă me
ènan k-dÐsko (antÐstoiqa, ă k-hmidÐsko) (2-dÐskoc eÐnai o sunăjhc epÐpedoc dÐ-
skoc, 3-dÐskoc eÐnai mÐa {gemĹth} sfaÐra). ’Etsi mÐa trigwnikă kai genikìtera
polugwnikă epifĹneia eÐnai disdiĹstath pollaplìthta (antÐstoiqa, me sÔnoro)
ìtan kĹje akmă thc anăkei akribÿc se dÔo ìyeic thc (antÐstoiqa, ektìc apì tic
akmèc tou sunìrou, oi opoÐec anăkoun akribÿc se mÐa ìyh) kai epiplèon gÔrw
apì kĹje korufă upĹrqei ènac kleistìc brìqoc ìyewn (antÐstoiqa, ektìc apì
tic akmèc tou sunìrou, gÔrw apì tic opoÐec upĹrqei mìno ènac anoiqtìc brì-
qoc ìyewn). To Sqhma 2.2 parousiĹzei tmămata epifaneiÿn pou epexhgoÔn
autì ton orismì. Gia tic sunăjeic epifĹneiec stic treic diastĹseic, kĹje (dis-
diĹstath) pollaplìthta qwrÐc sÔnoro eÐnai kleistă epifĹneia, me th sunăjh
ènnoia.

(α) (β) (δ)(γ)

­ Sqhma 2.2 ­
(a) Tmăma epifĹneiac pou eÐnai (disdiĹstath) pollaplìthta. (b) Su-
noriakă korufă pollaplìthtac me sÔnoro. (g) Akmă pou parabiĹzei
to orismì thc pollaplìthtac. (d) Korufă pou parabiĹzei ton orismì

thc pollaplìthtac me sÔnoro.

Prosanatolismìc epifaneiÿn

Ja upojèsoume, tèloc, ìti sta trigwnikĹ plègmata pou ja qrhsimopoiăsou-
me mporeÐ na orisjeÐ prosanatolismìc. H ènnoia tou prosanatolismoÔ aforĹ
mìno epifĹneiec pou eÐnai pollaplìthtec, kai austhră majhmatikă parousÐasă
thc xefeÔgei apì ta ìria autoÔ tou eisagwgikoÔ kefalaÐou. DiaisjhtikĹ, gia
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mÐa epifĹneia stic treic diastĹseic mporeÐ na orisjeÐ prosanatolismìc an aută
h epifĹneia èqei dÔo {ìyeic}, ìpwc mÐa selÐda qartioÔ. Gia tic epifĹneiec pou
sunantÿntai sthn prĹxh eÐnai pĹnta dunatì na orisjeÐ prosanatolismìc. Gia
kleistèc epifĹneiec, o orismìc prosanatolismoÔ diaqwrÐzei thn {exwterikă}
apì thn {eswterikă} ìyh touc.

’Ena parĹdeigma epifĹneiac sthn opoÐa den mporeÐ na orisjeÐ prosanatoli-
smìc eÐnai h tainÐa tou Möbius (Sqhma 2.3). Aută èqei sthn pragmatikìthta
mÐa mìno ìyh, kajÿc an xekinăsoume apì èna shmeÐo thc kai kinhjoÔme katĹ
măkoc thc, ja ftĹsoume telikĹ sto shmeÐo ekkÐnhshc èqontac diatrèxei thn
epifĹneiĹ thc plărwc.

­ Sqhma 2.3 ­
H tainÐa tou Möbius.

KĹjeta dianÔsmata ìyewn

Ac jewrăsoume tÿra mÐa ìyh ∆ enìc trigwnikoÔ plègmatoc, me korufèc
v0(x0, y0, z0), v1(x1, y1, z1), v2(x2, y2, z2). H exÐswsh tou epipèdou pou orÐ-
zoun oi treic korufèc eÐnai

Π∆(x, y, z) =

∣∣∣∣∣∣∣∣∣

x y z 1
x0 y0 z0 1
x1 y1 z1 1
x2 y2 z2 1

∣∣∣∣∣∣∣∣∣
= 0 (2.1)

kai mporeÐ na grafeÐ pio sunoptikĹ wc

Π∆(x, y, z) = a x + b y + c z + d = 0, (2.2)
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ìpou oi suntelestèc a, b, c kai d prokÔptoun apì to anĹptugma thc orÐzousac
wc proc thn prÿth grammă. To diĹnusma

n(a, b, c) (2.3)

eÐnai èna (mh monadiaÐo) diĹnusma kĹjeto sthn ìyh ∆. H forĹ tou brÐsketai
apì ton kanìna tou dexioÔ qerioÔ diatrèqontac tic korufèc v0, v1, v2 me th
seirĹ aută. KatĹ sÔmbash, h ìyh tou trigÿnou apì thn opoÐa xekinĹ to n
jewreÐtai h {exwterikă} tou ìyh enÿ h antÐjeth jewreÐtai h {eswterikă} tou.
Shmeiÿnoume ìti èna tuqìn shmeÐo p̄(x̄, ȳ, z̄) brÐsketai sto {exwterikì} thc
ìyhc ∆ an kai mìno an isqÔei

Π∆(x̄, ȳ, z̄) > 0. (2.4)

Se èna prosanatolismèno trigwnikì plègma, mporeÐ na orisjeÐ mÐa sunepăc
diĹtaxh twn korufÿn twn trigÿnwn tou pĹnw se ìlo to plègma: an kajorisjeÐ
h {exwterikă} kai h {eswterikă} ìyh kĹje trigÿnou, tìte gia kĹje zeÔgoc
geitonikÿn trigÿnwn h koină touc akmă ja diatrèqetai me antÐjeth forĹ gia
kajèna apì autĹ an akoloujăsoume ton kanìna tou dexioÔ qerioÔ (Sqhma 2.4).
An ìmwc trigwnopoihjeÐ mÐa epifĹneia gia thn opoÐa den mporeÐ na orisjeÐ
prosanatolismìc, ìpwc h tainÐa tou Möbius pou anafèrame, ja upĹrqoun zeÔgh
trigÿnwn twn opoÐwn h koină akmă ja diatreqjeÐ me thn Ðdia forĹ.

SqetikĹ me tic parapĹnw sqèseic, shmeiÿnoume epÐshc ìti h apìstash enìc

v
0

v
1

v
2

v
3

­ Sqhma 2.4 ­
Se èna prosanatolismèno trigwnikì plègma, kĹje akmă diatrèqetai me
antÐjeth forĹ gia kajèna apì ta dÔo trÐgwna pou thn moirĹzontai.



10 2. Anaparastash kai aplopoihsh trigwnikwn kai tetraedrikwn plegmatwn

shmeÐou p̄ apì thn ìyh ∆ dÐnetai apì th sqèsh

d∆(p̄) =
a x̄ + b ȳ + c z̄ + d√

a2 + b2 + c2
=

nTp̄ + d

‖n‖ = n̂Tp̄ + d̂, (2.5)

ìpou n̂ = n
‖n‖ eÐnai to kanonikopoihmèno kĹjeto diĹnusma sthn ìyh ∆, mètrou

1, kai d̂ = d
‖n‖ . Tèloc, o ìgkoc tou tetraèdrou pou sqhmatÐzetai apì to shmeÐo

p̄ kai ta v0, v1, v2 dÐnetai apì th sqèsh

Vol∆(p̄) = 1
6 Π∆(x̄, ȳ, z̄), (2.6)

kai èqei prìshmo jetikì ă arnhtikì anĹloga me to an to shmeÐo p̄ brÐsketai
proc to exwterikì ă proc to eswterikì thc ìyhc ∆, antÐstoiqa.

TopologÐa trigwnikoÔ plègmatoc

H topologÐa enìc trigwnikoÔ plègmatoc aforĹ ta qarakthristikĹ tou pou
sqetÐzontai me th geitnÐash kai th sundesimìthta twn ìyeÿn tou. Perilam-
bĹnei tic ènnoiec pou anaptÔxame prohgoumènwc, ìpwc to an to plègma eÐnai
aploeidèc sÔmploko, an apoteleÐ pollaplìthta, an diajètei sÔnoro, kajÿc
kai an apoteleÐtai apì èna ă perissìtera anexĹrthta tmămata.

Sqetikèc eÐnai kai oi ènnoiec tou Ĺstrou kai tou sundèsmou twn korufÿn
kai twn akmÿn enìc trigwnikoÔ plègmatoc. Gia mÐa korufă v enìc trigwnikoÔ
plègmatoc, to Ĺstro thc (star) eÐnai to sÔnolo twn trigÿnwn pou prospÐ-
ptoun se aută thn korufă. To plăjoc autÿn twn trigÿnwn kaleÐtai sjènoc
(valence) thc korufăc. EpÐshc, sÔndesmoc (link) thc korufăc kaleÐtai h polu-
gwnikă grammă pou prokÔptei apì to sÔnoro tou Ĺstrou thc, an afairejoÔn
oi akmèc pou tuqìn prospÐptoun sthn korufă. O sÔndesmoc mÐac korufăc
mporeÐ na eÐnai kleistă ă anoiktă polugwnikă grammă apoteloÔmenh apì èna
ă perissìtera tmămata (Sqhma 2.5). AntÐstoiqa, gia mÐa akmă e enìc tri-
gwnikoÔ plègmatoc, to Ĺstro thc orÐzetai wc h ènwsh twn Ĺstrwn twn dÔo
korufÿn sta Ĺkra thc, kai o sÔndesmìc thc orÐzetai wc h polugwnikă grammă
pou prokÔptei apì to sÔnoro tou Ĺstrou thc, an afairejoÔn oi akmèc pou
tuqìn prospÐptoun se opoiodăpote apì ta dÔo Ĺkra thc akmăc. Oi ìroi autoÐ
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­ Sqhma 2.5 ­
To Ĺstro (gkri trÐgwna) kai o sÔndesmoc (paqiĹ grammă) dÔo koru-
fÿn trigwnikoÔ plègmatoc. O sÔndesmoc thc aristerăc korufăc eÐnai
kleistă polugwnikă grammă, enÿ o sÔndesmoc thc dexiĹc korufăc eÐnai

anoiktă polugwnikă grammă apoteloÔmenh apì dÔo tmămata.

ja sumbolÐzontai me tic agglikèc onomasÐec touc,

star(v) valence(v) link(v)
star(e) link(e)

Mh gewmetrikĹ qarakthristikĹ trigwnikÿn plegmĹtwn

Mèqri tÿra anaferjăkame apokleistikĹ sth gewmetrikă plhroforÐa twn
trigwnikÿn plegmĹtwn, dhladă se ì,ti sqetÐzetai me tic korufèc, tic akmèc
kai tic ìyeic touc. Se pollèc efarmogèc twn Grafikÿn aută h plhroforÐa
sumplhrÿnetai apì Ĺlla dedomèna, ìpwc plhroforÐec qrÿmatoc kai ulikoÔ ă
parametropoÐhsh gia apìdosh ufăc [FvDFH96, JM99]. Ta dedomèna autĹ
apodÐdontai sto plègma antistoiqÐzontac mÐa timă anĹ korufă ă anĹ ìyh; sthn
prÿth perÐptwsh, oi endiĹmesec timèc sto eswterikì twn ìyewn prokÔptoun
me parembolă twn timÿn stic korufèc touc.

Sth diatribă aută, lìgw thc fÔshc tou problămatoc pou antimetwpÐzoume
(KefĹlaio 3), ja asqolhjoÔme mìno me th gewmetrikă plhroforÐa twn trigw-
nikÿn plegmĹtwn.
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2.1.2 AnaparĹstash ìgkwn

AntÐstoiqa me tic epifĹneiec, oi ìgkoi sta GrafikĹ anaparÐstantai wc po-

luedrikĹ montèla, dhladă wc sÔnola poluèdrwn pou touc diamerÐzoun kai touc
kalÔptoun. H Ĺmesh genÐkeush twn trigwnikÿn montèlwn, me ta opoÐa, ìpwc
eÐdame, kurÐwc anaparÐstantai oi epifĹneiec, eÐnai ta tetraedrikĹ montèla, ka-
jÿc to tetrĹedro eÐnai to jemeliÿdec stoiqeÐo ìgkou stic treic diastĹseic.
’Etsi ja asqolhjoÔme apokleistikĹ me tetraedrikĹ montèla.

Shmeiÿnoume edÿ ìti ta tetraedrikĹ montèla mìno sqetikĹ prìsfata qrhsi-
mopoioÔntai eurèwc gia thn anaparĹstash ìgkwn. Palaiìtera qrhsimopoioÔ-
ntan kurÐwc exaedrikĹ montèla, apoteloÔmena apì kÔbouc ă genikìtera paral-
lhlepÐpeda, kajÿc h kataskeuă kai h epexergasÐa autÿn twn domÿn jewroÔ-
ntan pio eÔkolec. Parìla autĹ, h aÔxhsh thc diajèsimhc upologistikăc isqÔoc
kajÿc kai Ĺlla qarakthristikĹ twn tetraedrikÿn montèlwn ìpwc h euelixÐa (è-
qoun th dunatìthta na anaparistoÔn me kalÔterh prosarmostikìthta topikèc
diaforopoiăseic tou ìgkou) kai h genikìthta (kĹje exĹedro analÔetai me te-
trimmèno trìpo se tetrĹedra) odăghsan sthn uiojèthsă touc se perissìterec
efarmogèc.

Basikìc orismìc

’Ena tetraedrikì montèlo ă tetraedrikì plègma (tetrahedral mesh) M =
(V, T ) apoteleÐtai apì èna sÔnolo korufÿn V = {v1,v2, . . . ,vn} kai mÐa
tetraedropoÐhsh autÿn T = {T1, T2, . . . , Tm}. Ja jewroÔme kai edÿ ìti h
sundesimìthta thc tetraedropoÐhshc T eÐnai sÔmfwnh me th gewmetrÐa tou
plègmatoc, dhladă an dÔo korufèc tetraèdrwn èqoun tic Ðdiec suntetagmènec,
tìte ta tetrĹedra èqoun koină aută thn korufă.

Idiìthtec tetraedrikÿn plegmĹtwn

Oi basikèc idiìthtec pou anaptÔxame gia ta trigwnikĹ plègmata genikeÔo-
ntai Ĺmesa kai gia ta tetraedrikĹ plègmata. ’Etsi ja apaitoÔme ta tetraedrikĹ
plègmata na eÐnai trisdiĹstata aploeidă sÔmploka. EpÐshc ja apaitoÔme na
eÐnai trisdiĹstatec pollaplìthtec, kai tìte mĹlista kai to sÔnorì touc ja
eÐnai disdiĹstath pollaplìthta wc epifĹneia. EÐnai profanèc ìti ta tetra-
edrikĹ plègmata stic treic diastĹseic èqoun pĹntote sÔnoro (ektìc kai an
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katalambĹnoun ìlo to qÿro!).

EÐdame ìti gia èna trÐgwno, h diĹtaxh twn korufÿn tou kajorÐzei th forĹ
tou kĹjetou dianÔsmatoc se autì. Gia èna tetrĹedro prèpei na kajoristeÐ tìso
h diĹtaxh twn korufÿn tou ìso kai h diĹtaxh twn korufÿn kĹje ìyhc tou. An
jewrăsoume loipìn èna tetrĹedro T (v0,v1,v2,v3), mÐa sunepăc diĹtaxh twn
korufÿn stic ìyeic tou ÿste kĹje akmă na diatrèqetai me antÐjeth forĹ gia
kĹje mÐa apì tic dÔo ìyeic pou thn moirĹzontai, eÐnai h exăc (arijmoÔme kĹje
ìyh sÔmfwna me thn korufă pou brÐsketai apènantÐ thc):

∆3 (v0,v1,v2), ∆2 (v1,v0,v3), ∆1 (v2,v3,v0), ∆0 (v3,v2,v1) (2.7)

’Opwc faÐnetai sto Sqhma 2.6, upĹrqoun dÔo dunatèc diatĹxeic twn korufÿn
tou tetraèdrou oi opoÐec diaforopoioÔntai wc proc th forĹ tou kĹjetou dianÔ-
smatoc kĹje ìyhc, proc to {exwterikì} ă proc to {eswterikì} tou tetraèdrou.
Ja jewroÔme ìti oi korufèc eÐnai diatetagmènec ìpwc sto Sqhma 2.6(a), ÿste
to kĹjeto diĹnusma kĹje ìyhc na èqei forĹ proc to {exwterikì} tou tetra-
èdrou. Epiplèon, me th diĹtaxh aută, o ìgkoc tou tetraèdrou T , orizìmenoc
wc

Vol(T ) =
1
6

∣∣∣∣∣∣∣∣∣

x0 y0 z0 1
x1 y1 z1 1
x2 y2 z2 1
x3 y3 z3 1

∣∣∣∣∣∣∣∣∣
(2.8)

eÐnai jetikìc, sÔmfwna kai me ta ìsa èqoume anafèrei sth sqèsh (2.4) para-
pĹnw.

Sta tetraedrikĹ plègmata pou ja qrhsimopoiăsoume ja eÐnai dunatìc o
orismìc mÐac sunepoÔc forĹc diadromăc twn korufÿn twn tetraèdrwn ìlou
tou plègmatoc, antÐstoiqa me ta prosanatolismèna trigwnikĹ plègmata. ’Etsi
an dÔo tetrĹedra efĹptontai se mÐa koină ìyh, oi korufèc thc ìyhc autăc
diatrèqontai me antÐstrofh seirĹ gia kajèna apì ta dÔo geitonikĹ tetrĹedra.

Tèloc, oi ènnoiec tou Ĺstrou, tou sundèsmou kai tou sjènouc twn korufÿn
kai twn akmÿn enìc tetraedrikoÔ plègmatoc mporoÔn na orisjoÔn me trìpo
entelÿc anĹlogo autÿn enìc trigwnikoÔ plègmatoc.
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­ Sqhma 2.6 ­
Oi dÔo dunatèc diatĹxeic twn korufÿn enìc tetraèdrou
T (v0,v1,v2,v3): (a) to kĹjeto diĹnusma kĹje ìyhc èqei forĹ
proc to {exwterikì} tou tetraèdrou, (b) to kĹjeto diĹnusma kĹje

ìyhc èqei forĹ proc to {eswterikì} tou tetraèdrou.

2.1.2.1 PedÐa se tetraedrikĹ plègmata

AntÐjeta me tic epifĹneiec, ìpou h gewmetrikă plhroforÐa twn trigwnikÿn
plegmĹtwn (oi jèseic twn korufÿn touc) kajorÐzei apìluta th morfă touc,
stouc ìgkouc antÐstoiqh shmasÐa èqei mìno h gewmetrÐa tou sunìrou touc
kajÿc oriojeteÐ to qÿro pou katalambĹnoun; antÐjeta, to eswterikì enìc te-
traedrikoÔ plègmatoc mporeÐ na eÐnai tetraedropoihmèno me opoiodăpote trìpo,
qwrÐc autì na diaforopoieÐ ton anaparistÿmeno ìgko.

Gia to lìgo autì, h kuriìterh qrăsh twn tetraedrikÿn plegmĹtwn eÐnai
gia thn anaparĹstash ìgkwn sto eswterikì twn opoÐwn eÐnai orismèna kĹpoia
mh gewmetrikĹ qarakthristikĹ, ta opoÐa sqhmatÐzoun èna ă perissìtera pedÐa

emfuteumèna sto plègma. Ta pedÐa mporeÐ na eÐnai bajmwtĹ ă dianusmatikĹ

kai sunăjwc antistoiqoÔn se kĹpoio fusikì mègejoc pou metrĹtai sto eswte-
rikì tou ìgkou, ìpwc jermokrasÐa, pÐesh, dÔnamh ă taqÔthta, wc apotèlesma
kĹpoiou peirĹmatoc ă prosomoÐwshc. Akìma kai an oi timèc twn pedÐwn eÐnai
gnwstèc se ìlo ton ìgko, katĹ thn anaparĹstasă touc me to tetraedrikì
plègma ja jewroÔme ìti dÐnontai oi timèc touc stic korufèc tou plègmatoc,
enÿ sto eswterikì twn tetraèdrwn h timă touc ja upologÐzetai me grammi-
kă parembolă twn timÿn touc stic korufèc tou tetraèdrou. Sto KefĹlaio 4
ìpou ja meletăsoume thn aplopoÐhsh tètoiwn pedÐwn, ja asqolhjoÔme me dia-
nusmatikĹ pedÐa emfuteumèna se tetraedrikĹ plègmata, kai gia to lìgo autì
oi orismoÐ mac sta epìmena ja aforoÔn autĹ.
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Ja sumbolÐzoume èna dianusmatikì pedÐo emfuteumèno se tetraedrikì plèg-
ma wc Φ = (V, T ,F), ìpou V = {v1,v2, . . . ,vn} eÐnai èna sÔnolo korufÿn,
T = {T1, T2, . . . , Tm} eÐnai mÐa tetraedropoÐhsh tou V, kai F = {F1,F2, . . . ,Fm}
eÐnai èna sÔnolo dianusmatikÿn sunartăsewn tètoiwn ÿste kĹje Fi na eÐnai
orismènh sto tetrĹedro Ti wc h grammikă parembĹllousa twn timÿn tou pedÐ-
ou stic korufèc tou Ti. Ja shmeiÿnoume me Ω ton tomèa tou dianusmatikoÔ
pedÐou, dhladă thn perioqă tou qÿrou pou kalÔptei to T .

2.2 AplopoÐhsh trigwnikÿn kai tetraedrikÿn
plegmĹtwn

Ta trigwnikĹ kai tetraedrikĹ plègmata pou qrhsimopoioÔntai stic diĹforec
efarmogèc twn Grafikÿn parĹgontai sunăjwc me automatopoihmènec mejìdouc,
ìpwc gia parĹdeigma apì progrĹmmata sqedÐashc me upologistă, apì sustă-
mata trisdiĹstathc sĹrwshc antikeimènwn, apì algorÐjmouc anakataskeuăc
epifaneiÿn ă apì diadikasÐec prosomoÐwshc fusikÿn fainomènwn. Lìgw tou
trìpou paragwgăc touc, kai me skopì na apodojeÐ ìso to dunatìn kalÔtera
h leptomèreia twn antikeimènwn pou antiproswpeÔoun, h anĹlush twn montè-
lwn, dhladă h puknìthta twn trigÿnwn ă tetraèdrwn pou ta apoteloÔn, eÐnai
exairetikĹ megĹlh kai sqedìn omoiìmorfh pantoÔ, anexĹrthta apì th domă kai
th morfă touc.

Aută h leptomèreia twn montèlwn eÐnai qrăsimh se periptÿseic ìpou h u-
yhlă poiìthta anaparĹstashc eÐnai aparaÐthth, ìpwc gia parĹdeigma se efar-
mogèc arqeiojèthshc [LPC+00]. ’Omwc suqnĹ o terĹstioc ìgkoc plhroforÐac
pou aporrèei apì thn uyhlă anĹlush twn montèlwn epibarÔnei uperbolikĹ
touc diajèsimouc upologistikoÔc pìrouc, idiaÐtera mĹlista ìtan apaiteÐtai e-
pexergasÐa touc se pragmatikì qrìno ìpwc sumbaÐnei se plăjoc diadrasti-
kÿn efarmogÿn. ExĹllou se pollèc periptÿseic h arqikă, exairetikĹ megĹlh,
leptomèreia eÐnai perittă: gia parĹdeigma, ìtan mÐa epifĹneia ă ènac ìgkoc
apeikonÐzontai se polÔ mikrì mègejoc, h leptomèreiĹ touc eÐnai opwsdăpote
dusdiĹkrith (Sqhma 1.1). Epiplèon h leptomèreia enìc montèlou mporeÐ na
diaforopoieÐtai se tmămatĹ tou: epÐpeda tmămata mÐac epifĹneiac ă tou sunì-
rou enìc ìgkou mporoÔn na anaparastajoÔn me lÐga trÐgwna qwrÐc apÿleia
poiìthtac; epÐshc tmămata pou eÐnai pio kontĹ ston parathrhtă qreiĹzontai
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perissìterh leptomèreia enÿ autĹ pou eÐnai pio makriĹ, kajÿc kai autĹ pou
den faÐnontai se mÐa dedomènh skhnă, qreiĹzontai polÔ ligìterh.

Gia touc lìgouc autoÔc èqoun anaptuqjeÐ teqnikèc aplopoÐhshc trigwni-
kÿn kai tetraedrikÿn plegmĹtwn. Autèc èqoun wc stìqo na paragĹgoun èna
plègma me ligìtera trÐgwna (ă tetrĹedra) apì èna leptomerèc arqikì plèg-
ma, me trìpo ÿste na apodÐdetai ìso to dunatìn pistìtera, gia ton dedomèno
arijmì trigÿnwn (ă tetraèdrwn), h morfă kai h domă thc anaparistÿmenhc e-
pifĹneiac (ă ìgkou). KatĹ th qrăsh aplopoihmènwn plègmatwn axiopoioÔntai
sunăjwc pollaplĹ epÐpeda leptomèreiac (levels of detail – LOD) tou arqikoÔ
montèlou, kai, anĹloga me tic sugkekrimènec apaităseic kai tic dunatìthtec thc
efarmogăc, kĹje stigmă epilègetai to katallhlìtero apì autĹ ă sunduĹzontai
ÿste na diaforopoieÐtai h leptomèreia sthn èktash tou montèlou.

H idèa aută thc axiopoÐhshc pollaplÿn epipèdwn leptomèreiac twn montè-
lwn pou qrhsimopoioÔntai stic efarmogèc twn Grafikÿn èqei protajeÐ edÿ
kai pollĹ qrìnia [Cla76], allĹ h sqetikă ereunhtikă drasthriìthta eÐnai ar-
ketĹ pio prìsfath. ParakĹtw ja parousiĹsoume sunoptikĹ tic kuriìterec
mejìdouc aplopoÐhshc trigwnikÿn kai tetraedrikÿn plegmĹtwn pou èqoun pa-
rousiasteÐ sth diejnă bibliografÐa. Prin apì autì, ja kĹnoume mÐa anaforĹ
stouc trìpouc ektÐmhshc thc poiìthtac enìc aplopoihmènou trigwnikoÔ ă te-
traedrikoÔ plègmatoc kai sto sfĹlma aplopoÐhshc.

2.2.1 SfĹlma aplopoÐhshc

H ektÐmhsh thc poiìthtac enìc aplopoihmènou montèlou epifĹneiac ă ìgkou
anĹgetai ston orismì enìc mètrou omoiìthtac tou aplopoihmènou proc to ar-
qikì montèlo. Autì to mètro omoiìthtac posotikopoieÐ to sfĹlma aplopoÐh-

shc, to opoÐo qrhsimeÔei sthn kajodăghsh tou algorÐjmou aplopoÐhshc, sthn
axiolìghsh tou apotelèsmatìc tou kajÿc kai sth sÔgkrisă tou me omoeideÐc
algorÐjmouc.

Ta qarakthristikĹ pou lambĹnontai upfl ìyin gia ton orismì tou mètrou
omoiìthtac diafèroun anĹloga me thn efarmogă sthn opoÐa qrhsimopoieÐtai to
montèlo, kajÿc diaforetikoÐ parĹgontec eÐnai shmantikoÐ se kĹje perÐptwsh.
MporoÔme na diakrÐnoume dÔo kÔriouc trìpouc prosèggishc: th sÔgkrish thc
emfĹnishc twn montèlwn kai thn apeujeÐac sÔgkrish twn qarakthristikÿn
touc.
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Shmeiÿnoume edÿ ìti sth genikă perÐptwsh thc sÔgkrishc dÔo epifaneiÿn
ă ìgkwn anakÔptei to prìblhma thc eujugrĹmmisăc touc (alignment) ÿste
h sÔgkrish na gÐnetai se swstă bĹsh. Sthn perÐptwsh ìmwc thc sÔgkrishc
enìc montèlou me mÐa aplopoihmènh anaparĹstasă tou, to prìblhma autì den
ufÐstatai kajÿc oi algìrijmoi aplopoÐhshc ergĹzontai apeujeÐac sto arqikì
montèlo kai epomènwc to apotèlesma pou parĹgoun eÐnai amèswc eujugrammi-
smèno me autì.

2.2.1.1 SÔgkrish emfĹnishc

H omoiìthta emfĹnishc metaxÔ enìc montèlou kai mÐac aplopoihmènhc ana-
parĹstasăc tou mporeÐ na krijeÐ apì th sÔgkrish twn antÐstoiqwn yhfiogra-
fikÿn (bitmap) eikìnwn pou lambĹnontai gia dedomèna qarakthristikĹ jèashc
(gwnÐa, apìstash, tÔpoc probolăc) tou montèlou. Tètoia stigmiìtupa parĹ-
gontai gia tic epifĹneiec me th qrăsh diĹforwn algorÐjmwn fwtismoÔ kai skÐ-
ashc [FvDFH96, JM99] enÿ gia pedÐa emfuteumèna se tetraedrikĹ plègmata
me th boăjeia poikÐlwn teqnikÿn optikopoÐhshc dedomènwn [NHM97, CMS98].
Gia na ektimhjeÐ h sunolikă omoiìthta twn montèlwn, jewrhtikĹ ja èprepe na
gÐnei anĹlogh sÔgkrish gia ìlouc touc dunatoÔc sunduasmoÔc dedomènwn jè-
ashc; kĹti tètoio eÐnai fusikĹ adÔnato, kai ètsi sthn prĹxh h sÔgkrish gÐnetai
mìno gia periorismèno arijmì epilegmènwn stigmiotÔpwn.

Kuriìtero meionèkthma autăc thc prosèggishc eÐnai h anĹgkh prosektikăc
epilogăc twn apaitoÔmenwn stigmiotÔpwn ÿste na upĹrxei antiproswpeutikă
sÔgkrish twn qarakthristikÿn twn montèlwn, kai gia to lìgo autì den èqei
qrhsimopoihjeÐ polÔ gia thn axiolìghsh twn apotelesmĹtwn mejìdwn aplo-
poÐhshc. ApoktĹ ìmwc kai pĹli qrhsimìthta stic teqnikèc apeikìnishc me
th boăjeia eikìnwn (image-based rendering) pou anaptÔssontai ta teleutaÐ-
a qrìnia, oi opoÐec sunduĹzoun th qrăsh plegmĹtwn qamhlăc anĹlushc me
yhfiografikèc touc eikìnec se uyhlìterec analÔseic gia na epitaqÔnoun th
diadikasÐa apeikìnishc.

2.2.1.2 SÔgkrish qarakthristikÿn

Se aută thn prosèggish sugkrÐnontai Ĺmesa ta dÔo montèla wc proc ta
gewmetrikĹ touc qarakthristikĹ kai wc proc ta antÐstoiqa emfuteumèna pedÐa,
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an upĹrqoun.

TrigwnikĹ plègmata Gia thn perÐptwsh sÔgkrishc thc gewmetrÐac dÔo
epifaneiÿn M kai M ′ (ìpwc èqoume anafèrei, stic epifĹneiec ja mac apa-
sqolăsei mìno h gewmetrÐa touc), eÐnai aparaÐthto na orisjeÐ mÐa apìstash

metaxÔ touc [Gar99a]. OrÐzoume arqikĹ thn apìstash enìc shmeÐou v apì mÐa
epifĹneia M wc thn apìstasă tou apì to plhsièstero shmeÐo w thc epifĹ-
neiac,

d(v,M) = min
w∈M

{‖v −w‖} (2.9)

ìpou ‖ · ‖ eÐnai h sunăjhc EukleÐdeia apìstash. Plèon mporeÐ na orisjeÐ h
apìstash metaxÔ twn dÔo epifaneiÿn exetĹzontac tic apostĹseic twn shmeÐwn
touc. Gia parĹdeigma, h apìstash Hausdorff [PS85] orÐzetai wc

d∞(M,M ′) = max
(
max
v∈M

{
d(v,M ′)

}
, max

v∈M ′

{
d(v,M)

})
(2.10)

kai metrĹ th mègisth apìstash metaxÔ twn M kai M ′. AnĹloga orÐzetai h
mèsh tetragwnikă apìstash twn epifaneiÿn,

d2(M, M ′) =
1
s

∫

v∈M
d2(v,M ′) +

1
s′

∫

v∈M ′
d2(v,M) (2.11)

ìpou s kai s′ eÐnai ta embadĹ twn M kai M ′ antÐstoiqa. ParathroÔme edÿ
ìti kai oi dÔo apostĹseic pou orÐsthkan eÐnai summetrikèc wc proc tic dÔo
epifĹneiec.

Sthn prĹxh autèc oi apostĹseic den eÐnai dunatìn na upologistoÔn akri-
bÿc. SunhjÐzetai na gÐnetai prosèggish autÿn, upologÐzontac tic epimèrouc
apostĹseic gia kĹpoia shmeÐa twn dÔo epifaneiÿn deigmatolhptikĹ; h deigmato-
lhyÐa aută prèpei na perièqei toulĹqiston tic korufèc twn dÔo epifaneiÿn, ka-
jÿc kai prìsjeta shmeÐa an oi apaităseic gia akrÐbeia eÐnai auxhmènec [CRS98].

TetraedrikĹ plègmata Sthn perÐptwsh twn tetraedrikÿn plegmĹtwn,
ìpwc ădh anafèrame sthn parĹgrafo 2.1.2.1, h gewmetrikă plhroforÐa touc
eÐnai shmantikă mìno gia to sÔnorì touc. Gia th sÔgkrish plegmĹtwn me
emfuteumèna dianusmatikĹ pedÐa, ìpwc autĹ me ta opoÐa ja asqolhjoÔme sta
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epìmena, prèpei na lhfjeÐ upfl ìyin h gewmetrÐa twn sunìrwn touc allĹ kai ta
antÐstoiqa pedÐa.

’Etsi gia th sÔgkrish dÔo tetraedrikÿn plegmĹtwn me emfuteumèna dianu-
smatikĹ pedÐa, Φ = (V, T ,F) kai Φ′ = (V ′, T ′,F ′) me antÐstoiqouc tomeÐc Ω kai
Ω′, h apìstash metaxÔ touc mporeÐ na analujeÐ se dÔo parĹgontec [CCM+00]:

• Sthn apìstash tomèa, pou qarakthrÐzei th diaforĹ metaxÔ twn tomèwn
Ω kai Ω′ twn dÔo pedÐwn. H apìstash tomèa mporeÐ na metrhjeÐ wc
apìstash epifaneiÿn twn dÔo sunìrwn, me ton trìpo pou anaptÔxame
prohgoumènwc.

• Sthn apìstash pedÐou, pou qarakthrÐzei th diaforĹ metaxÔ twn dianu-
smatikÿn pedÐwn. H apìstash pedÐou mporeÐ na metrhjeÐ me tic diaforèc
F(v)− F′(v) se shmeÐa v ston tomèa, gia parĹdeigma apì th sqèsh

dF (Φ, Φ′) =
1
V

∫

v∈Ω
‖F(v)− F′(v)‖2. (2.12)

ìpou V eÐnai o ìgkoc tou Ω. An oi tomeÐc twn pedÐwn diafèroun, ja
prèpei oi orismoÐ twn paremballousÿn sunartăsewn F kai F′ na epekta-
joÔn katĹllhla ÿste na kalÔyoun ta Ω′ kai Ω antÐstoiqa kai epÐshc na
prostejoÔn anĹlogoi parĹgontec sthn parapĹnw sqèsh.

2.2.2 AplopoÐhsh trigwnikÿn plegmĹtwn

Sthn enìthta aută ja parousiĹsoume tic basikìterec mejìdouc aplopoÐh-
shc trigwnikÿn plegmĹtwn, kai ja stajoÔme idiaÐtera se ìsec sqetÐzontai me
touc algorÐjmouc pou ja anaptÔxoume sta epìmena kefĹlaia. Gia leptome-
rèsterec episkopăseic thc sqetikăc bibliografÐac parapèmpoume sta [PS97,
Gar99a, RLB+02]. Ja kathgoriopoiăsoume tic mejìdouc aplopoÐhshc anĹlo-
ga me thn teqnikă pou qrhsimopoioÔn gia thn aplopoÐhsh tou plègmatoc.

2.2.2.1 Sugqÿneush sunepÐpedwn ìyewn

Autèc oi mèjodoi anazhtoÔn sunepÐpedec (me kĹpoia anoqă) geitonikèc ìyeic
tou plègmatoc, tic afairoÔn apì to plègma kai epanatrigwnopoioÔn to {kenì}
pou dhmiourgeÐtai, qrhsimopoiÿntac ligìtera trÐgwna apì ta arqikĹ.



20 2. Anaparastash kai aplopoihsh trigwnikwn kai tetraedrikwn plegmatwn

Sto [HH93] to kritărio sugqÿneushc basÐzetai sthn apìklish twn kajètwn
dianusmĹtwn twn ìyewn kai epÐshc proteÐnetai ènac apotelesmatikìc trìpoc
trigwnopoÐhshc twn sugqwneuìmenwn ìyewn. Sto [KT96] to kritărio sug-
qÿneushc epauxĹnetai me èlegqo thc apìstashc twn korufÿn twn ìyewn, h
epanatrigwnopoÐhsh perilambĹnei thn aplopoÐhsh tou sunìrou twn {uperìye-
wn} (“superfaces”) pou dhmiourgoÔntai kai epiplèon parèqetai Ĺnw ìrio sto
sfĹlma aplopoÐhshc.

Oi mèjodoi autèc den èqoun gnwrÐsei megĹlh diĹdosh, kajÿc parousiĹzoun
auxhmènh duskolÐa ulopoÐhshc, enÿ den uposthrÐzoun Ĺmesa th dhmiourgÐa
pollaplÿn analÔsewn tou arqikoÔ montèlou.

2.2.2.2 Sugqÿneush korufÿn

Oi mèjodoi sugqÿneushc korufÿn (vertex clustering) diamerÐzoun to qÿro
pou katalambĹnei h epifĹneia, sunăjwc me th boăjeia orjokanonikoÔ plègma-
toc, kai sugqwneÔoun tic korufèc pou brÐskontai se kĹje kelÐ tou plègmatoc
se mÐa nèa antiproswpeutikă korufă; h jèsh thc antiproswpeutikăc koru-
făc prokÔptei sunduĹzontac me kĹpoia bĹrh tic jèseic twn sugqwneuìmenwn
korufÿn (Sqhma 2.7).

συγχώνευση
κορυφών

­ Sqhma 2.7 ­
AplopoÐhsh trigwnikoÔ plègmatoc me sugqÿneush korufÿn. Oi alla-

gèc sthn topologÐa tou plègmatoc eÐnai emfaneÐc.

H prÿth ulopoÐhsh tètoiac mejìdou parèqetai sto [RB93]. Sto [Red96] h
sugqÿneush kateujÔnetai ètsi ÿste h emfĹnish tou aplopoihmènou plègmatoc
na mhn diafèrei apì aută tou arqikoÔ, gia sugkekrimènec sunjăkec jèashc.
Sto [Lin00] proteÐnetai ènac nèoc trìpoc upologismoÔ thc antiproswpeutikăc
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korufăc o opoÐoc beltiÿnei thn poiìthta aplopoÐhshc kai h mèjodoc qrhsi-
mopoieÐtai gia thn aplopoÐhsh plegmĹtwn exairetikĹ megĹlou plăjouc koru-
fÿn. Sto [LT97] parousiĹzetai ènac enallaktikìc trìpoc efarmogăc autăc
thc mejìdou, me qrăsh prosarmostikăc diamèrishc tou qÿrou me oktĹdendra
(octrees) pou mporeÐ na apofèrei kalÔtera apotelèsmata. Ta oktĹdendra qrh-
simopoioÔntai epÐshc sto [LE97] wc domă ierarqikăc diamèrishc tou qÿrou gia
thn paragwgă pollaplÿn analÔsewn enìc montèlou me mÐa teqnikă sugqÿneu-
shc korufÿn, kajÿc epÐshc kai gia ton epilektikì èlegqo thc leptomèreiac se
perioqèc tou montèlou anĹloga me ta qarakthristikĹ jèasăc tou.

Oi mèjodoi thc omĹdac autăc èqoun pollĹ idiĹzonta qarakthristikĹ pou
exeidikeÔoun th qrhsimìthtĹ touc. Katfl arqĹc mporoÔn na efarmostoÔn se
trigwnikĹ plègmata opoioudăpote tÔpou, ta opoÐa den eÐnai aparaÐthta pol-
laplìthtec, ìmwc pĹntote epifèroun allagèc sthn topologÐa twn plegmĹtwn
pou aplopoioÔn me th sugqÿneush kontinÿn allĹ ìqi sundedemènwn korufÿn.
EpÐshc h dunatìthta aplopoÐhshc periorÐzetai apì to mègejoc twn keliÿn
diamèrishc tou qÿrou, allĹ an autì gÐnei polÔ megĹlo, h poiìthta tou apote-
lèsmatoc meiÿnetai aisjhtĹ; ìpwc anafèrame, h qrăsh prosarmostikÿn ă/kai
ierarqikÿn domÿn diamèrishc periorÐzei to prìblhma autì.

2.2.2.3 Apaloifă korufÿn

MÐa diadedomènh teqnikă aplopoÐhshc trigwnikÿn plegmĹtwn apaleÐfei dia-
doqikĹ korufèc apì to plègma kai kĹje forĹ epanatrigwnopoieÐ to {kenì} pou
dhmiourgeÐtai qrhsimopoiÿntac ligìtera trÐgwna apì ta arqikĹ (Sqhma 2.8).

H prÿth ulopoÐhsh thc mejìdou [SZL92] efarmìzetai mìno se pollaplìth-

απαλοιφή
κορυφής

­ Sqhma 2.8 ­
AplopoÐhsh trigwnikoÔ plègmatoc me apaloifă korufăc kai epanatri-

gwnopoÐhsh tou kenoÔ pou dhmiourgeÐtai.
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tec, qwrÐc na mporeÐ na metabĹlei thn topologÐa touc, kai qrhsimopoieÐ mÐa topi-
kă ektÐmhsh tou sfĹlmatoc aplopoÐhshc upologÐzontĹc to gia thn perioqă thc
epifĹneiac pou metabĹlletai me kĹje apaloifă korufăc. Me katĹllhlec epe-
ktĹseic thc mejìdou [Sch97] ègine dunată h efarmogă thc se epifĹneiec pou den
eÐnai pollaplìthtec kajÿc kai h metabolă thc topologÐac tou plègmatoc katĹ
thn aplopoÐhsh. Beltiwmènec ulopoiăseic [KLS96, SL96, CCMS97, KCS98]
qrhsimopoioÔn akribèsterec ektimăseic tou sfĹlmatoc aplopoÐhshc, sussw-
reÔontac to sfĹlma katĹ ta diadoqikĹ bămata aplopoÐhshc ÿste na ektimăsoun
thn apìstash Hausdorff metaxÔ tou arqikoÔ kai tou aplopoihmènou plègmatoc
(olikă ektÐmhsh sfĹlmatoc). Endiafèrousa eÐnai h prosèggish tou [CVM+96],
sthn opoÐa to aplopoihmèno plègma periorÐzetai se mÐa perioqă aktÐnac ε gÔrw
apì thn arqikă epifĹneia, parèqontac ètsi èna sunolikì Ĺnw ìrio sfĹlmatoc.
Tèloc, se kĹpoiec ergasÐec h apaloifă korufÿn kai h epanatrigwnopoÐhsh
kateujÔnontai ètsi ÿste na diathroÔntai kai Ĺlla qarakthristikĹ thc epifĹ-
neiac, ìpwc pedÐa emfuteumèna se aută [BS96] ă ta kĹjeta dianÔsmatĹ thc, ta
opoÐa eÐnai dunatìn na beltiÿsoun thn optikă omoiìthta tou aplopoihmènou
proc to arqikì montèlo [Kle98].

Oi mèjodoi autăc thc omĹdac èqoun eurÔ pedÐo efarmogăc kai, anĹloga
me thn ulopoÐhsh, mporoÔn na apofèroun apotelèsmata uyhlăc poiìthtac.
Parèqoun Ĺmesa pollaplĹ epÐpeda leptomèreiac tou arqikoÔ plègmatoc, ta
opoÐa mporoÔn na paraqjoÔn efarmìzontac mìno èna mèroc twn apaloifÿn
korufÿn pou odăghsan sto telikì aplopoihmèno plègma.

2.2.2.4 SurrÐknwsh akmÿn

MÐa apì tic dhmofilèsterec teqnikèc aplopoÐhshc basÐzetai se diadoqikèc
surriknÿseic akmÿn tou plègmatoc: me kĹje surrÐknwsh akmăc (edge collap-

se), mÐa akmă tou plègmatoc surriknÿnetai se mÐa korufă kai oi dÔo ìyeic pou
efĹptontan sthn akmă (ă mìno mÐa, an prìkeitai gia sunoriakă akmă afairoÔ-
ntai apì to plègma (Sqhma 2.9). H jèsh thc nèac korufăc mporeÐ na eÐnai eÐte
{prokajorismènh}, gia parĹdeigma se èna apì ta dÔo Ĺkra thc surriknoÔmenhc
akmăc ă sto mèso thc, ă na upologÐzetai me trìpo ÿste na elaqistopoieÐtai
to sfĹlma aplopoÐhshc. Oi proc surrÐknwsh akmèc taxinomoÔntai se mÐa ourĹ
proteraiìthtac, me kĹpoio kritărio pou sunăjwc lambĹnei upfl ìyin tou thn
epÐdrasă touc sto plègma.
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συρρίκνωση
ακμής

­ Sqhma 2.9 ­
AplopoÐhsh trigwnikoÔ plègmatoc me surrÐknwsh akmăc.

H mèjodoc parousiĹsthke sta [Hop96, Hop98], ìpou h jèsh thc nèac ko-
rufăc upologÐzetai me mÐa polÔplokh diadikasÐa beltistopoÐhshc h opoÐa lam-
bĹnei upfl ìyin thc thn poiìthta aplopoÐhshc kai to sqăma twn trigÿnwn; epÐ-
shc gÐnetai prìbleyh gia th diatărhsh Ĺllwn qarakthristikÿn tou plègmatoc
ìpwc to qrÿma, kajÿc kai asuneqeiÿn sth gewmetrÐa (ptuqÿseic) ă sta qa-
rakthristikĹ tou plègmatoc. Aută h mèjodoc parĹgei aplopoihmèna plègmata
exairetikăc poiìthtac, me arnhtikì antÐktupo ton megĹlo apaitoÔmeno qrìno
epexergasÐac. Se Ĺllec ulopoiăseic h ektÐmhsh tou sfĹlmatoc eÐnai aploÔ-
sterh, o qrìnoc epexergasÐac mikrìteroc allĹ kai ta apotelèsmata ligìtero
poiotikĹ. Sto [AS96] h taxinìmhsh twn proc surrÐknwsh akmÿn gÐnetai a-
plÿc anĹloga me to pìso sunepÐpedec eÐnai oi ìyeic tou Ĺstrou touc kai h
nèa korufă topojeteÐtai sto mèso thc akmăc. Sto [RR96] qrhsimopoieÐtai èna
kritărio ektÐmhshc tou sfĹlmatoc pou lambĹnei upfl ìyin tou thn allagă sth
gewmetrÐa allĹ kai ston prosanatolismì twn ìyewn pou metabĹllontai se kĹ-
je surrÐknwsh akmăc, enÿ h nèa korufă topojeteÐtai se èna apì ta dÔo Ĺkra
thc akmăc. Pio axiìlogh eÐnai h prosèggish tou [Gué97, Gué99] sthn opoÐa oi
akmèc taxinomoÔntai aplÿc me bĹsh to măkoc touc, ìmwc katĹ th surrÐknwsă
touc elègqontai shmantikoÐ parĹgontec ìpwc h topologÐa tou plègmatoc, to
sqăma twn trigÿnwn kai h apìklish twn kajètwn dianusmĹtwn twn ìyewn;
epÐshc h jèsh thc nèac korufăc upologÐzetai ètsi ÿste na diathreÐtai o suno-
likìc ìgkoc tou montèlou enÿ sugqrìnwc to sfĹlma aplopoÐhshc brÐsketai
mèsa se prokajorismèna ìria. Sta [LT98, LT99] h jèsh thc nèac korufăc
upologÐzetai wc h tomă epipèdwn ta opoÐa antistoiqoÔn se lÔseic problhmĹ-
twn beltistopoÐhshc kai se periorismoÔc pou tÐjentai wc proc th jèsh thc.
Oi parĹgontec pou exetĹzontai eÐnai o ìgkoc tou aplopoihmènou plègmatoc,
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to sÔnorì tou (an upĹrqei), kajÿc kai to sqăma twn trigÿnwn tou. H mè-
jodoc parĹgei poiotikĹ apotelèsmata se sqetikĹ mikrì qrìno epexergasÐac.
Tèloc sta [GH97, Gar99b] h jèsh thc nèac korufăc kajÿc kai h antÐstoiqh
ektÐmhsh tou sfĹlmatoc prokÔptoun apì mÐa diadikasÐa elaqistopoÐhshc thc
apìstashc thc nèac korufăc apì tic ìyeic tou Ĺstrou thc surriknoÔmenhc
akmăc; oi aparaÐthtec sqèseic sunduĹzontai se mÐa tetragwnikă morfă, thc
opoÐac to elĹqisto upologÐzetai me th lÔsh enìc aploÔ grammikoÔ sustăma-
toc. EÐnai endiafèron ìti me aută th diadikasÐa beltistopoieÐtai sugqrìnwc
kai to sqăma twn paragìmenwn trigÿnwn [HG99]. H mèjodoc aută eÔloga
kaleÐtai aplopoÐhsh me tetragwnikĹ sfĹlmata; eÐnai exairetikĹ grăgorh kai
ta apotelèsmatĹ thc uyhlăc poiìthtac.

Oi algìrijmoi pou anaptÔssoume sta KefĹlaia 3 kai 4 basÐzontai se a-
plopoÐhsh trigwnikÿn kai tetraedrikÿn plegmĹtwn me diadoqikèc surriknÿseic
akmÿn. Gia to lìgo autì ja parousiĹsoume sthn parĹgrafo 2.2.4 parakĹtw
ta basikĹ stoiqeÐa mÐac tètoiac mejìdou aplopoÐhshc kai ja analÔsoume ta
qarakthristikĹ thc pou ja mac fanoÔn qrăsima. EpÐshc ja parousiĹsoume
thn ulopoÐhsă thc me tetragwnikĹ sfĹlmata [GH97], kajÿc ja th qrhsimo-
poiăsoume sto KefĹlaio 4.

2.2.3 AplopoÐhsh tetraedrikÿn plegmĹtwn

Oi teqnikèc pou èqoun diereunhjeÐ gia thn aplopoÐhsh tetraedrikÿn pleg-
mĹtwn eÐnai polÔ lÐgec sugkritikĹ me autèc pou aforoÔn trigwnikĹ plègmata,
kai epÐshc sqetikĹ prìsfatec.

H prÿth prospĹjeia aplopoÐhshc tetraedrikÿn plegmĹtwn parousiĹzetai
sto [RO96] kai eÐnai mÐa mèjodoc apaloifăc korufÿn kai epanatetraedropoÐ-
hshc tou kenoÔ pou dhmiourgeÐtai. H mèjodoc aută parousiĹzei jewrhtikèc
duskolÐec, kajÿc h apaitoÔmenh tetraedropoÐhsh den eÐnai pĹntote efiktă qw-
rÐc thn prosjăkh epiplèon shmeÐwn. Epiplèon h praktikă thc axÐa eÐnai mi-
kră, kajÿc den orÐzei kĹpoio mètro axiolìghshc tou sfĹlmatoc aplopoÐhshc.
Sto [PH97] parousiĹzetai mÐa genÐkeush thc mejìdou aplopoÐhshc me diado-
qikèc surriknÿseic akmÿn tou [Hop96] gia thn aplopoÐhsh pollaplotătwn
megalÔterhc diĹstashc. H mèjodoc aută aplopoieÐ mìno th gewmetrÐa tou
plègmatoc kai ètsi den eÐnai katĹllhlh ìtan upĹrqoun emfuteumèna pedÐa sto
plègma.
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Oi neìterec mèjodoi pou antimetwpÐzoun thn aplopoÐhsh tetraedrikÿn pleg-
mĹtwn me emfuteumèna pedÐa basÐzontai epÐshc se diadoqikèc surriknÿseic ak-
mÿn, qĹrh kai sth susswreumènh ereunhtikă empeirÐa apì thn aplopoÐhsh
trigwnikÿn plegmĹtwn h opoÐa èqei anadeÐxei thn axÐa tètoiwn mejìdwn. Ge-
nikĹ parathroÔme ìti pedÐo efarmogăc twn mejìdwn pou èqoun parousiasteÐ
eÐnai ta plègmata me emfuteumèna bajmwtĹ pedÐa, enÿ autĹ me enswmatwmèna
dianusmatikĹ pedÐa den èqoun antimetwpisjeÐ, kajÿc h aplopoÐhsă touc eÐnai
arketĹ pio sÔnjeth. EpÐshc koinì gnÿrisma twn perissìterwn mejìdwn eÐnai
ìti, se antÐjesh me thn aplopoÐhsh trigwnikÿn plegmĹtwn ìpou qrhsimopoioÔ-
ntai teqnikèc beltistopoÐhshc gia ton prosdiorismì thc jèshc thc korufăc pou
prokÔptei apì kĹje surrÐknwsh akmăc, sthn aplopoÐhsh tetraedrikÿn pleg-
mĹtwn aută topojeteÐtai se {prokajorismèno} shmeÐo, ìpwc gia parĹdeigma
sto èna apì ta dÔo Ĺkra thc akmăc ă sto mèso thc. Autì eÐnai endeiktikì
thc megalÔterhc duskolÐac qeirismoÔ twn tetraedrikÿn plegmĹtwn me emfu-
teumèna pedÐa, kajÿc apaiteÐtai tautìqronh beltistopoÐhsh thc gewmetrÐac
tou plègmatoc allĹ kai thc timăc tou pedÐou prokeimènou na prosdioristeÐ h
katallhlìterh jèsh gia th nèa korufă kai h antÐstoiqh timă tou pedÐou.

O prÿtoc oloklhrwmènoc algìrijmoc gia thn aplopoÐhsh bajmwtÿn pe-
dÐwn epÐ tetraedrikÿn plegmĹtwn dÐnetai sto [SG98]: oi surriknÿseic akmÿn
taxinomoÔntai me bĹsh èna sÔnjeto mètro pou lambĹnei upfl ìyin thn alla-
gă tou pedÐou, th metabolă tou ìgkou tou plègmatoc kajÿc kai thn allagă
sto sqăma twn tetraèdrwn; epÐshc proteÐnetai mÐa apotelesmatikă teqnikă gia
thn apofugă dhmiourgÐac auto-tomÿn (self-intersections) katĹ thn aplopoÐhsh
tou sunìrou tou plègmatoc. Sqetikì eÐnai kai to [KE00], ìpou anaptÔssetai
mÐa teqnikă aplopoÐhshc tou sunìrou enìc mh kurtoÔ tetraedrikoÔ plègmatoc
qwrÐc na diatarĹssetai h topologÐa tou. Sto [CL03] basikìc stìqoc eÐnai h
diatărhsh thc domăc kai twn idiotătwn tou emfuteumènou pedÐou mèsw thc dia-
tărhshc twn isoepifaneiÿn tou katĹ thn aplopoÐhsh. Sta [THJW98, THJ99]
prosdiorÐzontai Ĺnw frĹgmata gia ta sfĹlmata pedÐou kai tomèa pou proka-
loÔntai apì kĹje surrÐknwsh akmăc, kai autĹ susswreÔontai katĹ th diĹrkeia
thc aplopoÐhshc mèqri èna mègisto epitreptì sfĹlma. H pio ektenăc antime-
tÿpish thc aplopoÐhshc tetraedrikÿn plegmĹtwn gÐnetai sto [CCM+00]. DÐ-
netai o jewrhtikìc orismìc tou sfĹlmatoc aplopoÐhshc kajÿc kai praktikă
èkfrash prosèggisăc tou; epiplèon anaptÔssontai arketoÐ trìpoi ektÐmhshc
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tou sfĹlmatoc katĹ thn aplopoÐhsh, oi opoÐoi diaforopoioÔntai wc proc thn
poluplokìthta kai wc proc thn prosferìmenh akrÐbeia. H prÿth prospĹ-
jeia beltistopoihmènhc aplopoÐhshc tetraedrikÿn plegmĹtwn parousiĹzetai
sto [THKJ00], ìpou epekteÐnetai h mèjodoc aplopoÐhshc epifaneiÿn me te-
tragwnikĹ sfĹlmata [GH97] gia thn aplopoÐhsh tetraedrikÿn plegmĹtwn me
emfuteumèna bajmwtĹ pedÐa.

Sto [CM02] gÐnetai mÐa diaforopoÐhsh thc teqnikăc aplopoÐhshc, kajÿc
aută ulopoieÐtai me diadoqikèc surriknÿseic tetraèdrwn tou plègmatoc. H
mèjodoc aută èqei endiafèrousec idiìthtec ìson aforĹ th gewmetrÐa kai thn
topologÐa tou plègmatoc, allĹ h antimetÿpish tou pedÐou eÐnai stoiqeiÿdhc;
exĹllou, h surrÐknwsh tetraèdrwn mporeÐ na pragmatopoihjeÐ wc isodÔnamec
diadoqikèc surriknÿseic akmÿn tou plègmatoc.

Anafèroume, tèloc, ìti èqoun parousiasteÐ mèjodoi aplopoÐhshc pou a-
ntimetwpÐzoun thn eidikă perÐptwsh twn kanonikÿn tetraedropoiăsewn, autÿn
dhladă twn opoÐwn oi korufèc sqhmatÐzoun èna kanonikì plègma [ZCK97,
GSA+03].

2.2.4 AplopoÐhsh plegmĹtwn me diadoqikèc surriknÿseic
akmÿn

Sthn enìthta aută ja parousiĹsoume th genikă domă kai ta qarakthristi-
kĹ tou algorÐjmou aplopoÐhshc me diadoqikèc surriknÿseic akmÿn, ton opoÐo,
ìpwc anafèrame, ja qrhsimopoiăsoume sto kÔrio mèroc thc diatribăc. O al-
gìrijmoc autìc antimetwpÐzei exÐsou trigwnikĹ kai tetraedrikĹ plègmata, allĹ
gia lìgouc amesìthtac h parousÐasă mac ja estiasteÐ se trigwnikĹ plègmata;
sthn efarmogă tou se tetraedrikĹ plègmata ja epanèljoume sto KefĹlaio 4,
ìpou ja ton qrhsimopoiăsoume gia to skopì autì.

2.2.4.1 Algìrijmoc aplopoÐhshc

H basikă prĹxh thc surrÐknwshc akmăc èqei ădh perigrafeÐ sthn parĹgra-
fo 2.2.2.4. UpenjumÐzoume ìti katĹ th surrÐknwsh mÐac akmăc ta dÔo Ĺkra
thc sunenÿnontai se mÐa korufă, enÿ diagrĹfontai ta trÐgwna pou efĹptontan
sthn akmă. To plègma metabĹlletai mìno topikĹ, sta trÐgwna tou Ĺstrou thc
akmăc, kajÿc mÐa korufă twn trigÿnwn autÿn allĹzei jèsh.
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­ Algorijmoc 2.1 ­
Genikìc algìrijmoc aplopoÐhshc me diadoqikèc surriknÿseic akmÿn.

1. Για κάθε ακµή του πlέγµατοc που είναι δυνατό να συρρικνωθεί, υποlογίζου-
µε µία προτεραιότητα συρρίκνωσηc. Ταξινοµούµε όlεc τιc ακµέc σε µία ουρά
προτεραιότηταc.

2. Εφόσον υπάρχουν ακµέc προc συρρίκνωση στην ουρά προτεραιότηταc και ο
στόχοc τηc απlοποίησηc δεν έχει επιτευχθεί,

(α) Αφαιρούµε από την ουρά προτεραιότηταc την ακµή που βρίσκεται στην
κορυφή τηc.

(β) Συρρικνώνουµε αυτή την ακµή· το τριγωνικό πlέγµα αllάζει τοπικά στην
περιοχή τηc ακµήc, καθώc επηρεάζονται µόνο τα τρίγωνα γύρω από αυτή.

(γ) Επανυποlογίζουµε εκείνεc τιc προτεραιότητεc ακµών που επηρεάστηκαν
από τη συρρίκνωση τηc ακµήc και ενηµερώνουµε την ουρά προτεραιότηταc.

O algìrijmoc aplopoÐhshc pragmatopoieÐ diadoqikèc surriknÿseic akmÿn
tou plègmatoc, meiÿnontac me kĹje mÐa apì autèc ton arijmì twn trigÿnwn
pou to apoteloÔn. Se kĹje upoyăfia surrÐknwsh akmăc apodÐdetai mÐa pro-
teraiìthta surrÐknwshc, h opoÐa eÐnai anĹlogh tou sfĹlmatoc pou anamènetai
na epifèrei h efarmogă thc sto plègma, kai me bĹsh autăn oi akmèc taxinomoÔ-
ntai se mÐa ourĹ proteraiìthtac. Se kĹje băma tou algorÐjmou surriknÿnetai
h akmă pou brÐsketai sthn korufă thc ourĹc (ekeÐnh pou èqei to mikrìtero
anamenìmeno sfĹlma). Lìgw thc metabolăc tou plègmatoc sto Ĺstro thc
surriknoÔmenhc akmăc, oi proteraiìthtec twn geitonikÿn akmÿn allĹzoun; au-
tèc upologÐzontai kai pĹli, kai enhmerÿnetai h ourĹ proteraiìthtac ÿste na
suneqisteÐ h aplopoÐhsh. O algìrijmoc termatÐzetai eÐte ìtan adeiĹsei h ourĹ
proteraiìthtac eÐte ìtan ikanopoihjeÐ kĹpoio kritărio orizìmeno apì to qră-
sth, ìpwc gia parĹdeigma èna mègisto epijumhtì sfĹlma aplopoÐhshc ă èna
dedomèno plăjoc ìyewn tou plègmatoc. SunoptikĹ h diadikasÐa parousiĹzetai
ston Algorijmo 2.1.

O algìrijmoc pou perigrĹyame parĹgei mÐa suneqă akoloujÐa aplopoihmè-
nwn plegmĹtwn, sto èna Ĺkro thc opoÐac eÐnai to arqikì plègma M̂ = Mn kai
sto Ĺllo eÐnai to aploÔstero aplopoihmèno plègma pou kataskeuĹzetai, M0,
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to opoÐo kaleÐtai basikì plègma:

(M̂ = Mn)
ecoln−1−→ Mn−1 ecoln−2−→ . . .

ecol1−→ M1 ecol0−→ M0.

(Oi surriknÿseic akmÿn ecoli arijmoÔntai se antÐstrofh seirĹ apì aută pou
pragmatopoioÔntai, ÿste na sumfwnoÔn me to plègma pou parĹgoun.)

H akoloujÐa twn aplopoihmènwn plegmĹtwn qarakthrÐzetai suneqăc gia na
epishmanjeÐ ìti ta plègmata autĹ èqoun metaxÔ touc polÔ mikră diaforĹ­mìno
sto Ĺstro thc surriknoÔmenhc akmăc; epiplèon, eÐnai dunatì kĹje epìmeno
plègma sthn akoloujÐa na paraqjeÐ me {suneqă} trìpo apì to prohgoÔmeno
me teqnikèc gewmorfismoÔ (geomorphing), dhladă me stadiakă surrÐknwsh thc
akmăc mèqri ta dÔo Ĺkra thc sugqwneujoÔn sth nèa korufă [Hop96]. Se anti-
diastolă, wc diakritĹ epÐpeda leptomèreiac anafèrontai autĹ pou parĹgontai
apì mejìdouc pou den efarmìzoun topikèc aplopoiăseic sto plègma, ìpwc h
sugqÿneush korufÿn ă ìyewn. Sthn perÐptwsh aută, ta epÐpeda leptomèreiac
eÐnai sqetikĹ lÐga, diafèroun arketĹ kai den mporoÔn na susqetistoÔn Ĺmesa
metaxÔ touc; parĹgontai sunăjwc efarmìzontac ek nèou touc algorÐjmouc a-
plopoÐhshc sto arqikì plègma me diaforetikèc paramètrouc termatismoÔ touc.

Apì thn parapĹnw perigrafă tou algorÐjmou aplopoÐhshc gÐnetai emfanèc
ìti ta dÔo stoiqeÐa pou ephreĹzoun to apotèlesmĹ tou eÐnai ta exăc:

1. H seirĹ me thn opoÐa ja pragmatopoihjoÔn oi surriknÿseic akmÿn, h o-
poÐa kajorÐzetai apì thn proteraiìthta pou apodÐdetai se kĹje upoyăfia
surrÐknwsh akmăc.

2. Gia kĹje surrÐknwsh akmăc, h jèsh thc nèac korufăc pou ja prokÔyei.

H proteraiìthta kĹje surrÐknwshc akmăc apodÐdetai ètsi ÿste surriknÿ-
seic pou epifèroun mikrìterh allagă sto plègma na pragmatopoioÔntai prÿ-
tec, me apÿtero stìqo th megalÔterh dunată meÐwsh twn trigÿnwn tou plèg-
matoc me th mikrìterh dunată epÐdrash se autì. Sunepÿc prèpei na upĹrqei
ènac trìpoc axiolìghshc thc epÐdrashc kĹje surrÐknwshc akmăc sto plègma.
Stic aploÔsterec ulopoiăseic tou algorÐjmou, aută h axiolìghsh basÐzetai se
statikĹ stoiqeÐa, ìpwc gia parĹdeigma sto pìso sunepÐpedec eÐnai oi korufèc
tou Ĺstrou thc akmăc ă sto măkoc thc; sthn perÐptwsh aută ta dÔo parapĹ-
nw stoiqeÐa tou algorÐjmou eÐnai anexĹrthta metaxÔ touc. AntÐjeta, stic pio
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exeligmènec ulopoiăseic, ta stoiqeÐa autĹ sumplèkontai, kajÿc h axiolìghsh
gÐnetai dunamikĹ, beltistopoiÿntac th jèsh thc nèac korufăc ÿste aută pou
epilègetai na prosdÐdei to elĹqisto sfĹlma aplopoÐhshc metaxÔ twn dunatÿn
jèseÿn thc; se aută thn perÐptwsh, wc proteraiìthta thc surrÐknwshc akmăc
tÐjetai eÔloga h timă tou sfĹlmatoc pou antistoiqeÐ sth bèltisth jèsh thc.

2.2.4.2 Poluplokìthta tou algorÐjmou

H poluplokìthta tou Algorijmou 2.1 kajorÐzetai apì to epanalhptikì
băma pou perièqei. To plăjoc twn epanalăyewn pou ekteloÔntai mporoÔme
na upojèsoume ìti eÐnai O(nE), ìpou nE eÐnai to plăjoc akmÿn tou arqikoÔ
plègmatoc. EpÐshc to măkoc thc ourĹc proteraiìthtac eÐnai arqikĹ perÐpou
nE (kĹpoiec akmèc ja èqei diapistwjeÐ ìti den mporoÔn na surriknwjoÔn) kai
meiÿnetai se kĹje băma thc epanĹlhyhc.

Ja exetĹsoume èna sugkekrimèno băma thc epanalhptikăc diadikasÐac tou
algorÐjmou. Anaferìmenoi sta antÐstoiqa shmeÐa tou Algorijmou 2.1, h po-
luplokìthta analÔetai wc exăc:

(a) Upojètontac ìti sto băma autì to măkoc thc ourĹc proteraiìthtac eÐnai
nq (ìpou 0 ≤ nq ≤ nE), tìte, an jewrăsoume ìti aută ulopoieÐtai
wc duadikìc swrìc (binary heap) ìpwc sunhjÐzetai, h afaÐresh thc
akmăc apì thn korufă thc èqei kìstoc O(log nq) lìgw thc anĹgkhc
epanataxinìmhshc tou swroÔ [CLR90].

(b) H efarmogă thc surrÐknwshc akmăc sto plègma mporoÔme na jewrăsou-
me ìti den èqei shmantikă poluplokìthta, an qrhsimopoieÐtai katĹllhlh
domă gia thn anaparĹstash tou plègmatoc.

(g) O epanupologismìc twn proteraiotătwn pou allĹzoun lìgw thc sur-
rÐknwshc thc akmăc kai h epanatopojèthsă touc sthn ourĹ proteraiì-
thtac sugkentrÿnoun to megalÔtero upologistikì kìstoc tou bămatoc
kĹje epanĹlhyhc. H proteraiìthta kĹje surrÐknwshc akmăc exartĹtai
sunăjwc apì tic ìyeic sto Ĺstro thc akmăc; upojètontac ìti gÔrw a-
pì kĹje akmă upĹrqoun katĹ mèso ìro ns ìyeic, tìte se kĹje băma
tou algorÐjmou prèpei na epanupologistoÔn kai na enhmerwjoÔn O(n2

s)
proteraiìthtec akmÿn (Sqhma 2.10). H poluplokìthta kĹje tètoiou
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vd

vo

vs

­ Sqhma 2.10 ­
MetĹ th surrÐknwsh thc akmăc e(vo,vd), prèpei na epanupologistoÔn
oi proteraiìthtec ìlwn twn akmÿn pou èqoun èna Ĺkro sta shmeÐa tou
sundèsmou thc akmăc giatÐ exartÿntai apì tic ìyeic sto Ĺstro thc

korufăc vs, oi opoÐec èqoun ephreasteÐ.

upologismoÔ proteraiìthtac exartĹtai apì thn ulopoÐhsh thc mejìdou,
kai ja th jèsoume edÿ f(ns). EpÐshc h poluplokìthta thc enhmèrwshc
thc ourĹc proteraiìthtac gia kĹje allagă eÐnai O(log nq) [CLR90].

SunolikĹ, epomènwc, h poluplokìthta kĹje bămatoc eÐnai

O(log nq) + O(n2
s)

(
f(ns) + O(log nq)

)
= O

(
n2

sf(ns) + n2
s log nq

)
. (2.13)

Oi parĹgontec ns kai nq eÐnai exÐsou shmantikoÐ sthn parapĹnw sqèsh, de-
domènwn twn megejÿn pou upeisèrqontai sthn prĹxh katĹ thn aplopoÐhsh
trigwnikÿn plegmĹtwn: to plăjoc twn ìyewn tou Ĺstrou kĹje akmăc eÐnai
thc tĹxhc twn lÐgwn dekĹdwn (to polÔ 10`20), enÿ to plăjoc twn akmÿn tou
plègmatoc eÐnai to polÔ thc tĹxhc tou ekatommurÐou (gia megalÔtera plègma-
ta qrhsimopoioÔntai teqnikèc tmhmatikăc aplopoÐhsăc touc, lìgw periorismÿn
twn upologistikÿn pìrwn).

H sqèsh (2.13) katadeiknÔei, epÐshc, to shmantikì rìlo tou kìstouc u-
pologismoÔ thc proteraiìthtac, f(ns), sto sunolikì qrìno epexergasÐac tou
algorÐjmou. To kìstoc autì eÐnai genikĹ megĹlo ìtan qrhsimopoieÐtai al-
gìrijmoc beltistopoÐhshc gia ton kajorismì thc nèac korufăc kai gia ton
upologismì thc proteraiìthtac, kai polÔ mikrìtero ìtan qrhsimopoieÐtai sta-
tikìc trìpoc prosdiorismoÔ thc. Dedomènou mĹlista ìti oi perissìterec apì
tic upologizìmenec proteraiìthtec den ja qrhsimopoihjoÔn allĹ ja anane-
wjoÔn se epìmena bămata tou algorÐjmou, eÐnai emfanăc h anĹgkh eÔreshc
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apotelesmatikÿn mejìdwn ektÐmhshc thc proteraiìthtac kĹje surrÐknwshc
akmăc.

Shmeiÿnoume, tèloc, ìti o Algorijmoc 2.1 eÐnai tupikì parĹdeigma {Ĺplh-
stou} (greedy) algorÐjmou: se kĹje băma tou surriknÿnei ekeÐnh thn akmă
pou epifèrei to elĹqisto topikì sfĹlma sto plègma, qwrÐc na èqei kamÐa antÐ-
lhyh tou olikoÔ sfĹlmatoc; omoÐwc den mporeÐ na exetĹsei thn epÐdrash mÐac
enallaktikăc seirĹc surriknÿsewn akmÿn sto olikì sfĹlma kajÿc den axio-
logeÐ se kanèna shmeÐo thn mèqri tìte poreÐa tou. Gia na elegqjeÐ to olikì
sfĹlma aplopoÐhshc ja ătan aparaÐthth mÐa diadikasÐa olikăc beltistopoÐh-
shc [Tur92]; mÐa tètoia diadikasÐa ìmwc eÐnai afenìc, se jewrhtikì epÐpedo,
asÔmbath me th leitourgÐa enìc algorÐjmou basismènou se diadoqikèc topikèc
aplopoiăseic tou plègmatoc, kai afetèrou, se praktikì epÐpedo, anefĹrmosth
lìgw tou plăjouc twn dedomènwn pou upeisèrqontai. Shmeiÿnoume pĹntwc
ìti autì to meionèkthma twn algorÐjmwn pou basÐzontai se topikèc aplopoiă-
seic uperkalÔptontai apì ta pleonektămata kai tic dunatìthtec pou parèqoun
ta suneqă epÐpeda leptomèreiac pou autoÐ parĹgoun, enÿ oi algìrijmoi pou
basÐzontai se olikă beltistopoÐhsh mporoÔn na kataskeuĹsoun mìno diakritĹ
epÐpeda leptomèreiac tou arqikoÔ montèlou.

2.2.4.3 Egkurìthta surrÐknwshc akmăc

H efarmogă mÐac surrÐknwshc akmăc eÐnai dunatì na prokalèsei metabolèc
sthn topologÐa tou trigwnikoÔ plègmatoc, me trìpo ÿste autì na apwlèsei
thn idiìthta thc pollaplìthtac. An kai se kĹpoiec periptÿseic kĹti tètoio
mporeÐ na mhn apoteleÐ prìblhma ă kai na problèpetai apì ton algìrijmo
aplopoÐhshc, sta epìmena ja asqolhjoÔme apokleistikĹ me pollaplìthtec
kai sunepÿc aută h idiìthta prèpei na diathreÐtai katĹ thn aplopoÐhsh.

H sqetikă sunjăkh èqei apodeiqjeÐ sta [HDD+93, DEGN99] kai sunoyÐ-
zetai sta exăc:

• An mÐa korufă v geitniĹzei kai me ta dÔo Ĺkra vo kai vd thc akmăc pou
surriknÿnetai, tìte ja prèpei h (vo,vd,v) na eÐnai ìyh tou plègmatoc
(Sqhma 2.11(a)).

• An kai ta dÔo Ĺkra vo kai vd thc akmăc pou surriknÿnetai eÐnai sto
sÔnoro tou plègmatoc, tìte ja prèpei kai h Ðdia h akmă e(vo,vd) na
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vdvo

v

vs

vl vr

vs

v

vd

vl vr

vo

(α) (β)

­ Sqhma 2.11 ­
Surriknÿseic akmÿn pou metabĹlloun thn topologÐa tou plègmatoc.
(a) H akmă v geitniĹzei me tic vo kai vd, ìmwc den upĹrqei ìyh (vo,vd,v)
sto plègma; me th surrÐknwsh thc e(vo,vd) to plègma paÔei na eÐ-
nai pollaplìthta kajÿc {diplÿnei} sthn akmă e(v,vs). (b) H akmă
e(vo,vd) pou surriknÿnetai èqei kai ta dÔo Ĺkra thc sto sÔnoro allĹ h
Ðdia den eÐnai sunoriakă; me th surrÐknwsă thc dhmiourgeÐtai topologikì

prìblhma.

eÐnai sto sÔnoro (Sqhma 2.11(b)).

• To plègma prèpei na èqei toulĹqiston 5 korufèc an h akmă pou surri-
knÿnetai den èqei kanèna Ĺkro thc sto sÔnoro, ă toulĹqiston 4 korufèc
an èqei èstw kai èna Ĺkro thc sto sÔnoro.

2.2.4.4 DiĹspash korufăc

’Opwc èqoume anafèrei nwrÐtera, h apotelesmatikă qrăsh twn diaforeti-
kÿn epipèdwn leptomèreiac tou arqikoÔ montèlou proôpojètei th dunatìthta
enallagăc metaxÔ touc ÿste kĹje forĹ na qrhsimopoieÐtai to katallhlìte-
ro. Sthn perÐptwsh pou exetĹzoume, autì eÐnai efiktì qĹrh sth dunatìthta
antistrofăc thc surrÐknwshc akmăc. H antÐstrofh prĹxh kaleÐtai diĹspa-
sh korufăc (vertex split) kai apeikonÐzetai sto Sqhma 2.12. ’Opwc faÐnetai
sto sqăma autì, katĹ th diĹspash mÐac korufăc diaqwrÐzontai tautìqrona oi
akmèc e(vl,vs) kai e(vs,vr) tou Ĺstrou thc, enÿ sto kenì pou dhmiourgeÐ-
tai topojeteÐtai h nèa akmă kai epanemfanÐzontai oi ìyeic tou plègmatoc pou
efĹptontan se aută.

Gia na efarmosteÐ epomènwc mÐa diĹspash korufăc, eÐnai aparaÐthta kĹpoia
stoiqeÐa pou na prosdiorÐzoun thn allagă pou prokaleÐtai sto plègma. Ana-
ferìmenoi sth diamìrfwsh tou Sqhmatoc 2.12, h pio aplă parametropoÐhsh
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συρρίκνωση
ακμής

διάσπαση
κορυφής

vd

Δr

Δrt Δrt

Δrb

Δrb

Δl

Δlb

Δlb

Δlt Δlt

vl

v
1

v
2

v
3

v
4

v
5

vr

vo

vl

v
1

v
2

v
3

v
4

v
5

vrvs

­ Sqhma 2.12 ­
SurrÐknwsh akmăc kai h antÐstrofă thc diĹspash korufăc.

thc diĹspashc korufăc eÐnai:

vsplit(vs,vo,vd,vl,vr,∆l, ∆r). (2.14)

SÔmfwna me aută, katĹ th diĹspash thc korufăc vs antikajÐstatai aută apì
tic vo kai vd stic ìyeic tou Ĺstrou pou brÐskontai metaxÔ twn akmÿn e(vl,vs)
kai e(vs,vr) antÐstoiqa, opìte epanadhmiourgoÔntai oi ìyeic ∆l kai ∆r. MÐa
enallaktikă parametropoÐhshindexgrdiĹspash korufăc!parametropoÐhsh eÐnai:

vsplit(vs,vo,vd, ∆lt, ∆lb, ∆rt,∆rb,∆l, ∆r). (2.15)

SÔmfwna me aută, h vs antikajÐstatai apì tic vo kai vd stic ìyeic tou Ĺstrou
pou brÐskontai metaxÔ twn ∆lb, ∆rb kai ∆rt, ∆lt (sumperilambanomènwn) antÐ-
stoiqa, opìte epanadhmiourgoÔntai oi ìyeic ∆l kai ∆r.

2.2.4.5 ProodeutikĹ plègmata

H efarmogă diaspĹsewn korufÿn sto basikì plègma M0, se seirĹ antÐ-
strofh apì aută twn antÐstoiqwn surriknÿsewn akmÿn, parĹgei kai pĹli to
arqikì plègma M̂ kajÿc kai ìlh thn akoloujÐa twn endiĹmeswn epipèdwn le-
ptomèreiac:

M0 vsplit0−→ M1 vsplit1−→ . . .
vsplitn−2−→ Mn−1 vsplitn−1−→ (Mn = M̂).

’Ena proodeutikì plègma (progressive mesh) eÐnai mÐa anaparĹstash tou
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plègmatoc M̂ pou perilambĹnei to basikì plègma M0 kai th seirĹ twn dia-
spĹsewn korufÿn {vspliti, i = 0, 1, . . . , n − 1}. To proodeutikì plègma
anaparistĹ plărwc to arqikì plègma M̂ = Mn, an efarmostoÔn sto basi-
kì plègma ìlec oi diaspĹseic korufÿn katĹ seirĹ; sugqrìnwc ìmwc mporeÐ
na anaparastăsei kai opoiodăpote endiĹmeso epÐpedo leptomèreiac Mk, an e-
farmostoÔn mìno oi diaspĹseic akmÿn vspliti, i = 0, 1, . . . , k − 1. AxÐzei na
shmeiÿsoume edÿ ìti, parìlh thn epiplèon plhroforÐa pou parèqei, èna proo-
deutikì plègma mporeÐ na apojhkeujeÐ katĹ trìpo exairetikĹ oikonomikì ÿste
na mhn katalambĹnei polÔ perissìtero qÿro apì mÐa koină anaparĹstash mìno
tou arqikoÔ plègmatoc [Hop96, PR00, PRS99].

2.2.4.6 Epilektikă eklèptunsh

’Ena proodeutikì plègma èqei ousiastikĹ mÐa grammikă domă: gia na epi-
teuqjeÐ èna zhtoÔmeno epÐpedo leptomèreiac prèpei na efarmostoÔn oi dia-
spĹseic korufÿn me th seirĹ pou èqoun sthn anaparĹstasă tou, xekinÿntac
apì to basikì plègma M0. KatĹ th diĹrkeia autăc thc diadikasÐac eklèptun-

shc (refinement), to plègma ephreĹzetai sunolikĹ, anĹloga me tic diaspĹseic
korufÿn pou efarmìzontai. Parìla autĹ, ìpwc èqoume anafèrei, se pollèc
efarmogèc ja ătan epwfelèc na gÐnetai mìno topikă eklèptunsh tou plègmatoc
ÿste na prostÐjetai leptomèreia se epilegmènec perioqèc tou.

Ta proodeutikĹ plègmata mporoÔn na uposthrÐxoun tètoia epilektikă eklè-

ptunsh (selective refinement), me Ĺlla lìgia th dunatìthta na efarmìzontai
aujaÐretec diaspĹseic korufÿn sto basikì plègma qwrÐc na qreiĹzetai na
pragmatopoihjoÔn ìlec oi prohgoÔmenèc touc sthn anaparĹstash tou proo-
deutikoÔ plègmatoc. AparaÐthth proôpìjesh gia na efarmosteÐ mÐa aujaÐreth
diĹspash korufăc eÐnai na upĹrqoun sto plègma ìla ta dedomèna thc para-
metropoÐhsăc thc; gia parĹdeigma, an oi diaspĹseic korufÿn eÐnai parametro-
poihmènec sÔmfwna me th sqèsh (2.14), ja prèpei na upĹrqoun sto plègma oi
korufèc vs, vl, vr, enÿ an èqei qrhsimopoihjeÐ h parametropoÐhsh (2.15), ja
prèpei na upĹrqoun h korufă vs kai oi ìyeic ∆lb, ∆rb, ∆rt, ∆lt kai na geito-
neÔoun ìpwc sto Sqhma 2.12. An kĹpoia apì autĹ ta stoiqeÐa den upĹrqoun
sto plègma, ja emfanistoÔn me kĹpoiec diaspĹseic korufÿn pou prohgoÔntai
sthn akoloujÐa tou proodeutikoÔ plègmatoc; autèc oi diaspĹseic prèpei na
pragmatopoihjoÔn anadromikĹ, ÿste telikĹ na gÐnei dunată h efarmogă thc
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epijumhtăc diĹspashc korufăc.

Sto [XV96] apodeiknÔetai ìti h pragmatopoÐhsh aujaÐretwn diaspĹsewn
korufÿn sÔmfwna me tic apaităseic thc parametropoÐhshc (2.14) eÐnai dunatì
na prokalèsei topologikĹ problămata sto plègma. Gia to lìgo autì pro-
teÐnetai mÐa nèa sunjăkh gia thn efarmogă aujaÐrethc diĹspashc korufăc,
sÔmfwna me thn opoÐa ja prèpei na upĹrqoun sto plègma ìlec oi korufèc
vl,vr,v1, . . . ,v5 tou sundèsmou kai na sundèontai me thn vs. Me ton trìpo
autì, to Ĺstro thc akmăc prèpei na apokatastajeÐ plărwc prin aută epanem-
fanisteÐ sto plègma mèsw thc antÐstoiqhc diĹspashc korufăc.

Sto [Hop97], afoÔ epÐshc epishmaÐnetai h anepĹrkeia thc parametropoÐh-
shc (2.14), qrhsimopoieÐtai h parametropoÐhsh (2.15) ìpwc anafèrjhke proh-
goumènwc gia thn orgĹnwsh twn diaspĹsewn korufÿn. Oi proôpojèseic pou
tÐjentai me ton trìpo autì eÐnai ligìtero perioristikèc apì autèc tou [XV96],
kajÿc to Ĺstro thc akmăc den apokajÐstatai plărwc parĹ mìno sto mèroc tou
pou eÐnai aparaÐthto gia th diĹspash thc akmăc. ’Etsi h diĹspash mÐac aujaÐ-
rethc korufăc eÐnai pio apotelesmatikă, kajÿc apaiteÐ ligìterec anadromikèc
diaspĹseic korufÿn, kai ephreĹzei to plègma se mikrìterh èktash; parìla au-
tĹ, to gegonìc ìti den apokajistĹ plărwc to plègma sthn arqikă tou morfă
thn kĹnei akatĹllhlh gia kĹpoiec efarmogèc, ìpwc aută pou anaptÔssoume
sto KefĹlaio 3.

Sta [DFMP97, DFPM97, Pup98, DFMP98] parousiĹzetai èna genikì plaÐ-
sio epilektikăc eklèptunshc plegmĹtwn pollaplÿn analÔsewn pou parĹgontai
me mÐa seirĹ topikÿn aplopoiăsewn enìc arqikoÔ plègmatoc. H ulopoÐhsh pou
parèqetai sto [DFMP98] qrhsimopoieÐ apaloifă korufÿn, allĹ oi domèc pou
anaptÔssontai eÐnai sumbatèc me opoiadăpote topikă prĹxh aplopoÐhshc, ì-
pwc eÐnai kai h surrÐknwsh akmăc. Me bĹsh tic perioqèc tou plègmatoc pou
ephreĹzontai apì kĹje topikă prĹxh aplopoÐhshc, kataskeuĹzetai ènac kateu-
junìmenoc akuklikìc grĹfoc pou perigrĹfei tic allhlexartăseic touc, kai oi
dunatìthtec epilektikăc eklèptunshc tou plègmatoc kajorÐzontai Ĺmesa apì
tomèc (cuts) kai diadromèc tou grĹfou.

Oi parapĹnw ergasÐec antimetwpÐzoun tautìqrona kai thn epilektikă e-

ktrĹqunsh (selective coarsening) enìc proodeutikoÔ plègmatoc, dhladă th du-
natìthta na efarmostoÔn oi surriknÿseic akmÿn thc anaparĹstasăc tou me
aujaÐreth seirĹ se èna ădh merikÿc ekleptusmèno plègma, ÿste na afairejeÐ
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leptomèreia apì epilegmènec perioqèc tou sÔmfwna me tic anĹgkec thc efar-
mogăc, gia parĹdeigma katĹ thn allagă twn sunjhkÿn jèashc tou montèlou.
Oi proôpojèseic gia na efarmosteÐ mÐa tuqaÐa surrÐknwsh akmăc eÐnai anĹlo-
gec me autèc pou isqÔoun gia tic tuqaÐec diaspĹseic akmÿn, kajÿc prèpei to
plègma sthn perioqă thc akmăc na eÐnai ìpwc ătan ìtan h surrÐknwsh akmăc
efarmozìtan katĹ thn arqikă aplopoÐhsh tou plègmatoc; an autì den isqÔei,
prèpei na pragmatopoihjoÔn anadromikĹ katĹllhlec surriknÿseic akmÿn kai
diaspĹseic korufÿn tou plègmatoc ÿste na apokatastajeÐ.

Oloklhrÿnontac thn parousÐash twn kÔriwn qarakthristikÿn thc mejìdou
aplopoÐhshc me diadoqikèc surriknÿseic akmÿn, prèpei na shmeiÿsoume ìti h
epituqÐa autăc thc mejìdou ofeÐletai sthn euelixÐa allĹ kai sthn aplìthta
thc basikăc prĹxhc aplopoÐhshc pou qrhsimopoieÐ. H euelixÐa thc ekdhlÿnetai
me tic diaforetikèc dunatìthtec ulopoÐhsăc thc anĹloga me tic apaităseic thc
efarmogăc; arketèc apì autèc parousiĹsame sthn parĹgrafo 2.2.2.4 parapĹ-
nw. H aplìthta thc surrÐknwshc akmăc eÐnai prìdhlh sthn eukolÐa efarmogăc
thc sto trigwnikì plègma, sthn aplă antistrofă thc me th diĹspash korufăc,
kajÿc kai sthn sumpagă kai apotelesmatikă kwdikopoÐhsh twn prĹxewn autÿn
kai tou paragìmenou proodeutikoÔ plègmatoc. Se antidiastolă, h apaloifă
korufăc, h opoÐa èqei pollĹ koinĹ qarakthristikĹ me th surrÐknwsh akmăc
wc topikă prĹxh aplopoÐhshc, eÐnai arketĹ pio polÔploko na antistrafeÐ, ka-
jÿc perilambĹnei to stĹdio trigwnopoÐhshc tou kenoÔ pou dhmiourgeÐtai, kai
to opoÐo metabĹllei th sundesimìthta tou plègmatoc me trìpo pou den mpo-
reÐ na kwdikopoihjeÐ eÔkola. EpÐshc Ĺllec parìmoiec prĹxeic aplopoÐhshc
pou èqoun protajeÐ, ìpwc h surrÐknwsh trigÿnwn [Ham94, GHJ+98] ă tetra-
èdrwn [CM02] (se tetraedrikĹ plègmata) èqoun duskolìterh kwdikopoÐhsh
kai eurÔterh epÐdrash sto plègma, kĹti pou tic kĹnei ligìtero apotelesmati-
kèc idiaÐtera katĹ thn epilektikă eklèptunsh kai ektrĹqunsh tou plègmatoc;
exĹllou autèc oi teleutaÐec prĹxeic aplopoÐhshc mporoÔn Ĺmesa na antika-
tastajoÔn apì mÐa isodÔname akoloujÐa surriknÿsewn akmÿn. QĹrh se ìla
autĹ ta qarakthristikĹ thc, h surrÐknwsh akmăc èqei edraiwjeÐ wc basikă
topikă prĹxh aplopoÐhshc trigwnikÿn kai tetraedrikÿn plegmĹtwn.
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2.2.4.7 UlopoÐhsh: AplopoÐhsh me tetragwnikĹ sfĹlmata

AfoÔ exetĹsame to genikì plaÐsio tou algorÐjmou aplopoÐhshc me diadoqi-
kèc surriknÿseic akmÿn kai kataskeuăc proodeutikÿn plegmĹtwn, se aută thn
parĹgrafo ja parousiĹsoume thn ulopoÐhsă tou me th mèjodo twn tetragw-
nikÿn sfalmĹtwn (quadric error metrics) [GH97, Gar99b]. Sto KefĹlaio 4
ja epekteÐnoume th mèjodo aută gia thn aplopoÐhsh tetraedrikÿn plegmĹtwn
me emfuteumèna dianusmatikĹ pedÐa.

Aută h mèjodoc aplopoÐhshc topojeteÐ thn korufă pou prokÔptei apì kĹje
surrÐknwsh akmăc sto shmeÐo pou elaqistopoieÐ to Ĺjroisma twn (tetragwni-
kÿn) apostĹseÿn thc apì tic ìyeic tou Ĺstrou thc surriknoÔmenhc akmăc. Me
ton trìpo autì epitugqĹnei mÐa kală prosèggish tou prohgoÔmenou plègmatoc
se kĹje băma thc aplopoÐhshc.

’Estw ∆ èna trÐgwno tou plègmatoc. H tetragwnikă apìstash enìc sh-
meÐou x(x, y, z) apì autì eÐnai, sÔmfwna me th sqèsh (2.5),

Q∆(x) = (n̂Tx + d̂)2 = xT(n̂n̂T)x + 2d̂n̂Tx + d̂2.

H apìstash aută mporeÐ na anaparastajeÐ me thn tetragwnikă morfă

Q∆ = (A,b, p) = (n̂n̂T, d̂n̂, d̂2)

ètsi ÿste
Q∆(x) = xTAx + 2bTx + p. (2.16)

Me autìn to sumbolismì, to Ĺjroisma twn tetragwnikÿn apostĹsewn tou
shmeÐou x apì dÔo trÐgwna ∆1 kai ∆2 mporeÐ na upologisteÐ ajroÐzontac
(katĹ parĹgontec) tic antÐstoiqec tetragwnikèc morfèc Q∆1 = (A1,b1, p1)
kai Q∆2 = (A2,b2, p2) wc exăc:

Q∆1(x) + Q∆2(x) =
(
Q∆1 + Q∆2

)
(x)

= xT(A1 + A2)x + 2(b1 + b2)
Tx + (p1 + p2).

ParathroÔme ìti h tetragwnikă morfă pou antistoiqeÐ sto Ĺjroisma twn te-
tragwnikÿn apostĹsewn eÐnai thc Ðdiac morfăc me ta epimèrouc Q∆. EpÐshc
eÐnai eÔlogo ìti h sqèsh aută genikeÔetai gia opoiodăpote plăjoc trigÿnwn.
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Ston algìrijmo aplopoÐhshc, arqikĹ se kĹje korufă v tou plègmatoc
antistoiqÐzetai mÐa tetragwnikă morfă pou ekfrĹzei to Ĺjroisma twn tetra-
gwnikÿn apostĹsewn enìc shmeÐou apì tic ìyeic tou Ĺstrou thc (h Ĺjroish
gÐnetai me bĹrh anĹloga tou embadoÔ kĹje ìyhc gia kalÔterh klimĹkwsh twn
upologismÿn),

Qv =
∑

∆∈star(v)

w∆Q∆. (2.17)

KatĹ th surrÐknwsh mÐac akmăc e(vo,vd), h tetragwnikă apìstash thc nèac
korufăc vs apì ìlec tic ìyeic tou Ĺstrou thc e, dhladă apì tic ìyeic twn
Ĺstrwn twn vo kai vd, eÐnai, sÔmfwna me ta parapĹnw,

Q′(vs) = Qvo(vs) + Qvd
(vs),

dhladă ekfrĹzetai apì thn tetragwnikă morfă

Q′ = Qvo + Qvd
.

Epomènwc h bèltisth jèsh gia th vs eÐnai aută pou elaqistopoieÐ thn Q′(vs).

H Q′ eÐnai thc morfăc Q′ = (A,b, p) kai eÔkola apodeiknÔetai, lambĹnontac
thn prÿth parĹgwgì thc apì th sqèsh (2.16) kai mhdenÐzontĹc thn, ìti to
elĹqistì thc epitugqĹnetai sto shmeÐo

vs = −A−1b,

kai èqei timă
Q′(vs) = −bTA−1b + p = bTvs + p.

An o pÐnakac A den mporeÐ na antistrafeÐ, h elaqistopoÐhsh periorÐzetai pĹnw
sthn akmă e(vo,vd); an autì apotÔqei epÐshc, h korufă vs topojeteÐtai se
ìpoia apì tic vo kai vd dÐnei th mikrìterh timă sthn Q′.

Wc proteraiìthta thc surrÐknwshc akmăc tÐjetai to Q′(vs), to opoÐo apote-
leÐ mÐa kală ektÐmhsh tou sfĹlmatoc aplopoÐhshc pou epifèrei h surrÐknwsh
akmăc, kajÿc ekfrĹzei th sunolikă tetragwnikă apìstash thc nèac korufăc
apì tic ìyeic tou Ĺstrou thc akmăc pou surriknÿjhke. Gia th sunèqeia tou
algorÐjmou tÐjetai Qvs = Q′ kai o algìrijmoc suneqÐzetai ìpwc prohgoumè-
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nwc.
ParathroÔme ìti, an kai h jèsh thc korufăc vs prosdiorÐzetai me èna prì-

blhma beltistopoÐhshc, h epÐlush tou problămatoc autoÔ eÐnai arketĹ aplă­
to kuriìtero kìstoc thc aforĹ thn antistrofă tou pÐnaka A, diĹstashc 3×3.
Oi upìloipec apaitoÔmenec prĹxeic eÐnai lÐgec, kai ìla autĹ sunjètoun ènan po-
lÔ apotelesmatikì algìrijmo.

Shmeiÿnoume edÿ ìti me tic parapĹnw sqèseic odhgoÔmaste se uperektÐ-
mhsh tou sfĹlmatoc aplopoÐhshc, kajÿc oi apostĹseic apì tic ìyeic pou
efĹptontai sth surriknoÔmenh akmă upologÐzontai sthn Q′ dÔo forèc, apì
mÐa gia tic Qvo kai Qvd

pou ajroÐzontai. Epiplèon jètontac Qvs = Q′ sta
epìmena bămata thc aplopoÐhshc, h tetragwnikă morfă pou antistoiqÐzetai se
kĹje nèa korufă den ekfrĹzei thn apìstash enìc shmeÐou apì tic ìyeic tou
Ĺstrou thc allĹ apoteleÐ mÐa èkfrash tou susswreumènou sfĹlmatoc (Ĺjroi-
sma tetragwnikÿn apostĹsewn) apì tic ìyeic twn Ĺstrwn ìlwn twn korufÿn
pou anadromikĹ sugqwneÔthkan se aută thn korufă. EnallaktikĹ, eÐnai duna-
tìn oi tetragwnikèc morfèc pou antistoiqoÔn se kĹje akmă na upologÐzontai
apeujeÐac kĹje forĹ, ajroÐzontac tic antÐstoiqec twn ìyewn tou Ĺstrou touc;
me ton trìpo autì antimetwpÐzontai ta dÔo parapĹnw zhtămata, enÿ kĹpoiec
ergasÐec èqoun deÐxei ìti aută h diamìrfwsh tou algorÐjmou mporeÐ na pro-
sfèrei kalÔtera apotelèsmata, èqontac, pĹntwc, megalÔtero upologistikì
kìstoc [Hop99].
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3 ProodeutikĹ periblămata gia thn
eÔresh tomăc me trigwnikĹ plègmata

3.1 Eisagwgă

O èlegqoc Ôparxhc tomăc metaxÔ enìc trisdiĹstatou montèlou kai mÐac
dedomènhc eujeÐac eÐnai mÐa exairetikĹ shmantikă diergasÐa sta GrafikĹ, ka-
jÿc apoteleÐ th bĹsh pollÿn algorÐjmwn epexergasÐac twn montèlwn, gia
parĹdeigma sthn parakoloÔjhsh aktÐnac, se teqnikèc fwtoskÐashc kai Ĺllec.
’Otan èna trisdiĹstato montèlo anaparÐstatai me trigwnikì plègma, ènac tè-
toioc èlegqoc ja apaitoÔse èlegqo tomăc kĹje trigÿnou tou plègmatoc me thn
eujeÐa, kĹti pou profanÿc sunepĹgetai terĹstio upologistikì kìstoc dedo-
mènhc thc poluplokìthtac twn trigwnikÿn plegmĹtwn pou qrhsimopoioÔntai
sthn prĹxh. Gia to lìgo autì èqoun anaptuqjeÐ mèjodoi epitĹqunshc autÿn
twn elègqwn, me koinì qarakthristikì th qrăsh bohjhtikÿn domÿn gia ton
periorismì twn pragmatopoioÔmenwn elègqwn tomăc trigÿnou-eujeÐac; tètoiec
domèc eÐte diamerÐzoun to qÿro gÔrw apì to montèlo eÐte to perikleÐoun me
aploÔc peribĹllontec ìgkouc.

Se autì to kefĹlaio kataskeuĹzoume proodeutikĹ periblămata trigwnikÿn
plegmĹtwn, ta opoÐa eÐnai mÐa domă diadoqikÿn, ènjetwn periblhmĹtwn tou ar-
qikoÔ plègmatoc. O algìrijmoc kataskeuăc touc pou parousiĹzoume emplou-
tÐzei kai beltistopoieÐ proôpĹrqonta sqetikì algìrijmo, o opoÐoc basÐzetai
se katĹllhla prosarmosmènec surriknÿseic akmÿn.

EpÐshc anaptÔssoume ènan algìrijmo eÔreshc tomăc metaxÔ enìc trigwni-
koÔ plègmatoc kai mÐac eujeÐac, o opoÐoc qrhsimopoieÐ wc ierarqikă domă peri-
bĹllontoc ìgkou to proodeutikì perÐblhma tou plègmatoc gia thn epitĹqunsh
tou elègqou. O algìrijmoc axiopoieÐ th dunatìthta epilektikăc eklèptunshc
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tou proodeutikoÔ periblămatoc gia na meiÿsei ton plăjoc twn pragmatopoioÔ-
menwn elègqwn tomăc.

3.2 Sqetikèc ergasÐec

3.2.1 Ierarqikèc domèc gia efarmogèc eÔreshc tomăc

’Opwc ădh anafèrame, h qrăsh bohjhtikÿn domÿn eÐnai aparaÐthth gia thn
epitĹqunsh twn elègqwn tomăc metaxÔ enìc trigwnikoÔ montèlou kai mÐac eu-
jeÐac. Oi algìrijmoi pou èqoun anaptuqjeÐ qwrÐzontai se dÔo basikèc ka-
thgorÐec, se autoÔc pou qrhsimopoioÔn diamèrish tou qÿrou pou kalÔptei to
montèlo kai se autoÔc pou qrhsimopoioÔn peribĹllontec ìgkouc tou montè-
lou [JM99, JTT01].

Oi algìrijmoi diamèrishc qÿrou upodiairoÔn to qÿro pou katalambĹnei to
trigwnikì montèlo se perioqèc, oi opoÐec sunăjwc èqoun sqăma orjogÿnio
parallhlepÐpedo gia lìgouc eukolÐac qeirismoÔ touc. Se kĹje perioqă anti-
stoiqÐzontai ta trÐgwna tou montèlou ta opoÐa anăkoun èstw kai merikÿc sto
qÿro pou aută kalÔptei. Katìpin, gia ton èlegqo tomăc mÐac eujeÐac me to
montèlo, exetĹzetai h tomă thc me kĹje mÐa apì autèc tic perioqèc; an tèmne-
tai me kĹpoia perioqă, tìte arkeÐ na exetastoÔn ta trÐgwna tou montèlou pou
èqoun antistoiqisjeÐ se aută. Me ton trìpo autì, ta trÐgwna tou montèlou
pou eÐnai apomakrusmèna apì ta shmeÐa tomăc den exetĹzontai kajìlou, kajÿc
den anăkoun se perioqèc pou tèmnontai me thn eujeÐa. O èlegqoc epitaqÔnetai
akìmh perissìtero me th qrăsh ierarqikÿn domÿn diamèrishc tou qÿrou. H
pio sunhjismènh tètoia domă eÐnai ta oktĹdendra, mÐa dendroeidăc domă sthn
opoÐa oi perioqèc pou èqoun perissìtera apì èna dedomèno plăjoc trÐgwna
upodiairoÔntai anadromikĹ se oktÿ nèec perioqèc, mèqri o arijmìc trigÿnwn
kĹje perioqăc na mhn uperbaÐnei to ìrio. Me th boăjeia thc domăc autăc h
diamèrish tou qÿrou gÐnetai pio leptomerăc gÔrw apì thn epifĹneia kai perio-
rÐzontai oi èlegqoi tomăc eujeÐac-trigÿnou pou pragmatopoioÔntai gia kĹje
temnìmenh perioqă.

Oi algìrijmoi pou qrhsimopoioÔn peribĹllontec ìgkouc tou montèlou a-
koloujoÔn thn antÐjeth logikă. Qrhsimopoiÿntac sÿmata pou eÐnai eÔkolo
na elegqjoÔn gia tomă, ìpwc sfaÐrec ă parallhlepÐpeda, kalÔptoun perioqèc



i

i

i

i

i

i

i

i

3.2. Σχετικέc εργασίεc 43

tou montèlou dhmiourgÿntac ènan sunolikì ìgko pou to perikleÐei. Sthn pe-
rÐptwsh aută, elègqontai gia tomă ta epimèrouc sÿmata pou sqhmatÐzoun ton
peribĹllonta ìgko kai gia ìsa apì autĹ entopÐzetai tomă, proqwreÐ o èleg-
qoc sta trÐgwna ta opoÐa perikleÐoun. H diadikasÐa aută epitaqÔnetai me th
dhmiourgÐa ierarqiÿn tètoiwn periballìntwn ìgkwn, oi opoÐec kataskeuĹzo-
ntai anadromikĹ, qrhsimopoiÿntac ìgkouc Ðdiou sqămatoc allĹ megalÔterou
megèjouc gia thn kĹluyh mikrìterwn.

KatĹ thn kataskeuă ierarqikÿn periballìntwn ìgkwn, h epilogă tou sqă-
matìc touc gÐnetai me bĹsh dÔo antikrouìmenec epidiÿxeic:

1. Thn kalÔterh efarmogă touc sto tmăma thc epifĹneiac pou perikleÐoun,
pou ekfrĹzetai apì thn elaqistopoÐhsh tou kenoÔ qÿrou metaxÔ autÿn
kai thc epifĹneiac, kai

2. Thn apotelesmatikìthta tou elègqou tomăc touc me thn eujeÐa.

Ta aploÔstera sqămata, ìpwc oi sfaÐrec [Hub96] kai ta eujugrammismèna
me touc Ĺxonec parallhlepÐpeda (axis-aligned bounding boxes – AABBs)
[BKSS90] ikanopoioÔn th deÔterh epidÐwxh allĹ apotugqĹnoun sthn prÿth
se periptÿseic makrìstenwn tmhmĹtwn tou montèlou. Gia to lìgo autì è-
qoun qrhsimopoihjeÐ genikìtera parallhlepÐpeda (oriented bounding boxes –
OBBs) [GLM96] kajÿc kai polÔedra twn opoÐwn oi èdrec èqoun k sugkekri-
mènec dieujÔnseic (k-discrete orientation polytopes – k-DOPs) [KHM+98],
gia ta opoÐa to kìstoc elègqou tomăc eÐnai auxhmèno allĹ kai h efarmogă
touc sthn epifĹneia polÔ kalÔterh; idiaÐtera ta teleutaÐa faÐnetai ìti stic
perissìterec periptÿseic apoteloÔn thn pio apotelesmatikă domă ierarqikÿn
periballìntwn ìgkwn.

3.2.2 ProodeutikĹ periblămata

To proodeutikì perÐblhma (progressive hull) [SGG+00] eÐnai mÐa ierarqikă
domă periballìntwn ìgkwn enìc trigwnikoÔ plègmatoc. ParĹgetai qrhsimo-
poiÿntac ton algìrijmo kataskeuăc proodeutikÿn plegmĹtwn, me katĹllhlo
periorismì tou ÿste ta endiĹmesa plègmata na apoteloÔn mÐa akoloujÐa diado-
qikĹ sunjetìterwn, ènjetwn periblhmĹtwn tou arqikoÔ plègmatoc, xekinÿntac
apì to exwterikì, aploÔstero basikì perÐblhma mèqri to (leptomerèstero)
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arqikì plègma. H efarmogă aută tou algorÐjmou periorÐzetai se trigwni-
kĹ plègmata pou eÐnai prosanatolismèna kai kleistĹ, ÿste na èqei nìhma o
orismìc tou {exwterikoÔ} touc kajÿc kai periblămatoc autÿn.

O sullogismìc gia thn kataskeuă enìc proodeutikoÔ periblămatoc eÐnai
arketĹ aplìc. H surrÐknwsh akmăc, ìpwc èqoume ădh perigrĹyei sto proh-
goÔmeno kefĹlaio, ephreĹzei to trigwnikì plègma mìno topikĹ, sta trÐgwna
pou geitniĹzoun me thn akmă. Epomènwc, an se kĹje surrÐknwsh akmăc exasfa-
lÐsoume ìti h nèa korufă brÐsketai sto exwterikì autÿn twn trigÿnwn, tìte
to plègma pou prokÔptei ja perikleÐei to prohgoÔmeno, apotelÿntac ètsi èna
exwterikì perÐblhma gia autì. PeriorÐzontac me autì ton trìpo th diadikasÐa
kataskeuăc proodeutikoÔ plègmatoc, prokÔptei mÐa akoloujÐa periblhmĹtwn
tou arqikoÔ plègmatoc me thn idiìthta kajèna apì autĹ, xekinÿntac apì to
aploÔstero (ìpwc ston orismì tou proodeutikoÔ plègmatoc, sthn parĹgra-
fo 2.2.4.5), na perièqei ìla ta epìmena, mèqri to arqikì plègma:

M0 ⊇ M1 ⊇ . . . ⊇ (Mn = M̂) (3.1)

3.2.2.1 EÔresh jèshc thc nèac korufăc

Ac doÔme tÿra pÿc mporeÐ na prosdioristeÐ h jèsh thc nèac korufăc ka-
tĹ th surrÐknwsh akmăc gia thn kataskeuă proodeutikoÔ periblămatoc. To
perieqìmeno autăc thc paragrĹfou èqei parousiasteÐ se genikèc grammèc sto
[SGG+00].

’Estw vs(xs, ys, zs) h korufă pou ja prokÔyei apì th surrÐknwsh thc ak-
măc. Upojètoume ìti to Ĺstro thc akmăc autăc apoteleÐtai apì tic ìyeic ∆i,
i = 0, 1, . . . , n. SÔmfwna me th sqèsh (2.4) thc paragrĹfou 2.1.1, gia na eÐnai
h vs sto exwterikì twn ∆i ja prèpei na isqÔei

Π∆i(xs, ys, zs) > 0 gia ìla ta i = 0, 1, . . . , n, (3.2)

ìpou upenjumÐzoume ìti Π∆i(x, y, z) eÐnai h exÐswsh tou epipèdou pou orÐzei h
ìyh ∆i.

Autèc oi sqèseic eÐnai grammikèc wc proc xs, ys, zs kai sqhmatÐzoun Ĺmesa
touc periorismoÔc enìc problămatoc grammikăc beltistopoÐhshc mèsw tou o-
poÐou oi Ĺgnwstoi xs, ys, zs (oi suntetagmènec thc nèac korufăc) mporoÔn na
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­ Sqhma 3.1 ­
O ìgkoc pou perikleÐetai metaxÔ tou Ĺstrou mÐac akmăc kai tou Ĺstrou

thc korufăc pou prokÔptei apì th surrÐknwsă thc.

prosdioristoÔn.

Mènei na anazhthjeÐ mÐa katĹllhlh antikeimenikă sunĹrthsh gia to prì-
blhma autì. H prÿth skèyh odhgeÐ sthn elaqistopoÐhsh thc apìstashc thc
nèac korufăc apì tic ìyeic tou Ĺstrou thc akmăc. Aută dÐnetai gia kĹje ì-
yh apì th sqèsh (2.5) kai o upologismìc thc èqei auxhmènh poluplokìthta
lìgw thc Ôparxhc tetragwnikÿn rizÿn. ParathroÔme ìmwc ìti o ìgkoc pou
perikleÐetai metaxÔ tou Ĺstrou thc surriknoÔmenhc akmăc kai tou Ĺstrou thc
nèac korufăc (Sqhma 3.1) dÐnetai (epÐ èxi forèc) apì th sqèsh

n∑

i=0

Π∆i(xs, ys, zs) (3.3)

kajÿc isoÔtai me to Ĺjroisma twn ìgkwn twn tetraèdrwn pou sqhmatÐzontai
apì th nèa korufă kai tic ìyeic tou Ĺstrou thc akmăc (bl. kai th sqèsh (2.6)).
H (3.3) eÐnai mÐa grammikă sqèsh wc proc ta xs, ys, zs kai eÐnai apallagmènh
apì tic tetragwnikèc rÐzec. O ìgkoc pou ekfrĹzei apoteleÐ èna kalì mètro thc
eggÔthtac thc nèac korufăc sta trÐgwna tou Ĺstrou thc akmăc kai sunepÿc,
elaqistopoiÿntac autì ton ìgko, h nèa korufă ja eÐnai kontĹ sta trÐgwna
tou Ĺstrou thc akmăc. Epomènwc, h sqèsh aută mporeÐ na qrhsimopoihjeÐ
wc h zhtoÔmenh antikeimenikă sunĹrthsh gia ton prosdiorismì thc jèshc thc
nèac korufăc. Shmeiÿnoume ìti gia ton sqhmatismì autăc thc antikeimenikăc
sunĹrthshc qreiĹzontai elĹqistoi epiplèon upologismoÐ metĹ ton upologismì
twn periorismÿn tou problămatoc, kajÿc oi suntelestèc twn epipèdwn Π∆i

mporoÔn na epanaqrhsimopoihjoÔn.

SunoyÐzontac, h jèsh thc nèac korufăc se kĹje surrÐknwsh akmăc gia thn
kataskeuă enìc proodeutikoÔ periblămatoc upologÐzetai elaqistopoiÿntac th
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sunĹrthsh (3.3) me periorismoÔc pou dÐnontai apì tic sqèseic (3.2). Epiplèon,
h timă thc antikeimenikăc sunĹrthshc gia th bèltisth jèsh thc korufăc dÐnei
(èxi forèc) ton ìgko pou perikleÐetai metaxÔ twn Ĺstrwn thc surriknoÔmenhc
akmăc kai thc nèac korufăc.

To prìblhma autì mporeÐ na epilujeÐ me mÐa genikă mèjodo grammikăc bel-
tistopoÐhshc ìpwc h mèjodoc Simplex [KF93, PS98]. EÐnai ìmwc prìblhma
eidikăc morfăc, kajÿc h diĹstasă tou (o arijmìc twn agnÿstwn) eÐnai mikrìc,
mìlic 3, kai to plăjoc twn periorismÿn eÐnai epÐshc sqetikĹ mikrì, ìso kai
to plăjoc twn trigÿnwn sto Ĺstro thc akmăc (bl. kai thn parĹgrafo 3.3.2.1
parakĹtw); ètsi eÐnai dunatì na efarmostoÔn pio exeidikeumènec mèjodoi gia
thn epÐlusă tou, ìpwc aută pou perigrĹfetai sto [Sei91b].

3.3 DhmiourgÐa proodeutikoÔ periblămatoc

Gia thn kataskeuă tou proodeutikoÔ periblămatoc enìc trigwnikoÔ plèg-
matoc akoloujoÔme to genikì Algorijmo 2.1 kataskeuăc proodeutikoÔ plèg-
matoc. Sthn enìthta aută ja parousiĹsoume tic leptomèreiec thc efarmogăc
tou gia to prìblhma pou antimetwpÐzoume kajÿc kai tic beltistopoiăseic pou
epifèrame sth basikă ulopoÐhsh twn [SGG+00] pou perigrĹyame sthn parĹ-
grafo 3.2.2.

3.3.1 Proteraiìthta surrÐknwshc akmăc

’Opwc anafèrame kai sthn parĹgrafo 2.2.4.1, èna apì ta basikĹ qarakth-
ristikĹ enìc algorÐjmou kataskeuăc proodeutikoÔ plègmatoc eÐnai o trìpoc
aponomăc thc proteraiìthtac se kĹje upoyăfia surrÐknwsh akmăc. Gia thn
kataskeuă tou proodeutikoÔ periblămatoc exetĹsame dÔo enallaktikoÔc trì-
pouc aponomăc thc proteraiìthtac se kĹje upoyăfia surrÐknwsh akmăc.

1. Me ton prÿto trìpo akoloujoÔme th fusiologikă odì gia ton algìrij-
mo aplopoÐhshc, ìpwc gÐnetai kai sto [SGG+00]: upologÐzoume exarqăc
th jèsh thc nèac korufăc kai jètoume wc proteraiìthta thc upoyăfiac
surrÐknwshc ton ìgko pou perikleÐetai metaxÔ twn Ĺstrwn thc surri-
knoÔmenhc akmăc kai thc nèac korufăc, sÔmfwna me th sqèsh (3.3). Sto
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plaÐsio tou algorÐjmou mac, o ìgkoc autìc eÐnai èna axiìpisto mètro thc
epÐdrashc thc surrÐknwshc sto plègma.

Autìc o trìpoc aponomăc proteraiìthtac parousiĹzei to meionèkthma
tou uyhloÔ upologistikoÔ kìstouc, kajÿc perilambĹnei thn epÐlush
enìc problămatoc grammikăc beltistopoÐhshc. SÔmfwna me ta ìsa è-
qoume anafèrei sthn parĹgrafo 2.2.4.2 gia thn poluplokìthta tou al-
gorÐjmou, se kĹje băma tou apaitoÔntai polloÐ tètoioi upologismoÐ pro-
teraiotătwn kai epomènwc to sunolikì upologistikì kìstoc tou eÐnai
terĹstio.

2. Me ton deÔtero trìpo aponomăc proteraiìthtac prospajoÔme na ekti-
măsoume thn epÐdrash mÐac surrÐknwshc akmăc me polÔ mikrìtero upo-
logistikì kìstoc. Sugkekrimèna, antÐ na upologÐsoume th jèsh thc
nèac korufăc, upologÐzoume èna {kèntro} pc(xc, yc, zc) tou Ĺstrou thc
proc surrÐknwsh akmăc wc to mèso ìro twn shmeÐwn tou sundèsmou thc;
ajroÐzoume katfl apìluth timă touc ìgkouc twn tetraèdrwn pou sqhma-
tÐzontai apì to shmeÐo pc kai apì kĹje ìyh ∆i tou Ĺstrou, kai jètoume
wc proteraiìthta thc upoyăfiac surrÐknwshc autì ton sunolikì ìgko,

n∑

i=0

|Π∆i(xc, yc, zc)| (3.4)

Autìc o trìpoc aponomăc thc proteraiìthtac eÐnai {statikìc}, kajÿc
den lambĹnei upfl ìyin th jèsh thc nèac korufăc, parĹ mìno th morfă
tou Ĺstrou thc upoyăfiac akmăc. H upologizìmenh proteraiìthta eÐnai
mikrìterh gia tic akmèc twn opoÐwn to Ĺstro eÐnai sqetikĹ epÐpedo ă
perièqei mikrĹ trÐgwna; h (diaisjhtikă) upìjesh pou kĹnoume eÐnai ìti
tètoiec akmèc ja surriknwjoÔn me mikrìterh epÐdrash sto plègma. Ta
apotelèsmata pou lĹbame, kai pou parousiĹzoume sthn parĹgrafo 3.3.3
parakĹtw, epibebaiÿnoun aută thn upìjesh, kajÿc ta paragìmena peri-
blămata eÐnai exairetikĹ ikanopoihtikĹ. To upologistikì kìstoc autoÔ
tou trìpou aponomăc thc proteraiìthtac eÐnai polÔ mikrìtero apì tou
prÿtou, kajÿc gia kĹje upoyăfia surrÐknwsh akmăc h sqèsh (3.4) a-
paiteÐ lÐgec mìno prĹxeic pèran tou upologismoÔ twn sqèsewn Π∆i , enÿ
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h epÐlush tou problămatoc beltistopoÐhshc gia ton prosdiorismì thc
jèshc thc nèac korufăc gÐnetai mìno ìtan prìkeitai na efarmosteÐ h
surrÐknwsh sto plègma.

3.3.2 Beltiÿseic kai epauxăseic tou algorÐjmou

An kai ta stoiqeÐa tou algorÐjmou pou perigrĹyame stic paragrĹfouc 3.2.2.1
kai 3.3.1 arkoÔn gia thn kataskeuă tou proodeutikoÔ periblămatoc, katĹ thn
ulopoÐhsă mac epauxăsame ton algìrijmo me kĹpoia stoiqeÐa pou stoqeÔoun
sthn paragwgă kalÔterou apotelèsmatoc se mikrìtero qrìno. Ta stoiqeÐa
autĹ perigrĹfoume se aută thn parĹgrafo.

3.3.2.1 Sunjăkec gia upoyăfiec surriknÿseic

Sunjăkh diatărhshc topologÐac KĹje upoyăfia surrÐknwsh akmăc,
tìso sthn arqă ìso kai katĹ thn epanalhptikă diadikasÐa tou algorÐjmou,
elègqetai wc proc th basikă topologikă sunjăkh thc paragrĹfou 2.2.4.3, kai
an den thn plhroÐ aporrÐptetai amèswc.

Sunjăkh sjènouc korufăc PeriorÐzoume to mègisto sjènoc kĹje ko-
rufăc se èna mègisto valencemax, stajerì katĹ th diĹrkeia tou algorÐjmou.
H qrăsh autoÔ tou krithrÐou krÐjhke aparaÐthth gia polloÔc lìgouc: genikĹ
oi korufèc me megĹlo sjènoc prokaloÔn optikĹ problămata katĹ th fwtoskÐ-
ash trigwnikÿn plegmĹtwn kai epibarÔnoun th domă tou montèlou; epiplèon,
megĹlh aÔxhsh tou sjènouc ja prokaloÔse aÔxhsh thc poluplokìthtac tou
algorÐjmou kataskeuăc tou proodeutikoÔ periblămatoc, kajÿc ja auxanìtan
to plăjoc twn periorismÿn sta problămata grammikăc beltistopoÐhshc mèsw
twn opoÐwn prosdiorÐzontai oi nèec akmèc.

3.3.2.2 Sunjăkec gia tic nèec korufèc

H diadikasÐa beltistopoÐhshc pou perigrĹyame gia ton prosdiorismì thc
jèshc thc nèac korufăc den lambĹnei kajìlou upfl ìyin thc thn poiìthta tou
paragìmenou trigwnikoÔ plègmatoc; ètsi h nèa korufă mporeÐ na dhmiourgeÐ
polÔ makrìstena trÐgwna, ta opoÐa prokaloÔn optikĹ problămata katĹ th
fwtoskÐash tou plègmatoc kai epÐshc odhgoÔn se astĹjeia twn upologismÿn,
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kajÿc kai trÐgwna twn opoÐwn to kanonikì diĹnusma diafèrei pĹra polÔ prin
kai metĹ th surrÐknwsh, kĹti pou eÐnai pijanì na dhmiourgăsei ptuqÿseic,
eswterikèc tomèc ă topologikĹ problămata sto plègma. Gia na apofeuqjoÔn
autĹ ta problămata, eisagĹgame tic epìmenec dÔo sunjăkec prin thn telikă
apodoqă mÐac surrÐknwshc akmăc.

Sunjăkh sumpĹgeiac twn trigÿnwn Wc sumpĹgeia (compactness)
enìc trigÿnou ennooÔme to katĹ pìso to sqăma tou plhsiĹzei se autì isì-
pleurou trigÿnou. ’Opwc ădh anafèrame, trÐgwna me mikră sumpĹgeia, dhladă
makrìstenou sqămatoc, dhmiourgoÔn optikĹ kai upologistikĹ problămata se
èna trigwnikì montèlo. Ston algìrijmì mac elègqoume katĹ pìso h sumpĹgeia
twn trigÿnwn sto Ĺstro mÐac upoyăfiac proc surrÐknwsh akmăc ja qeirote-
reÔsei metĹ th surrÐknwsă thc.

Wc mètro thc sumpĹgeiac enìc trigÿnou qrhsimopoioÔme th sqèsh [Gué97]:

c =
4
√

3a

l20 + l21 + l22

ìpou a eÐnai to embadìn tou trigÿnou kai l0, l1, l2 eÐnai ta măkh twn akmÿn
tou; me ton tÔpo autì èna isìpleuro trÐgwno èqei sumpĹgeia 1 enÿ èna trÐ-
gwno ekfulismèno se eujÔgrammo tmăma èqei sumpĹgeia 0. UpologÐzoume thn
elĹqisth sumpĹgeia ce twn trigÿnwn tou Ĺstrou thc upoyăfiac akmăc, kajÿc
kai thn elĹqisth sumpĹgeia cv twn trigÿnwn sto Ĺstro thn nèac korufăc, kai
epitrèpoume th surrÐknwsh thc akmăc mìno eĹn isqÔei

cv

ce
> cdevmin (3.5)

ìpou cdevmin eÐnai èna kĹtw frĹgma sth qeirotèreush thc sumpĹgeiac twn
trigÿnwn, to opoÐo tÐjetai apì ton qrăsth.

Sunjăkh diatărhshc kanonikoÔ dianÔsmatoc H deÔterh sunjăkh
apoblèpei sthn apìrriyh surriknÿsewn akmÿn pou ja odhgăsoun se shmanti-
kèc allagèc sthn kateÔjunsh twn kanonikÿn dianusmĹtwn twn trigÿnwn pou
ja metablhjoÔn katĹ thn efarmogă touc sto plègma.

Se kĹje trÐgwno tou Ĺstrou thc proc surrÐknwsh akmăc antistoiqÐzoume
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to trÐgwno tou Ĺstrou thc nèac korufăc me to opoÐo moirĹzontai thn Ðdia
akmă tou (koinoÔ) sundèsmou touc. UpologÐzoume to eswterikì ginìmeno twn
kanonikÿn dianusmĹtwn twn dÔo autÿn trigÿnwn, ne kai nv antÐstoiqa, to
opoÐo dÐnei to sunhmÐtono thc apìklishc metaxÔ touc. H surrÐknwsh akmăc
gÐnetai apodektă mìno eĹn aută h apìklish eÐnai mikrìterh apì mÐa gwnÐa θmax

kajorizìmenh apì to qrăsth:

cos−1(ne · nv) < θmax ⇔ ne · nv > cos(θmax) (3.6)

H gwnÐa θmax prèpei na anăkei sto diĹsthma [0, π/2] ÿste na apofeuqjoÔn
ptuqÿseic sto plègma.

Oi dÔo sunjăkec pou analÔsame se aută thn parĹgrafo ja ătan Ðswc epi-
jumhtì na sumperilhfjoÔn wc periorismoÐ sto prìblhma beltistopoÐhshc apì
to opoÐo kajorÐzetai h jèsh thc nèac korufăc; h èkfrasă touc ìmwc ja apai-
toÔse tetragwnikoÔc periorismoÔc, kĹti pou ja aÔxane polÔ to upologistikì
kìstoc epÐlushc tou problămatoc. Dedomènhc thc jetikăc sumbolăc anĹlo-
gwn sunjhkÿn sthn poiìthta proodeutikÿn plegmĹtwn, ìpwc èqei katadeiqjeÐ
kai apì Ĺllec ergasÐec [Gué97, LT98], jewrăsame skìpimo na entĹxoume autèc
tic sunjăkec ston algìrijmo kataskeuăc proodeutikÿn periblhmĹtwn me th
morfă twn periorismÿn pou perigrĹyame.

3.3.2.3 BeltistopoÐhsh thc ulopoÐhshc

Domă dedomènwn ourĹc proteraiìthtac Sth genikă perigrafă tou
algorijmou 2.1 anafèrame ìti oi upoyăfiec surriknÿseic akmÿn topojetoÔ-
ntai se mÐa ourĹ proteraiìthtac. Oi perissìteroi suggrafeÐc den dÐnoun le-
ptomèreiec sqetikĹ me to jèma autì, kai ètsi pijanologoÔme ìti qrhsimopoioÔn
thn tupikă ulopoÐhsh thc ourĹc proteraiìthtac me duadikì swrì.

Diapistÿsame ìti ulopoiÿntac thn ourĹ proteraiìthtac me kìkkino-maÔro
dèntro upĹrqei beltÐwsh stic epidìseic tou algorÐjmou. SÔmfwna me th biblio-
grafÐa, h poluplokìthta twn basikÿn prĹxewn kai twn dÔo autÿn domÿn eÐnai
O(log nq) ìpou nq eÐnai to plăjoc twn stoiqeÐwn thc domăc [CLR90, Mis02].
Sthn perÐptwsh tou algorÐjmou mac, oi prĹxeic pou ekteloÔntai pio suqnĹ
sth domă eÐnai diagrafèc kai enhmerÿseic, kajÿc se kĹje băma afairoÔntai
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apì thn ourĹ dÔo akmèc kai enhmerÿnontai O(valence 2
max) akmèc, sÔmfwna me

ìsa èqoume anafèrei sthn parĹgrafo 2.2.4.2. SunĹgoume loipìn ìti h kalÔte-
rh eswterikă taxinìmhsh tou kìkkinou-maÔrou dèntrou beltiÿnei tic epidìseic
thc ourĹc.

BeltistopoÐhsh upologismÿn ’Opwc eÐnai emfanèc apì thn anĹlush
pou prohgăjhke stic paragrĹfouc 3.2.2.1 kai 3.3.1, oi exisÿseic Π∆i twn epi-
pèdwn twn ìyewn ∆i tou plègmatoc qrhsimopoioÔntai pollaplĹ katĹ th diĹr-
keia tou algorÐjmou, opoiosdăpote trìpoc upologismoÔ thc proteraiìthtac
kai an qrhsimopoijeÐ. Gia to lìgo autì, oi posìthtec autèc proôpologÐzontai
gia kĹje ìyh ∆i kai enhmerÿnontai mìlic kĹpoia metablhjeÐ, ÿste na mporoÔn
na epanaqrhsimopoihjoÔn.

Shmeiÿnoume, tèloc, ìti oi sunjăkec twn paragrĹfwn 3.3.2.1 kai 3.3.2.2
elègqontai apì thn aploÔsterh proc thn poluplokìterh; me ton trìpo au-
tì, oi aporrÐyeic twn surriknÿsewn akmÿn gÐnontai me to mikrìtero dunatì
upologistikì kìstoc.

3.3.3 Apotelèsmata

Gia na axiologăsoume thn apotelesmatikìthta tou algorÐjmou kataskeuăc
proodeutikÿn periblhmĹtwn, ton efarmìsame se èxi trigwnikĹ montèla diafo-
retikoÔ plăjouc ìyewn kai gewmetrikăc poluplokìthtac: èna mhqanikì e-
xĹrthma (20.088 ìyeic), èna katsabÐdi (54.300 ìyeic), ènan deinìsauro
(84.288 ìyeic), èna Ĺlogo (96.966 ìyeic), mÐa kefală UgeÐac (134.342 ì-
yeic) kai èna tmăma mhriaÐou ostoÔ (274.120 ìyeic). Gia kajèna apì autĹ
ta montèla kataskeuĹsame proodeutikĹ periblămata se diaforetikĹ epÐpeda
leptomèreiac kai analÔsame tìso to qrìno kataskeuăc touc ìso kai thn poiì-
thtĹ touc wc periballìntwn ìgkwn, metrÿntac pìso ermhtikĹ perikleÐoun ta
arqikĹ montèla.

SÔmfwna me ta ìsa èqoume anafèrei parapĹnw, o algìrijmìc mac dèqetai
kĹpoiec paramètrouc apì to qrăsth, oi opoÐec elègqoun wc èna bajmì to pa-
ragìmeno perÐblhma. Autèc eÐnai to mègisto sjènoc twn korufÿn valencemax,
to kĹtw frĹgma sth qeirotèreush thc sumpĹgeiac twn ìyewn cdevmin kai h
mègisth apìklish twn kanonikÿn dianusmĹtwn twn ìyewn θmax. Gia tic peris-
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sìterec dokimèc mac qrhsimopoiăsame tic exăc timèc autÿn twn paramètrwn:

valencemax = 12

cdevmin = 0,8

θmax = π/4

Wc proc thn epilogă autÿn twn timÿn, gia thn valencemax shmeiÿnoume ìti
sunăjwc sta trigwnikĹ plègmata pou sunantÿntai sthn prĹxh oi korufèc è-
qoun sjènoc 6 wc 8, epomènwc h timă 12 epitrèpei th sugkèntrwsh arketÿn
ìyewn gÔrw apì kĹje korufă ÿste na mhn empodÐzetai h aplopoÐhsh, enÿ
sugqrìnwc eÐnai arketĹ mikră ÿste na mhn emfanÐzontai ta problămata pou
sqetÐzontai me polÔ uyhlèc timèc tou sjènouc ta opoÐa anafèrame sthn pa-
rĹgrafo 3.3.2.1. H timă thc cdevmin epitrèpei stadiakă allĹ ìqi apìtomh
qeirotèreush thc sumpĹgeiac twn trigÿnwn tou plègmatoc, periorÐzontĹc thn
sto 0,8 se kĹje surrÐknwsh akmăc. Tèloc, h timă thc θmax eÐnai sqetikĹ
qamhlă ÿste to perÐblhma na diathreÐ kalÔtera to sqăma tou arqikoÔ montè-
lou. Epilèxame autèc tic mĹllon {sfiktèc} timèc twn paramètrwn me gnÿmona
thn paragwgă proodeutikÿn plegmĹtwn ta opoÐa na perikleÐoun ermhtikĹ ta
arqikĹ montèla. Ta apotelèsmata analÔontai parakĹtw, kai genikĹ eÐnai po-
lÔ ikanopoihtikĹ. ’Ena meionèkthma autăc thc epilogăc paramètrwn eÐnai ìti
h diadikasÐa thc aplopoÐhshc teleiÿnei sqetikĹ nwrÐc, stic 20`70 telikèc ì-
yeic anĹloga me to montèlo, lìgw twn antÐstoiqwn periorismÿn; bèbaia, ìpwc
ja doÔme sthn parĹgrafo 3.4.3.1, gia thn efarmogă eÔreshc tomăc pou ana-
ptÔssoume, proodeutikĹ periblămata me tìso mikrì arijmì ìyewn den eÐnai
qrăsima. DokimĹsame epÐshc kai pio {qalarèc} timèc twn paramètrwn, allĹ
oi diaforèc ătan sqetikĹ mikrèc: montèla me megĹlh leptomèreia, ìpwc o dei-
nìsauroc, èdwsan elafrÿc kalÔtera apotelèsmata, enÿ antÐjeta, omalìtera
montèla ìpwc h UgeÐa èdwsan kĹpwc qeirìtera apotelèsmata.

Katìpin toÔtwn, to pio endiafèron shmeÐo sto algìrijmì mac eÐnai oi dÔo
diaforetikoÐ trìpoi aponomăc thc proteraiìthtac stic upoyăfiec surriknÿ-
seic akmÿn, kai se autì epikentrÿnetai h parousÐasă mac. SÔmfwna me ta
ìsa anafèrame sthn parĹgrafo 3.3.1, anamènoume o prÿtoc trìpoc aponomăc
proteraiìthtac na dÐnei kalÔtera apotelèsmata allĹ se megalÔtero qrìno se
sqèsh me ton deÔtero.
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Oi qrìnoi kataskeuăc periblhmĹtwn 2.000 ìyewn gia ta èxi montèla
pou exetĹsame anafèrontai ston Pinaka 3.1. Oi qrìnoi autoÐ perilambĹnoun
sunolikĹ th diadikasÐa aplopoÐhshc, xekinÿntac apì to arqikì montèlo kai
efarmìzontĹc thn mèqri to paragìmeno perÐblhma na èqei 2.000 ìyeic. A-
pì ta apotelèsmata autĹ faÐnetai kajarĹ ìti o deÔteroc trìpoc aponomăc
proteraiìthtac meiÿnei to qrìno kataskeuăc tou proodeutikoÔ periblămatoc
toulĹqiston sto èna èkto tou qrìnou pou apaiteÐtai me ton prÿto trìpo.

­ Pinakac 3.1 ­
Qrìnoi (se deuterìlepta) gia na kataskeuastoÔn proodeutikĹ periblă-

mata 2.000 ìyewn me touc dÔo trìpouc aponomăc proteraiìthtac.

Montèlo #ìyewn 1oc trìpoc 2oc trìpoc

ExĹrthma 20.088 54 8
KatsvabÐdi 54.300 161 26
Deinìsvauroc 84.288 245 37
’Alogo 96.966 298 45
UgeÐa 134.342 478 69
Osvtì 274.120 1.006 158

Gia na axiologăsoume thn poiìthta twn paragìmenwn periblhmĹtwn e-
pilèxame na metrăsoume ton ìgko tou {kenoÔ} qÿrou metaxÔ tou arqikoÔ
montèlou kai tou periblămatìc tou se diĹforec analÔseic. Autì to mètro
axiolìghshc pisteÔoume ìti eÐnai katĹllhlo gia thn efarmogă pou exetĹzou-
me, kajÿc ekfrĹzei to pìso ermhtikĹ perikleÐetai to montèlo apì to perÐblhma
pou kataskeuĹsthke. AntÐjeta, ta mètra pou sunăjwc qrhsimopoioÔntai gia
thn axiolìghsh twn algorÐjmwn aplopoÐhshc kai metroÔn thn apìstash me-
taxÔ tou aplopoihmènou kai tou arqikoÔ montèlou (parĹgrafoc 2.2.1.2), ja
ătan endeqomènwc paraplanhtikĹ, dedomènwn twn austhrÿn periorismÿn pou
tÐjentai gia th jèsh thc korufăc pou prokÔptei apì kĹje surrÐknwsh akmăc.

O ìgkoc tou kenoÔ qÿrou upologÐsthke afairÿntac ton ìgko tou arqikoÔ
montèlou apì ton ìgko tou periblămatoc. O ìgkoc tou ekĹstote trigwnikoÔ
plègmatoc upologÐsthke apì ton tÔpo

Vol = 1
6

∑

i

Π∆i(0, 0, 0)
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gia ìla ta trÐgwna ∆i tou plègmatoc [Gué97] qrhsimopoiÿntac diplă akrÐbeia
upologismÿn.

Ston Pinaka 3.2 parousiĹzoume ton ìgko tou kenoÔ qÿrou, wc posostì
tou ìgkou tou arqikoÔ montèlou, gia periblămata 2.000 kai 200 ìyewn twn
montèlwn pou exetĹsame, qrhsimopoiÿntac touc dÔo enallaktikoÔc trìpouc
aponomăc proteraiotătwn stic surriknÿseic akmÿn.

­ Pinakac 3.2 ­
’Ogkoc kenoÔ qÿrou, wc posostì tou arqikoÔ ìgkou tou montèlou,
gia periblămata 2.000 kai 200 ìyewn me touc dÔo trìpouc aponomăc

proteraiìthtac.

Montèlo perÐbl. 1oc trìpoc 2oc trìpoc

ExĹrthma 2.000 2,87 % 5,72%
200 28,90 % 62,91%

KatsvabÐdi 2.000 2,21 % 3,53%
200 20,70 % 38,99%

Deinìsvauroc 2.000 15,08 % 21,70%
200 164,84 % 165,85%

’Alogo 2.000 4,11 % 6,86%
200 65,06 % 65,60%

UgeÐa 2.000 2,04 % 3,02%
200 12,06 % 17,14%

Osvtì 2.000 3,46 % 5,32%
200 19,60 % 31,16%

Ta apotelèsmata deÐqnoun ìti o deÔteroc trìpoc parĹgei genikĹ upodeèste-
ra periblămata apì ton prÿto, ìpwc anamèname, ìmwc stic perissìterec peri-
ptÿseic h qeirotèreush eÐnai sqetikĹ mikră (bl. kai ta Sqhmata 3.2 kai 3.3).
Dedomènhc thc polÔ shmantikăc epitĹqunshc ston algìrijmo pou epifèrei h
qrăsh tou deÔterou trìpou aponomăc proteraiìthtac, faÐnetai ìti h qrăsh tou
mporeÐ na protimhjeÐ gia thn efarmogă pou exetĹzoume; autì ja epibebaiwjeÐ
kai apì tic dokimèc elègqou tomăc me ta proodeutikĹ periblămata pou ja pa-
rousiĹsoume parakĹtw sthn parĹgrafo 3.4.3. Shmeiÿnoume, bèbaia, ìti se
arketèc periptÿseic o qrìnoc kataskeuăc tou proodeutikoÔ periblămatoc den
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apoteleÐ shmantikì parĹgonta, kajÿc aută pragmatopoieÐtai mÐa forĹ, mèqri
thn elĹqisth dunată anĹlush pou mporeÐ na epiteuqjeÐ, kai katìpin to proo-
deutikì perÐblhma apojhkeÔetai proc qrăsh; antijètwc, h shmasÐa tou qrìnou
kataskeuăc gÐnetai megalÔterh ìso auxĹnei to mègejoc tou epexergazìmenou
plègmatoc ă to plăjoc twn montèlwn sta opoÐa prèpei na efarmosteÐ.

Ta apotelèsmata dhlÿnoun epÐshc ìti se kĹje perÐptwsh gia periblămata
pou apoteloÔntai (toulĹqiston) apì 2.000 ìyeic o kenìc qÿroc eÐnai polÔ mi-
krìc. Autì epibebaiÿnei thn optikă entÔpwsh twn SqhmĹtwn 3.2`3.7, ìpou
faÐnetai ìti autĹ ta periblămata perikleÐoun polÔ ermhtikĹ ta arqikĹ montèla.
Aută h idiìthta twn kataskeuazìmenwn periblhmĹtwn eÐnai polÔ shmantikă gia
thn axiopoÐhsă touc se efarmogèc eÔreshc tomăc, ìpwc èqoume tonÐsei, kai ja
sumbĹlei stic kalèc epidìseic pou parousiĹzei o sqetikìc algìrijmoc pou ana-
ptÔssoume sthn epìmenh parĹgrafo. Shmeiÿnoume, tèloc, ìti qĹrh sthn kală
efarmogă touc sto arqikì plègma, ja ătan dunatì na qrhsimopoihjoÔn ta Ðdia
ta periblămata, mèqri perÐpou aută thn anĹlush, apeujeÐac gia thn apeikìnish
twn arqikÿn montèlwn, se periptÿseic ìpou h apaitoÔmenh leptomèreia eÐnai
sqetikĹ mikră; kĹti tètoio, se sunduasmì me ton algìrijmo eÔreshc tomÿn pou
parousiĹzoume parakĹtw kajÿc kai me Ĺllec efarmogèc touc ìpwc aută twn
[SGG+00], kĹnei ta proodeutikĹ periblămata èna exairetikĹ qrăsimo ergaleÐo
gia thn apeikìnish kai thn epexergasÐa kleistÿn trigwnikÿn montèlwn.



56 3. Proodeutika periblhmata gia thn euresh tomhc me trigwnika plegmata

­ Sqhma 3.2 ­
KatsabÐdi: Arqikì montèlo (54.300 ìyeic), periblămatĹ tou twn 200
ìyewn pou èqoun paraqjeÐ me ton prÿto kai ton deÔtero trìpo aponomăc

proteraiìthtac, antÐstoiqa.

­ Sqhma 3.3 ­
UgeÐa: Arqikì montèlo (134.342 ìyeic), periblămatĹ tou twn 2.000
ìyewn pou èqoun paraqjeÐ me ton prÿto kai ton deÔtero trìpo aponomăc

proteraiìthtac, antÐstoiqa.
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­ Sqhma 3.4 ­
ExĹrthma: Arqikì montèlo (20.088 ìyeic), periblămatĹ tou twn 2.000
kai 200 ìyewn pou èqoun paraqjeÐ me ton deÔtero trìpo aponomăc pro-

teraiìthtac.

­ Sqhma 3.5 ­
Ostì: Arqikì montèlo (274.120 ìyeic), periblămatĹ tou twn 2.000 kai
200 ìyewn pou èqoun paraqjeÐ me ton deÔtero trìpo aponomăc prote-

raiìthtac.
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­ Sqhma 3.6 ­
’Alogo: Arqikì montèlo (96.966 ìyeic), periblămatĹ tou twn 2.000 kai
200 ìyewn pou èqoun paraqjeÐ me ton deÔtero trìpo aponomăc prote-

raiìthtac.

­ Sqhma 3.7 ­
Deinìsauroc: Arqikì montèlo (84.288 ìyeic) mèsa sto perÐblhmĹ tou
twn 200 ìyewn, perÐblhmĹ tou twn 2.000 ìyewn; èqei qrhsimopoihjeÐ o

deÔteroc trìpoc aponomăc proteraiìthtac.
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3.4 ’Elegqoc tomăc me qrăsh proodeutikÿn
periblhmĹtwn

To basikì mac kÐnhtro gia thn kataskeuă twn proodeutikÿn periblhmĹtwn
eÐnai h axiopoÐhsă touc gia thn epitĹqunsh twn elègqwn tomăc trigwnikÿn
plegmĹtwn me eujeÐec. Sthn enìthta aută parousiĹzoume ton algìrijmo pou
anaptÔxame gia to prìblhma autì.

3.4.1 Algìrijmoc elègqou tomăc eujeÐac-trigwnikoÔ
plègmatoc me qrăsh proodeutikoÔ periblămatoc

O algìrijmìc mac xekinĹ elègqontac gia Ôparxh tomăc metaxÔ thc eujeÐac
kai tou basikoÔ periblămatoc M0. Autìc eÐnai o oikonomikìteroc upologisti-
kĹ èlegqoc, kajÿc to M0 eÐnai to perÐblhma me ta ligìtera trÐgwna. Efìson
diapistÿsei thn Ôparxh tomăc me autì, stadiakĹ ekleptÔnei topikĹ to proo-
deutikì perÐblhma se perioqèc ìpou shmeiÿnetai tomă, kai elègqei ta trÐgwna
pou metabĹllontai katĹ thn eklèptunsh. Me ton trìpo autì plhsiĹzei proc
to arqikì montèlo, periorÐzontac touc elègqouc tomăc oloèna kai pio kontĹ
sta pijanĹ shmeÐa tomăc. O algìrijmoc suneqÐzei me ton Ðdio trìpo mèqri na
ftĹsei sto arqikì plègma Mn ă na mhn upĹrqei plèon tomă me ta exetazìmena
trÐgwna. AnalutikĹ h diadikasÐa parousiĹzetai ston Algorijmo 3.1.

’Ena parĹdeigma efarmogăc tou algorÐjmou parousiĹzetai sto Sqhma 3.8
gia to montèlo tou ostoÔ. Xekinÿntac apì èna basikì perÐblhma 2.000 ìyewn,
me diadoqikèc topikèc ekleptÔnseic entopÐzontai ta shmeÐa tomăc tou arqikoÔ
montèlou me thn eujeÐa.

Shmeiÿnoume ìti o algìrijmoc autìc eÐnai dunatì na apotÔqei na entopÐsei
kĹpoia shmeÐa tomăc metaxÔ thc eujeÐac kai tou trigwnikoÔ plègmatoc. Autì
mporeÐ na sumbeÐ se perioqèc ìpou to montèlo parousiĹzei {kumatismoÔc} kai
h eujeÐa pernĹei entelÿc kĹtw apì to perÐblhma sthn geitoniĹ autÿn twn
shmeÐwn tomăc; sth perÐptwsh aută, enÿ ja entopisjoÔn ta akraÐa (pĹnw
sthn eujeÐa) shmeÐa tomăc me to montèlo, eÐnai pijanì ta endiĹmesa shmeÐa
tomăc na mhn entopisjoÔn. ’Ena parĹdeigma parousiĹzetai sto Sqhma 3.9.
Shmeiÿnoume pĹntwc ìti oi dokimèc mac èdeixan ìti sthn prĹxh autì sumbaÐnei
spĹnia; exĹllou, oi perissìterec praktikèc efarmogèc endiafèrontai mìno gia
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­ Algorijmoc 3.1 ­
Algìrijmoc elègqou tomăc eujeÐac-trigwnikoÔ plègmatoc me qrăsh

proodeutikoÔ periblămatoc.

1. Εισάγουµε όlεc τιc όψειc του βασικού περιβlήµατοc M0 σε µία lίστα υποψηφίων
όψεων.

2. Εφόσον υπάρχουν όψειc στη lίστα υποψηφίων όψεων,

(α) Αφαιρούµε από τη lίστα υποψηφίων όψεων την όψη που βρίσκεται στην
κορυφή τηc.

(β) Εlέγχουµε αν η όψη αυτή τέµνεται µε την ευθεία. ∆ιακρίνουµε τρειc
περιπτώσειc:

• ∆εν υπάρχει τοµή. Στην περίπτωση αυτή αγνοούµε την όψη εντεlώc.

• Υπάρχει τοµή και η όψη ανήκει σε κάποιο ενδιάµεσο επίπεδο lεπτοµέ-
ρειαc στο προοδευτικό περίβlηµα· αυτό συµβαίνει όταν τουlάχιστον
µία κορυφή τηc µπορεί να διασπαστεί. Στην περίπτωση αυτή διασπού-
µε κάθε κορυφή τηc όψηc για την οποία αυτό είναι δυνατό (βl. την
παράγραφο 3.4.1.1 παρακάτω σχετικά), εκlεπτύνονταc έτσι τοπικά το
περίβlηµα στην περιοχή τηc όψηc. Κατά τη διαδικασία τηc εκlέπτυν-
σηc καταγράφουµε τιc όψειc που επηρεάζονται· αυτέc οι όψειc πρέπει
να (επαν)εlεγχθούν για τοµή µε την ευθεία και για το lόγο αυτό ει-
σάγονται στη lίστα υποψηφίων όψεων (εκτόc και αν ήδη βρίσκονται
στη lίστα).

• Υπάρχει τοµή και η όψη ανήκει στο αρχικό µοντέlο· αυτό συµβαίνει
αν καµία κορυφή τηc δεν µπορεί να διασπαστεί. Στην περίπτωση αυτή
η ευθεία tèmnetai µε το αρχικό µοντέlο και το σηµείο τοµήc µπορεί
να προσδιοριστεί και να καταγραφεί.

ta akraÐa shmeÐa tomăc thc eujeÐac me to plègma, ta opoÐa entopÐzontai pĹnta
apì ton algìrijmì mac.

3.4.1.1 Epilektikă eklèptunsh tou proodeutikoÔ periblămatoc

O periorismìc twn elègqwn tomăc thc eujeÐac me trÐgwna tou proodeutikoÔ
periblămatoc kontĹ se perioqèc twn pijanÿn shmeÐwn tomăc, ston algìrijmo
pou perigrĹyame, eÐnai dunatìc qĹrh sthn epilektikă eklèptunsh tou proo-
deutikoÔ periblămatoc. UpenjumÐzoume ìti h idiìthta aută enìc proodeutikoÔ
plègmatoc aforĹ thn pragmatopoÐhsh diaspĹsewn korufÿn se aujaÐreth sei-
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­ Sqhma 3.8 ­
ParĹdeigma efarmogăc tou algorÐjmou eÔreshc tomăc eujeÐac-
trigwnikoÔ plègmatoc. To basikì perÐblhma 2.000 ìyewn tou montè-
lou ostoÔ èqei ekleptunjeÐ topikĹ gÔrw apì to shmeÐo tomăc tou me
thn eujeÐa. Ta trÐgwna gÔrw apì to shmeÐo tomăc anăkoun sto arqi-
kì montèlo kai ìso apomakrunìmaste anăkoun se epÐpeda mikrìterhc

leptomèreiac tou proodeutikoÔ periblămatoc.

­ Sqhma 3.9 ­
O algìrijmìc mac den entopÐzei ta endiĹmesa shmeÐa tomăc thc eujeÐac
me to montèlo (shmeiÿnontai me kÔklo). H eujeÐa dièrqetai entelÿc
kĹtw apì to perÐblhma se aută thn perioqă. AntÐjeta, ta akraÐa shmeÐa

tomăc (shmeiÿnontai me tetrĹgwno) entopÐzontai kanonikĹ.
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rĹ, anexĹrthth apì th seirĹ touc sthn anaparĹstasă tou. ’Opwc èqoume
anafèrei kai sthn parĹgrafo 2.2.4.6, prokeimènou na diathreÐtai h topologikă
egkurìthta tou plègmatoc èqoun anaptuqjeÐ diĹforoi trìpoi gia thn ulopoÐ-
hsh thc epilektikăc eklèptunshc.

Gia thn asfală qrăsh tou proodeutikoÔ periblămatoc ston algìrijmo eÔre-
shc tomăc pou parousiĹsame, prèpei ta endiĹmesa periblămata pou parĹgontai
apì thn epilektikă, topikă eklèptunsh tou basikoÔ periblămatoc na suneqÐ-
soun na perikleÐoun to arqikì montèlo. O pio endedeigmènoc trìpoc gia na
exasfalisteÐ autì eÐnai na apaităsoume to Ĺstro kĹje korufăc pou diaspĹtai
na eÐnai ìpwc akribÿc ja ătan an oi prohgoÔmenec diaspĹseic korufÿn eÐqan
efarmosteÐ me th seirĹ sto basikì perÐblhma; autì eÐnai sthn ousÐa to sqăma
epilektikăc eklèptunshc tou [XV96], to opoÐo epibĹllei thn plărh anasÔsta-
sh tou Ĺstrou thc korufăc prin aută diaspasteÐ (bl. thn parĹgrafo 2.2.4.6).
Gia ton Ðdio lìgo gÐnetai emfanăc h adunamÐa qrăshc sqhmĹtwn epilektikăc
eklèptunshc ta opoÐa, an kai diasfalÐzoun thn topologikă egkurìthta tou
plègmatoc, den apokajistoÔn plărwc to Ĺstro thc akmăc.

3.4.2 DiadoqikoÐ èlegqoi tomăc

Oi èlegqoi tomăc me èna trisdiĹstato montèlo sunăjwc den gÐnontai me-
monwmènoi allĹ epanalambĹnontai gia pollĹ gewmetrikĹ stoiqeÐa diadoqikĹ.
Gia parĹdeigma elègqontai ìlec oi eujeÐec pou xekinoÔn apì th fwteină phgă
(fwteinèc aktÐnec) se mÐa efarmogă fwtoskÐashc ă ìla ta trÐgwna enìc Ĺllou
montèlou se mÐa efarmogă elègqou sÔgkroushc. ’Otan qrhsimopoieÐtai mÐa
bohjhtikă domă ìpwc to proodeutikì perÐblhma gia thn epitĹqunsh kĹje epi-
mèrouc elègqou tomăc, upĹrqoun dÔo trìpoi antimetÿpishc twn apaitoÔmenwn
diadoqikÿn elègqwn:

• MetĹ apì kĹje èlegqo na epanerqìmaste sto basikì perÐblhma me ton e-
lĹqisto arijmì trigÿnwn, apì to opoÐo na xekinoÔme ton epìmeno èlegqo.
Autì mporeÐ na eÐnai exairetikĹ apodotikì an eÐnai eÔkolh h prìsbash
sto basikì perÐblhma, opìte metĹ apì kĹje èlegqo aplÿc parablèpou-
me to topikĹ ekleptusmèno perÐblhma pou èqei prokÔyei kai anaktoÔme
apeujeÐac to basikì perÐblhma. Sthn perÐptwsh pou h prìsbash se
autì den eÐnai Ĺmesh, gia parĹdeigma epeidă eÐnai apojhkeumèno se ar-
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gă exwterikă mnămh, gia na epanèljoume sto basikì perÐblhma prèpei
na sugkentrÿsoume, tupikĹ se mÐa stoÐba, tic diaspĹseic korufÿn pou
pragmatopoiăjhkan, kai na efarmìsoume sto perÐblhma pou proèkuye
tic antÐstrofèc touc surriknÿseic akmÿn.

• MetĹ apì kĹje èlegqo na qrhsimopoioÔme to topikĹ ekleptusmèno pe-
rÐblhma kai na pragmatopoioÔme auxhtikèc enhmerÿseic tou, dhladă e-
ktìc apì tic topikèc ekleptÔnseic pou apaitoÔntai apì ton algìrijmo,
na pragmatopoioÔme epÐshc topikèc ektraqÔnseic sta shmeÐa pou brÐ-
skontai makriĹ apì tic perioqèc tomăc. H taktikă aută eÐnai elkustikă
ìtan upĹrqei qwrikă sunĹfeia metaxÔ twn diadoqikÿn stoiqeÐwn pou e-
lègqontai gia tomă me to plègma, kĹti pou eÐnai arketĹ sunhjismèno:
gia parĹdeigma oi fwteinèc aktÐnec apostèllontai proc to montèlo ka-
tĹ grammèc kai stălec, ă ta trÐgwna enìc Ĺllou montèlou diatrèqontai
akoloujÿntac ta geitonikĹ autÿn pou èqoun ădh exetasteÐ.

Thn apìdosh autÿn twn dÔo enallaktikÿn trìpwn antimetÿpishc diadoqi-
kÿn elègqwn tomăc exetĹsoume sthn parĹgrafo 3.4.3.3.

3.4.3 Apotelèsmata

Gia na axiologăsoume thn apotelesmatikìthta twn proodeutikÿn periblh-
mĹtwn sthn epitĹqunsh elègqwn tomăc enìc trigwnikoÔ montèlou, sugkrÐname
katfl arqĹc ta periblămata pou prokÔptoun apì touc dÔo trìpouc aponomăc
proteraiìthtac, kai epÐshc meletăsame thn epÐdrash tou basikoÔ periblămatoc
sthn apotelesmatikìthta thc mejìdou. Gia na èqoume èna mètro thc apìdosăc
touc se sqèsh me kajierwmènec domèc periballìntwn ìgkwn, ta sugkrÐname me
aută twn k-DOPs. Tèloc, diereunăsame touc dÔo enallaktikoÔc trìpouc pou
anaptÔxame gia thn pragmatopoÐhsh diadoqikÿn elègqwn tomăc.

Oi dokimèc mac pragmatopoiăjhkan se proswpikì upologistă me epexerga-
stă Pentium III sta 800MHz me 384MB mnămhc RAM.

3.4.3.1 ’Elegqoi tomăc, bèltisto basikì perÐblhma

Gia tic dokimèc mac qrhsimopoiăsame ta montèla twn opoÐwn kataskeuĹsa-
me proodeutikĹ periblămata sthn enìthta 3.3.3. SqhmatÐsame 10.000 tuqaÐa
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eujÔgramma tmămata me Ĺkra se èna parallhlepÐpedo diplĹsio se mègejoc apì
to elĹqisto parallhlepÐpedo (minmax box) pou perièkleie kĹje montèlo, kai
elègxame autĹ ta eujÔgramma tmămata gia tomă me kĹje montèlo.

O Pinakac 3.3 parousiĹzei analutikĹ apotelèsmata gia to montèlo tou
alìgou, me qrăsh diaforetikÿn basikÿn periblhmĹtwn pou kataskeuĹsthkan
me touc dÔo trìpouc aponomăc proteraiìthtac stic surriknÿseic akmÿn. Ta
apotelèsmata pou lĹbame gia ta upìloipa montèla eÐnai entelÿc anĹloga.

­ Pinakac 3.3 ­
Epidìseic elègqwn tomăc gia proodeutikĹ periblămata tou montèlou a-
lìgou. Oi qrìnoi eÐnai sunolikoÐ, se deuterìlepta, gia 10.000 tuqaÐa
eujÔgramma tmămata. Oi arijmoÐ twn elègqwn tomăc eujeÐac-trigÿnou
kai twn diaspĹsewn korufÿn pou pragmatopoiăjhkan eÐnai katĹ mèso
ìro gia ta 10.000 eujÔgramma tmămata pou exetĹsthkan. 1.119 eujÔ-

gramma tmămata ètemnan to montèlo.

Basvikì perÐbl. qrìnoc #elègqwn #diasvpĹsvewn

1oc trìpoc

200 22,11 759 226
500 21,15 812 203

1.000 20,77 939 179
2.000 21,41 1.209 145
3.000 23,93 1.522 124
4.000 26,07 1.841 108
5.000 28,79 2.176 96

10.000 44,12 3.904 61

2oc trìpoc

200 23,11 798 238
500 22,38 868 217

1.000 21,79 986 192
2.000 22,59 1.254 155
3.000 24,44 1.550 131
4.000 26,98 1.871 114
5.000 29,46 2.200 100

10.000 44,29 3.907 63

plărec montèlo

(96.966) 362,63 35.751
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ParathroÔme katfl arqĹc ìti genikĹ h qrăsh proodeutikoÔ periblămatoc
tou montèlou epitaqÔnei dramatikĹ th diadikasÐa eÔreshc tomăc tou me ta eu-
jÔgramma tmămata. Sthn teleutaÐa grammă tou pÐnaka anafèretai o qrìnoc pou
apaităjhke gia ton èlegqo tou arqikoÔ montèlou, o opoÐoc eÐnai pollaplĹsioc
twn qrìnwn pou shmeiÿjhkan me th qrăsh proodeutikÿn periblhmĹtwn.

Diapistÿnoume epÐshc ìti ta proodeutikĹ periblămata pou kataskeuĹzo-
ntai me touc dÔo trìpouc aponomăc proteraiìthtac diafèroun elĹqista metaxÔ
touc stic epidìseic: autĹ pou kataskeuĹzontai me ton deÔtero trìpo eÐnai
elafrÿc ligìtero apodotikĹ se sqèsh me autĹ pou kataskeuĹzontai me ton
prÿto, kĹti pou eÐnai ìmwc anamenìmeno dedomènou ìti perikleÐoun to montèlo
ligìtero ermhtikĹ, ìpwc eÐdame sthn parĹgrafo 3.3.3. PisteÔoume ìmwc ìti o
shmantikĹ ligìteroc qrìnoc pou qreiĹzetai gia th dhmiourgÐa touc, se sqèsh
me th sunolikĹ mikră diaforĹ twn epidìseÿn touc, ìson aforĹ tìso ton kenì
ìgko ìso kai thn epitĹqunsh twn elègqwn tomăc, kĹnei autĹ ta proodeutikĹ
periblămata pio elkustikă lÔsh se sqèsh me ekeÐna pou dhmiourgoÔntai me ton
prÿto trìpo.

’Ena Ĺllo endiafèron stoiqeÐo tou pÐnaka eÐnai oi epidìseic twn proodeuti-
kÿn periblhmĹtwn se sqèsh me to plăjoc ìyewn tou basikoÔ periblămatoc.
’Opwc faÐnetai, periblămata me 1.000 ìyeic apodÐdoun kalÔtera apì ìla ta
upìloipa se autì to montèlo, enÿ ta basikĹ periblămata me polÔ lÐgec ă pĹra
pollèc ìyeic apodÐdoun qeirìtera. To apotèlesma autì mporeÐ na dikaiolo-
ghjeÐ an analogisjoÔme ìti h apìdosh tou algorÐjmou ephreĹzetai apì touc
exăc treic parĹgontec:

1. To pìso ermhtikĹ perikleÐetai to montèlo apì to basikì perÐblhma. Ba-
sikĹ periblămata me kalÔterh efarmogă odhgoÔn sthn Ĺmesh apìrriyh
perissìterwn eujeiÿn pou den tèmnontai me to montèlo; antÐjeta, basikĹ
periblămata me pio qalară efarmogă sto montèlo tèmnontai apì eujeÐec
pou dièrqontai kontĹ apì autì, kĹti pou odhgeÐ se epilektikă eklèptun-
să touc gia peraitèrw elègqouc kai epifèrei to anĹlogo kìstoc.

2. To plăjoc twn elègqwn tomăc eujeÐac-trigÿnou pou prèpei na pragma-
topoihjoÔn, kajÿc kajènac apì autoÔc èqei èna dedomèno upologistikì
kìstoc.

3. To plăjoc twn diaspĹsewn korufÿn pou prèpei na pragmatopoihjoÔn,
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kajÿc h epilektikă eklèptunsh tou periblămatoc èqei shmantikă upolo-
gistikă poluplokìthta kai epiplèon epibarÔnei ton algìrijmo me nèouc
elègqouc tomăc thc eujeÐac me ta trÐgwna pou ephreĹzontai.

SunolikĹ, ìso auxĹnetai to plăjoc twn ìyewn tou basikoÔ periblămatoc, tì-
so beltiÿnetai h efarmogă tou sto arqikì montèlo kai meiÿnontai ta bămata
eklèptunshc pou qreiĹzontai gia na ftĹsoume apì to basikì perÐblhma sto
arqikì montèlo; sugqrìnwc ìmwc auxĹnontai oi apaitoÔmenoi èlegqoi tomăc,
kajÿc prèpei na elegqjoÔn toulĹqiston ìla ta trÐgwna tou basikoÔ peri-
blămatoc. Sunepÿc, thn kalÔterh apìdosh èqoun basikĹ periblămata mètriou
megèjouc, antiproswpeÔontac ton kalÔtero sumbibasmì metaxÔ twn paramè-
trwn pou anafèrame prohgoumènwc.

H sumperiforĹ aută epibebaiÿnetai kai apì tic dokimèc me ta upìloipa mo-
ntèla. Autèc sunoyÐzontai sto Sqhma 3.10, ìpou apeikonÐzontai oi qrìnoi
eÔreshc twn tomÿn se sunĹrthsh me to plăjoc ìyewn tou basikoÔ periblăma-
toc. Se ìlec tic periptÿseic, basikĹ periblămata mètriou megèjouc, me 500 wc
3.000 ìyeic, apèdwsan kalÔtera. FusikĹ prèpei na tonÐsoume ìti oi apìlutec
timèc megèjouc twn bèltistwn basikÿn periblhmĹtwn exartÿntai Ĺmesa apì
thn ulopoÐhsh twn diafìrwn sustatikÿn merÿn tou algorÐjmou kai th sqe-
tikă apodotikìthta twn elègqwn tomăc kai twn enhmerÿsewn tou plègmatoc
katĹ thn epilektikă eklèptunsă tou.

3.4.3.2 SÔgkrish me Ĺllec ierarqikèc domèc periballìntwn ìgkwn

H sÔgkrish metaxÔ teqnikÿn pou epitaqÔnoun elègqouc tomăc metaxÔ tris-
diĹstatwn antikeimènwn eÐnai exarqăc dÔskolh, kajÿc to eÐdoc twn elègqwn
pou sugkrÐnontai mporeÐ na ephreĹsei shmantikĹ to apotèlesma; kĹje teqnikă
antimetwpÐzei kalÔtera èna sugkekrimèno eÐdoc elègqwn tomăc kai mporeÐ na
mhn apodÐdei kalĹ se Ĺllouc, èstw kai parìmoiouc.

Gia na èqoume èna mètro sÔgkrishc thc apìdoshc thc mejìdou mac se sqèsh
me Ĺllec kajierwmènec mejìdouc elègqou tomăc pou epÐshc qrhsimopoioÔn
ierarqikoÔc peribĹllontec ìgkouc twn antikeimènwn, qrhsimopoiăsame gia thn
Ðdia dokimasÐa pou perigrĹyame prohgoumènwc ta k-DOPs, ta opoÐa, ìpwc
èqoume ădh anafèrei, eÐnai anagnwrismèna wc mÐa exairetikĹ apodotikă domă
periballìntwn ìgkwn.
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­ Sqhma 3.10 ­
Qrìnoi elègqou tomÿn gia ìla ta montèla sunartăsei tou plăjouc
ìyewn tou basikoÔ periblămatoc. Ta periblămata èqoun dhmiourghjeÐ
me ton deÔtero trìpo aponomăc proteraiìthtac. Oi qrìnoi eÐnai mèsoi

ìroi gia ta 10.000 eujÔgramma tmămata.

Shmeiÿnoume edÿ ìti ta k-DOPs antimetwpÐzoun kurÐwc elègqouc tomăc
metaxÔ dÔo trigwnikÿn plegmĹtwn se efarmogèc elègqou sugkroÔsewn. Gia
na eÐnai dikaiìterh h sÔgkrish sto plaÐsio twn dokimÿn pou pragmatopoiăsame,
antikatastăsame ton telikì èlegqo tomăc metaxÔ dÔo trigÿnwn (pou eÐnai
kai to monadikì shmeÐo sto opoÐo den sugkrÐnontai ta k-DOPs twn montèlwn
allĹ ta trÐgwna pou ta apoteloÔn) me ton Ðdio èlegqo tomăc eujeÐac-trigÿnou
[MT97] pou qrhsimopoiăsame kai stic dokimèc tou dikoÔ mac algorÐjmou; h
allagă aută epèfere beltÐwsh twn epidìsewn katĹ 30% me 40% se sqèsh me
ton arqikì kÿdika twn k-DOPs. EpÐshc dokimĹsame ìlh thn oikogèneia twn
k-DOPs gia k = 6, 14, 18, 26.

Ta apotelèsmata pou lĹbame parousiĹzontai ston Pinaka 3.4. ’Opwc faÐ-
netai, metaxÔ twn k-DOPs taqÔtera ătan ta 26-DOPs; shmeiÿnoume ìmwc ìti
autĹ apaitoÔsan shmantikĹ megalÔtero qrìno proepexergasÐac se sqèsh me ta
upìloipa. Se sÔgkrish me ta proodeutikĹ periblămata, parathroÔme ìti gia th
sugkekrimènh dokimasÐa h kalÔterh epÐdosh twn proodeutikÿn periblhmĹtwn
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­ Pinakac 3.4 ­
Qrìnoi eÔreshc tomÿn (se deuterìlepta) gia k-DOPs kai gia proodeu-
tikĹ periblămata (P.P.). Gia ta proodeutikĹ periblămata anafèretai o
kalÔteroc qrìnoc pou lĹbame metaxÔ twn basikÿn periblhmĹtwn pou

dokimĹsame.

Montèlo 6-DOPs 14-DOPs 18-DOPs 26-DOPs P.P.

ExĹrthma 45 24 21 18 14
KatsvabÐdi 120 69 50 45 24
Deinìsvauroc 190 73 68 49 14
’Alogo 216 79 76 52 21
UgeÐa 298 107 68 45 35
Osvtì 707 258 204 137 41

(pou eÐnai aută pou anafèretai ston pÐnaka) upertereÐ twn k-DOPs se ìlec
tic periptÿseic.

3.4.3.3 DiadoqikoÐ èlegqoi tomăc

Prospajăsame, tèloc, na axiologăsoume tic dÔo enallaktikèc lÔseic pou a-
naptÔxame sthn parĹgrafo 3.4.2 gia thn pragmatopoÐhsh diadoqikÿn elègqwn
tomăc. Gia to skopì autì pragmatopoiăsame dokimèc me diadoqikoÔc elèg-
qouc tomăc tou plègmatoc me parĹllhlec eujeÐec diatetagmènec se grammèc
kai stălec.

Gia tic dokimèc autèc ja perimèname na epikratăsei h deÔterh lÔsh, pou
kĹnei qrăsh auxhtikÿn enhmerÿsewn tou periblămatoc. Parìti ìmwc gia thn
prÿth lÔsh lĹbame upfl ìyin mac th qeirìterh dunată perÐptwsh, ìpou prè-
pei na antistrafoÔn oi diaspĹseic korufÿn pou pragmatopoiăjhkan se kĹje
èlegqo tomăc, sthn ulopoÐhsă mac h deÔterh lÔsh èdwse upodeèstera apo-
telèsmata se sqèsh me thn prÿth. Autì prèpei na apodojeÐ sto gegonìc
ìti h epilektikă ektrĹqunsh tou periblămatoc eÐnai arketĹ polÔplokh, kajÿc
apaiteÐ afenìc anadromikèc surriknÿseic akmÿn kai afetèrou elègqouc ìti oi
surriknoÔmenec akmèc den eÐnai sth geitoniĹ twn shmeÐwn tomăc. AntÐjeta,
gia kĹje èlegqo tomăc ekleptÔnontai mikrèc perioqèc tou periblămatoc kai
pragmatopoioÔntai sqetikĹ lÐgec diaspĹseic korufÿn, oi opoÐec eÐnai mĹllon
eÔkolo na antistrafoÔn ÿste na epistrèyoume sto basikì perÐblhma.
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PisteÔoume pĹntwc ìti aută h kakă epÐdosh thc auxhtikăc enhmèrwshc tou
proodeutikoÔ periblămatoc parousiĹzetai eidikĹ sthn efarmogă pou exetĹ-
zoume gia touc lìgouc pou analÔsame prohgoumènwc. AntÐjeta, h diadikasÐa
aută èqei apodedeigmènh axÐa se efarmogèc ìpwc h allhlepidrastikă apeikì-
nish proodeutikÿn plegmĹtwn [Hop97] ìpou axiopoieÐtai qĹrh sth sunĹfeia
thc apeikìnishc metaxÔ diadoqikÿn karè; ìmwc se ekeÐnh thn perÐptwsh oi pe-
rioqèc tou plègmatoc pou èqoun ektraqunjeÐ eÐnai ektetamènec enÿ autèc pou
prèpei na ekleptunjoÔn se kĹje băma (karè) eÐnai sqetikĹ mikrèc, kai epomè-
nwc sumfèrei na enhmerwjeÐ to ădh upĹrqon plègma parĹ na epistrèyoume sto
basikì.

Shmeiÿnoume ìti mÐa endiĹmesh lÔsh qrhsimopoieÐtai sto [Gué01]. Sthn er-
gasÐa aută apofeÔgetai h epilektikă ektrĹqunsh, ìpwc sthn prÿth lÔsh pou
perigrĹyame, allĹ to katĹ tìpouc ekleptusmèno perÐblhma qrhsimopoieÐtai gia
merikoÔc diadoqikoÔc elègqouc tomăc prin gÐnei epistrofă sto basikì perÐblh-
ma. Me ton trìpo autì gÐnetai ekmetĹlleush twn ădh ekleptusmènwn perioqÿn
tou periblămatoc gia lÐgouc diadoqikoÔc elègqouc, stouc opoÐouc anamènetai
qwrikă sunĹfeia, allĹ epanafèretai to basikì perÐblhma ìtan o arijmìc twn
ìyewn tou trèqontoc periblămatoc auxhjeÐ arketĹ kai ja epidroÔse arnhtikĹ
sthn apìdosh tou algorÐjmou.

3.5 SumperĹsmata

Sto kefĹlaio autì anaptÔxame ènan algìrijmo kataskeuăc tou proodeuti-
koÔ periblămatoc enìc kleistoÔ trigwnikoÔ plègmatoc. To proodeutikì pe-
rÐblhma kataskeuĹzetai me diadoqikèc surriknÿseic akmÿn tou plègmatoc, oi
opoÐec ìmwc periorÐzontai ÿste h korufă pou prokÔptei kĹje forĹ na brÐske-
tai sto exwterikì tou. Gia thn epitĹqunsh thc diadikasÐac proteÐname èna nèo
trìpo ektÐmhshc thc proteraiìthtac kĹje surrÐknwshc akmăc, o opoÐoc pro-
sfèrei shmantikă beltÐwsh twn epidìsewn tou algorÐjmou qwrÐc shmantikă
epÐptwsh sthn poiìthta tou paragìmenou periblămatoc.

EpÐshc anaptÔxame ènan algìrijmo pou axiopoieÐ to proodeutikì perÐblhma
enìc trigwnikoÔ plègmatoc gia thn epitĹqunsh elègqwn tomăc me autì. O
algìrijmoc ekleptÔnei epilektikĹ to basikì perÐblhma se perioqèc ìpou u-
pĹrqei tomă, mèqri na ftĹsei sto arqikì plègma, entopÐzontac ètsi to shmeÐo
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tomăc. Oi epidìseic tou algorÐjmou eÐnai kalÔterec se sqèsh me autèc ka-
jierwmènwn algorÐjmwn eÔreshc tomăc pou epÐshc qrhsimopoioÔn ierarqikoÔc
peribĹllontec ìgkouc tou plègmatoc.

Mellontikèc kateujÔnseic èreunac sto antikeÐmeno autoÔ tou kefalaÐou
aforoÔn tìso ton algìrijmo kataskeuăc twn proodeutikÿn periblhmĹtwn ìso
kai ton algìrijmo eÔreshc tomăc.

Wc proc thn kataskeuă twn proodeutikÿn periblhmĹtwn, h epituqÐa tou nè-
ou trìpou ektÐmhshc thc proteraiìthtac pou proteÐname dikaiologeÐ thn èreuna
gia akìma pio oikonomikoÔc trìpouc ektÐmhsăc thc. Akìma kai h diadikasÐa
beltistopoÐhshc gia thn eÔresh thc nèac korufăc ja mporoÔse na antikata-
stajeÐ me ènan aploÔstero upologismì.

Wc proc ton algìrijmo eÔreshc tomăc pou axiopoieÐ ta proodeutikĹ peri-
blămata, autìc eÐnai autotelăc kai antimetwpÐzei me epituqÐa to antikeÐmenì
tou. AxÐzei pĹntwc na diereunhjeÐ to zăthma thc eÔreshc twn eswterikÿn
shmeÐwn tomăc gia tic periptÿseic stic opoÐec autĹ den entopÐzontai apì thn
upĹrqousa morfă tou.

Tèloc, èna endiafèron prìsfato ereunhtikì antikeÐmeno aforĹ thn aplo-
poÐhsh trigwnikÿn plegmĹtwn apoteloÔmenwn apì exairetikĹ megĹlo plăjoc
ìyewn. Stic periptÿseic autèc den eÐnai dunată h epexergasÐa tou montèlou su-
nolikĹ, lìgw periorismÿn twn upologistikÿn pìrwn, kai diereunÿntai poikÐlec
teqnikèc gia thn antimetÿpish autoÔ tou problămatoc. Ja ătan endiafèrousa
h prosarmogă tìso tou algorÐjmou kataskeuăc proodeutikÿn periblhmĹtwn
ìso kai tou algorÐjmou eÔreshc tomăc gia to prìblhma autì, kajÿc upeisèr-
qontai nèec parĹmetroi.
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4 AplopoÐhsh dianusmatikÿn pedÐwn
se tetraedrikĹ plègmata

4.1 Eisagwgă

Se autì to kefĹlaio apomakrunìmaste apì th melèth thc aplopoÐhshc
trigwnikÿn montèlwn kai ep{fikentrwnìmaste sthn aplopoÐhsh tetraedrikÿn
plegmĹtwn. ’Opwc èqoume anafèrei, ja exetĹsoume tetraedrikĹ plègmata me
emfuteumèna dianusmatikĹ pedÐa. H aplopoÐhsh tètoiwn tetraedrikÿn pleg-
mĹtwn den èqei antimetwpisteÐ mèqri tÿra, an kai upĹrqei ereunhtikă drasth-
riìthta se dÔo sunafă pedÐa: sthn aplopoÐhsh tetraedrikÿn plegmĹtwn me
emfuteumèna bajmwtĹ pedÐa, thn opoÐa parousiĹsame sto KefĹlaio 2, kai
sthn aplopoÐhsh dianusmatikÿn pedÐwn pou eÐnai orismèna se diĹsparta sh-
meÐa sta opoÐa den èqei orisjeÐ kĹpoia sundesimìthta. TetraedrikĹ plègmata
me emfuteumèna dianusmatikĹ pedÐa emfanÐzontai plèon suqnĹ sthn prĹxh, kai
ètsi h aplopoÐhsă touc parousiĹzei idiaÐtero endiafèron.

O algìrijmoc pou parousiĹzoume basÐzetai se diadoqikèc surriknÿseic ak-
mÿn tou tetraedrikoÔ plègmatoc, kai lambĹnei upfl ìyin tìso th gewmetrÐa tou
ìso kai to emfuteumèno se autì dianusmatikì pedÐo. Parèqoume enallaktikèc
ulopoiăseic tou algorÐjmou, mÐa statikă sthn opoÐa oi akmèc surriknÿnontai
se èna apì ta dÔo Ĺkra touc, kai mÐa dunamikă sthn opoÐa oi akmèc surri-
knÿnontai se korufă pou prokÔptei apì diadikasÐa beltistopoÐhshc. Gia thn
teleutaÐa, anaptÔssoume mÐa genikă mèjodo epèktashc algorÐjmwn aplopoÐh-
shc epifaneiÿn (trigwnikÿn plegmĹtwn) se tetraedrikĹ plègmata. MerimnoÔme
epÐshc gia th diatărhsh tou sunìrou tou tetraedrikoÔ plègmatoc, kajÿc kai
gia th diatărhsh thc topologÐac tou emfuteumènou dianusmatikoÔ pedÐou.
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4.2 Sqetikèc ergasÐec

Oi upĹrqousec ereunhtikèc prospĹjeiec gia thn aplopoÐhsh tetraedrikÿn
plegmĹtwn periorÐzontai, ìpwc èqoume anafèrei, se plègmata me emfuteumè-
na bajmwtĹ pedÐa. Se autèc anaferjăkame analutikĹ sthn parĹgrafo 2.2.3.
UpenjumÐzoume ìti h pleioyhfÐa twn mejìdwn aplopoÐhshc qrhsimopoieÐ dia-
doqikèc surriknÿseic akmÿn tou plègmatoc; epÐshc h korufă pou prokÔptei
apì kĹje surrÐknwsh akmăc topojeteÐtai se prokajorismèno, stajerì shmeÐo,
ìpwc to mèso thc akmăc ă èna apì ta dÔo Ĺkra thc.

SunafeÐc me to antikeÐmeno autoÔ tou kefalaÐou eÐnai epÐshc oi mèjodoi a-
plopoÐhshc dianusmatikÿn pedÐwn pou orÐzontai se diĹsparta shmeÐa (scattered
data vector fields). Sthn perÐptwsh aută, ta shmeÐa sta opoÐa gÐnetai h deigma-
tolhyÐa tou pedÐou jewroÔntai apomonwmèna, qwrÐc na orÐzetai sundesimìthta
metaxÔ touc ìpwc sthn perÐptwsh twn tetraedrikÿn plegmĹtwn. Autìc ătan,
wc prìsfata, o sunhjèsteroc trìpoc anaparĹstashc pedÐwn, bajmwtÿn kai
dianusmatikÿn, kajÿc h èlleiyh sundesimìthtac aplousteÔei th domă touc kai
meiÿnei thn plhroforÐa pou fèroun.

Sthn perÐptwsh aută, oi algìrijmoi aplopoÐhshc qrhsimopoioÔn kurÐwc te-
qnikèc sugqÿneushc twn shmeÐwn tou pedÐou: me katĹllhla krităria, o qÿroc
pou katalambĹnei to pedÐo diamerÐzetai se perioqèc kai ta shmeÐa pou anăkoun
se kĹje perioqă sugqwneÔontai se èna nèo. H diamèrish gÐnetai katĹ trìpo
ÿste to aplopoihmèno pedÐo pou ja prokÔyei metĹ th sugqÿneush twn sh-
meÐwn na diafèrei katĹ to dunatì ligìtero apì to arqikì; me to Ðdio kritărio
upologÐzontai tìso h jèsh tou nèou shmeÐou kĹje perioqăc ìso kai h timă
tou pedÐou se autì. Sta dianusmatikĹ pedÐa èqei megĹlh shmasÐa h topologÐa
touc [HH91], h opoÐa ekfrĹzetai kai optikopoieÐtai mèsw twn reumatogrammÿn

(streamlines), oi opoÐec eÐnai kampÔlec pou sqhmatÐzontai apì tic kateujÔnseic
twn dianusmĹtwn tou pedÐou, twn troqiogrammÿn (streaklines), oi opoÐec eÐnai
kampÔlec pou sqhmatÐzontai apì ta Ðqnh swmatidÐwn pou kinoÔntai me thn e-
pÐdrash tou pedÐou, kai twn krÐsimwn shmeÐwn (critical points), sta opoÐa to
pedÐo mhdenÐzetai. Oi mèjodoi aplopoÐhshc frontÐzoun na diathroÔn autĹ ta
qarakthristikĹ twn dianusmatikÿn pedÐwn ÿste na mhn alloiÿnetai h domă kai
h apeikìnisă touc.

Sto [HWHJ99] to sfĹlma aplopoÐhshc metrĹtai apì th diaforĹ twn reu-



i

i

i

i

i

i

i

i

4.3. Απlοποίηση 73

matogrammÿn metaxÔ tou arqikoÔ kai tou aplopoihmènou pedÐou, kai aută ka-
jorÐzei th diadikasÐa sugqÿneushc. Sto [TvW99] xekinÿntac apì mÐa polÔ
leptă diamèrish, upologÐzetai èna antiproswpeutikì diĹnusma gia kĹje perio-
qă thc diamèrishc kai autĹ ta dianÔsmata qrhsimopoioÔntai gia th sunènwsh
parìmoiwn perioqÿn; parousiĹzetai epÐshc mÐa exeligmènh teqnikă optikopoÐ-
hshc tou aplopoihmènou pedÐou me kampulwmèna dianÔsmata. Sto [TSH00]
exetĹzontai kurÐwc dianusmatikĹ pedÐa me exairetikĹ megĹlo plăjoc kai pu-
knìthta krÐsimwn shmeÐwn; oi perioqèc thc diamèrishc dhmiourgoÔntai me bĹsh
ton arijmì twn krÐsimwn shmeÐwn pou perièqontai se kĹje mÐa apì autèc, kai
h aplopoÐhsh pragmatopoieÐtai me th sugqÿneush twn krÐsimwn shmeÐwn kĹje
perioqăc. Tèloc, sto [GPR+01] shmeÐo ekkÐnhshc eÐnai mÐa diadikasÐa sugqÿ-
neushc pou parousiĹzetai sth fÔsh, h opoÐa montelopoieÐtai ÿste na odhgăsei
thn aplopoÐhsh dianusmatikÿn pedÐwn, epauxĹnetai ÿste na beltistopoihjeÐ
to sqăma twn perioqÿn diamèrishc, kai efarmìzetai kurÐwc se pedÐa pou anti-
proswpeÔoun roă ugrÿn (flow fields).

Katìpin toÔtwn, oi apaităseic apì ènan algìrijmo aplopoÐhshc tetraedri-
kÿn plegmĹtwn me emfuteumèna dianusmatikĹ pedÐa gÐnontai emfaneÐc: prèpei
na frontÐzei gia th diatărhsh tou dianusmatikoÔ pedÐou, me trìpo anĹlogo
twn mejìdwn aplopoÐhshc pedÐwn se diĹsparta shmeÐa, enÿ sugqrìnwc den
alloiÿnei th domă tou tetraedrikoÔ plègmatoc.

4.3 AplopoÐhsh

Gia thn aplopoÐhsh twn dianusmatikÿn pedÐwn se tetraedrikĹ plègmata
akoloujoÔme ton basikì algorijmo 2.1 aplopoÐhshc me diadoqikèc surriknÿ-
seic akmÿn tou plègmatoc. Sta epìmena ja anaferìmaste sto arqikì kai sto
aplopoihmèno pedÐo wc Φ = (V, T ,F) kai Φ′ = (V ′, T ′,F ′) antÐstoiqa, kai
stouc tomeÐc touc wc Ω kai Ω′.

4.3.1 SurrÐknwsh akmăc se tetraedrikĹ plègmata

H stoiqeiÿdhc prĹxh thc surrÐknwshc akmăc, sthn opoÐa basÐzetai o al-
gìrijmoc, mporeÐ na efarmosteÐ Ĺmesa kai gia thn aplopoÐhsh tetraedrikÿn
plegmĹtwn. Sto Sqhma 4.1 parousiĹzetai mÐa surrÐknwsh akmăc kai h antÐ-
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­ Sqhma 4.1 ­
SurrÐknwsh akmăc kai diĹspash korufăc se tetraedrikì plègma.

strofă thc diĹspash korufăc gia èna tetraedrikì plègma. Sthn perÐptwsh
aută to plăjoc twn tetraèdrwn gÔrw apì thn akmă, ta opoÐa diagrĹfontai
katĹ thn efarmogă thc sto plègma, eÐnai Ĺgnwsto; epÐshc o arijmìc twn
tetraèdrwn pou ephreĹzontai eÐnai polÔ megalÔteroc se sqèsh me èna tri-
gwnikì plègma. Ta proodeutikĹ tetraedrikĹ plègmata pou parĹgontai me
aută th diadikasÐa aplopoÐhshc diathroÔn ìlec tic idiìthtec twn (trigwnikÿn)
proodeutikÿn plegmĹtwn, ìpwc suneqă epÐpeda leptomèreiac kai dunatìthta
epilektikăc eklèptunshc.

KatĹ thn aplopoÐhsh tetraedrikÿn plegmĹtwn me emfuteumèna dianusmati-
kĹ pedÐa, to prìblhma emploutÐzetai me nèa stoiqeÐa se sqèsh me thn aplo-
poÐhsh trigwnikÿn plegmĹtwn, kajÿc ektìc apì th gewmetrÐa tou plègmatoc
prèpei na lhfjeÐ upfl ìyin kai h diatărhsh tou dianusmatikoÔ pedÐou pou eÐ-
nai emfuteumèno se autì. ’Etsi, ektìc apì tic ădh gnwstèc paramètrouc tou
problămatoc, dhladă th jèsh thc nèac korufăc metĹ apì kĹje surrÐknwsh
akmăc kai ton trìpo aponomăc proteraiìthtac stic surriknÿseic, prostÐjetai
mÐa akìma parĹmetroc, o prosdiorismìc tou dianÔsmatoc tou pedÐou sth jèsh
thc nèac korufăc. EÐnai eÔlogo ìti h jèsh thc nèac korufăc kai h timă tou
pedÐou sth jèsh aută eÐnai allhlèndetoi parĹgontec, kajÿc ja prèpei na epi-
legoÔn tautìqrona, me tètoio trìpo ÿste na prokaleÐtai h elĹqisth dunată
paramìrfwsh sto dianusmatikì pedÐo lìgw autăc thc topikăc allagăc. Ja
analÔsoume to jèma autì sthn enìthta 4.4.
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4.3.2 SfĹlma aplopoÐhshc

To sfĹlma aplopoÐhshc pou epèrqetai me kĹje surrÐknwsh akmăc, to o-
poÐo eÐnai shmantikì gia thn taxinìmhsh twn akmÿn sthn ourĹ proteraiìthtac,
orÐzetai me trìpo antÐstoiqo thc apìstashc metaxÔ dÔo tetraedrikÿn pedÐwn
me emfuteumèna dianusmatikĹ pedÐa, thn opoÐa eÐqame parousiĹsei sthn parĹ-
grafo 2.2.1.2. ’Etsi to sfĹlma aplopoÐhshc diakrÐnetai se dÔo parĹgontec:

• Sto sfĹlma tomèa, pou aforĹ thn allagă tou sunìrou tou plègmatoc;
autìc o parĹgontac upeisèrqetai mìno katĹ th surrÐknwsh akmÿn pou
èqoun mÐa ă kai tic dÔo korufèc touc sto sÔnoro tou plègmatoc.

• Sto sfĹlma pedÐou, pou aforĹ th metabolă tou emfuteumènou dianu-
smatikoÔ pedÐou.

O jewrhtikìc orismìc autÿn twn paragìntwn sfĹlmatoc pou dÿsame sthn
parĹgrafo 2.2.1.2 den mporeÐ na efarmosteÐ sthn prĹxh. Gia thn prosèggisă
touc, gÐnetai deigmatolhyÐa se sugkekrimèna shmeÐa tou pedÐou, sta opoÐa
upologÐzontai katĹllhlec ekfrĹseic twn paragìntwn autÿn. Ja epektajoÔme
sto jèma autì sthn enìthta 4.5.

4.3.3 Egkurìthta surriknÿsewn akmÿn

’Opwc kai sta trigwnikĹ plègmata, ètsi kai sta tetraedrikĹ, h surrÐknwsh
akmăc endèqetai na prokalèsei allagèc sthn topologÐa tou plègmatoc. Gia na
apofeuqjoÔn autĹ ta problămata, exetĹzontai kĹpoiec sunjăkec pou diafu-
lĹssoun thn topologÐa tou tetraedrikoÔ plègmatoc metĹ apì kĹje surrÐknwsh
akmăc:

• H basikă topologikă sunjăkh thc paragrĹfou 2.2.4.3 epekteÐnetai Ĺme-
sa se tetraedrikĹ plègmata [CCM+00], kai ètsi th qrhsimopoioÔme gia
na apokleÐoume surriknÿseic akmÿn pou ja odhgoÔsan se allagă thc
topologÐac tou tetraedrikoÔ plègmatoc.

• AfoÔ upologisteÐ h jèsh thc korufăc pou ja prokÔyei metĹ apì mÐa
surrÐknwsh akmăc, elègqoume an o ìgkoc kĹpoiou apì ta tetrĹedra pou
ephreĹzontai allĹzei prìshmo ă mhdenÐzetai, ÿste na apofÔgoume thn
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antistrofă tetraèdrwn (pou epÐshc apoteleÐ topologikì prìblhma) ă th
dhmiourgÐa ekfulismènwn tetraèdrwn.

4.3.4 Diatărhsh sunìrou tetraedrikoÔ plègmatoc

To sÔnoro twn tetraedrikÿn plegmĹtwn pou qrhsimopoioÔntai gia thn o-
ptikopoÐhsh dedomènwn orÐzei to qÿro ston opoÐo pragmatopoieÐtai to peÐrama
ă h exomoÐwsh, kai ètsi parèqei shmantikă plhroforÐa gia to pedÐo. Gia to
lìgo autì eÐnai shmantikì na diathreÐtai to sqăma tou katĹ thn aplopoÐhsh
tou pedÐou, ìso autì eÐnai dunatì. An to sÔnoro èqei polÔploko sqăma, mÐa
teqnikă ìpwc aută pou proteÐnetai sto [SG98] eÐnai aparaÐthth, ÿste na apo-
feuqjoÔn auto-tomèc katĹ thn aplopoÐhsh tou sunìrou. Stic perissìterec
praktikèc periptÿseic, ìmwc, to sÔnoro twn tetraedrikÿn pedÐwn pou qrhsi-
mopoioÔntai eÐnai parallhlìgrammo ă kampulìgrammo (gia parĹdeigma to pedÐo
bluntfin pou qrhsimopoiăsame stic dokimèc mac, bl. kai to Sqhma 4.8). Me
autì upfl ìyin, ston algìrijmo aplopoÐhshc pou kataskeuĹsame efarmìsame
mÐa aploÔsterh teqnikă, me skopì na diathreÐtai to sqăma twn epÐpedwn tmh-
mĹtwn tou sunìrou kai na epitrèpontai mikrèc allagèc sta kampulìgramma
tmămata ÿste na mhn empodÐzetai h aplopoÐhsh. H teqnikă mac sunÐstatai sta
exăc:

• MÐa akmă tou plègmatoc pou brÐsketai pĹnw sto sÔnoro tou pedÐou e-
pitrèpetai na surriknwjeÐ mìno an to sfĹlma tomèa pou epèrqetai eÐnai
mikrìtero apì èna ìrio kajorizìmeno apì to qrăsth; to ìrio autì eÐnai
mhdenikì gia pedÐa me epÐpedo sÔnoro pantoÔ kai polÔ mikrì gia pedÐ-
a me kampulìgrammo sÔnoro. (Ja anaferjoÔme ston upologismì tou
sfĹlmatoc tomèa sthn parĹgrafo 4.5.1.2 parakĹtw.)

• MÐa akmă thc opoÐac mìno mÐa korufă brÐsketai sto sÔnoro epitrèpetai
na surriknwjeÐ mìno proc thn korufă thc pou brÐsketai sto sÔnoro. Gia
megalÔterh aplopoÐhsh tou sunìrou, mporeÐ na epitrapeÐ kai sthn perÐ-
ptwsh aută h paramìrfwsh tou sunìrou mèqri èna Ĺnw ìrio sfĹlmatoc
tomèa, ìpwc prohgoumènwc.

• MÐa akmă eÐnai dunatì na èqei dÔo korufèc sto sÔnoro tou pedÐou allĹ na
mhn eÐnai h Ðdia pĹnw sto sÔnoro (gia parĹdeigma, mÐa eswterikă akmă mÐac
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tetraedropoÐhshc kÔbou me Ĺkra se dÔo diaforetikèc èdrec tou kÔbou);
se aută thn perÐptwsh h surrÐknwsh thc akmăc apagoreÔetai entelÿc.

4.3.5 Diatărhsh krÐsimwn shmeÐwn

’Opwc anafèrame, ta krÐsima shmeÐa enìc dianusmatikoÔ pedÐou eÐnai ekeÐ-
na ta shmeÐa tou sta opoÐa h timă tou pedÐou mhdenÐzetai. Ta krÐsima shmeÐa
antistoiqoÔn se shmantikĹ qarakthristikĹ tou pedÐou, kai oi algìrijmoi aplo-
poÐhshc ofeÐloun na ta diathroÔn toulĹqiston sto bajmì pou den alloiÿnetai
h topologÐa tou pedÐou me thn apĹleiyă touc. An to pedÐo perièqei pollĹ kai
puknĹ krÐsima shmeÐa, mporeÐ na analujeÐ ìpwc perigrĹfetai sto [TLHD03]
kai na aplopoihjeÐ me mejìdouc ìpwc autèc twn [TSH00, dLvL99]. EpÐshc o
algìrijmoc pou proteÐnoume kai pou basÐzetai se surriknÿseic akmÿn mporeÐ
na epauxhjeÐ me mÐa teqnikă parìmoia me aută pou proteÐnetai sto [CL03] ÿste
na diathrhjeÐ h topologÐa tou pedÐou.

Parìla autĹ, gia dianusmatikĹ pedÐa me sqetikĹ lÐga krÐsima shmeÐa efar-
mìsame mÐa aploÔsterh antimetÿpish, anĹlogh me aută pou perigrĹyame gia
th diatărhsh tou sunìrou, me epituqÐa:

• MÐa akmă thc opoÐac kai oi dÔo korufèc eÐnai krÐsima shmeÐa epitrèpe-
tai na surriknwjeÐ mìno an to măkoc thc eÐnai mikrìtero apì èna ìrio
kajorizìmeno apì to qrăsth; autì to ìrio tÐjetai pĹnta sqetikĹ mikrì,
ètsi ÿste na eÐnai dunată h sugqÿneush krÐsimwn shmeÐwn mìno an autĹ
brÐskontai polÔ kontĹ kai na mhn ephreĹzetai shmantikĹ h topologÐa tou
pedÐou.

• MÐa akmă thc opoÐac mìno h mÐa korufă eÐnai krÐsimo shmeÐo, epitrèpetai
na surriknwjeÐ mìno proc aută thn korufă; epiplèon h korufă diathreÐ
th mhdenikă timă pedÐou, ÿste to krÐsimo shmeÐo na mhn exafanÐzetai.

Shmeiÿnoume edÿ ìti ta krÐsima shmeÐa den eÐnai aparaÐthto na brÐskontai
pĹnw stic korufèc tou tetraedrikoÔ plègmatoc. MporoÔn ìmwc na entopi-
stoÔn, prin thn efarmogă tou algorÐjmou thc aplopoÐhshc, kai ta tetrĹedra
pou perièqoun krÐsima shmeÐa na diaspastoÔn sqhmatÐzontac nèa tetrĹedra me
korufèc sta krÐsima shmeÐa. ’Etsi ja eÐnai dunată h antimetÿpish twn krÐsimwn
shmeÐwn me ton trìpo pou perigrĹyame sthn parĹgrafo aută.
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4.4 Trìpoi prosdiorismoÔ thc nèac korufăc

O trìpoc prosdiorismoÔ thc korufăc pou prokÔptei me kĹje surrÐknwsh
akmăc apoteleÐ, ìpwc èqoume analÔsei, kajoristikì parĹgonta gia to apo-
tèlesma thc aplopoÐhshc. Sthn perÐptwsh twn tetraedrikÿn plegmĹtwn me
emfuteumèna dianusmatikĹ pedÐa, prèpei na sunektimhjeÐ tìso h jèsh thc ko-
rufăc ìso kai h timă tou dianusmatikoÔ pedÐou pou ja apodojeÐ se aută.
Sthn enìthta aută parousiĹzoume dÔo enallaktikoÔc trìpouc prosdiorismoÔ
twn stoiqeÐwn autÿn.

4.4.1 Surriknÿseic hmi-akmÿn

O prÿtoc trìpoc prosdiorismoÔ thc nèac korufăc eÐnai parìmoioc me autoÔc
pou èqoun parousiasteÐ mèqri tÿra gia thn aplopoÐhsh bajmwtÿn tetraedri-
kÿn pedÐwn, kai oi opoÐoi, ìpwc anafèrame sthn parĹgrafo 2.2.3, eÐnai mèjodoi
aplopoÐhshc stajeroÔ shmeÐou.

Sugkekrimèna, epitrèpoume stic akmèc na surriknÿnontai mìno se èna apì
ta dÔo Ĺkra touc, kai diathroÔme thn prohgoÔmenh timă tou pedÐou sto shmeÐo
autì. ’Etsi gia kĹje akmă {vo,vd} dhmiourgoÔntai dÔo upoyăfiec surriknÿ-
seic (vo,vd) → vd kai (vd,vo) → vo. OnomĹzoume autì ton trìpo surriknÿ-
seic hmi-akmÿn, apì thn omÿnumh domă parĹstashc polugwnikÿn (kai, katfl e-
pèktash, poluedrikÿn) plegmĹtwn: wc hmi-akmă jewreÐtai h {kateujunìmenh}
akmă (vo,vd), kai gia kĹje {fusikă} akmă {vo,vd} tou montèlou upĹrqoun
dÔo antÐrropec hmi-akmèc; me ton algìrijmì mac autèc surriknÿnontai sto
deÔtero Ĺkro touc.

Autì to sqăma aplopoÐhshc eÐnai exairetikĹ aplì kai, wc proc thn taqÔth-
ta aplopoÐhshc, apotelesmatikì, kajÿc den qreiĹzetai kanènac upologismìc
gia ton kajorismì thc nèac korufăc kai thc antÐstoiqhc timăc tou pedÐou; e-
piplèon, ligìterec akmèc prèpei na enhmerwjoÔn metĹ apì kĹje surrÐknwsh,
kajÿc ta tetrĹedra gÔrw apì thn korufă pou paramènei sto plègma den e-
phreĹzontai. EpÐshc, oi dunatìthtec sumpÐeshc tou proodeutikoÔ plègmatoc
eÐnai megalÔterec kajÿc qrhsimopoioÔntai mìno oi arqikèc jèseic korufÿn kai
timèc pedÐou. Gia ton Ðdio lìgo, tèloc, h pijanìthta na diataraqjeÐ h topologÐa
tou pedÐou eÐnai mikrìterh apì ì,ti an qrhsimopoioÔntan nèec jèseic korufÿn
kai timèc tou pedÐou (exĹllou h mèjodoc diatărhshc thc topologÐac pou peri-
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grĹyame sthn parĹgrafo 4.3.5 parapĹnw basÐzetai akribÿc se surriknÿseic
hmi-akmÿn). Dustuqÿc h aplìthta autoÔ tou sqămatoc aplopoÐhshc eÐnai
sugqrìnwc kai o megalÔteroc periorismìc tou, kajÿc h stajerìthta thc nèac
korufăc metĹ apì kĹje surrÐknwsh akmăc periorÐzei tic dunatìthtec poiotikăc
aplopoÐhshc tou pedÐou.

4.4.2 Beltistopoihmènoc prosdiorismìc nèac korufăc

Ektìc apì to prohgoÔmeno, {statikì} sqăma aplopoÐhshc me surriknÿseic
hmi-akmÿn, anaptÔxame kai èna pio polÔploko, dunamikì sqăma aplopoÐhshc
sto opoÐo h jèsh thc nèac korufăc kai h antÐstoiqh timă tou dianusmatikoÔ
pedÐou prokÔptoun apì mÐa diadikasÐa beltistopoÐhshc. H mèjodìc mac eÐnai
arketĹ genikă, kai epitrèpei thn efarmogă mejìdwn aplopoÐhshc epifaneiÿn
(trigwnikÿn plegmĹtwn), oi opoÐec beltistopoioÔn th jèsh thc nèac korufăc,
se dianusmatikĹ pedÐa epÐ tetraedrikÿn plegmĹtwn.

Gia na epitÔqoume thn epèktash twn mejìdwn autÿn sta tetraedrikĹ plèg-
mata, parathrăsame ìti autèc ergĹzontai sunăjwc me tic exisÿseic twn epipè-
dwn twn trigÿnwn pou efĹptontai sth surriknoÔmenh akmă, kai upologÐzoun
thn apìstash thc nèac korufăc apì autĹ (prbl. kai th diadikasÐa beltisto-
poÐhshc thc mejìdou twn tetragwnikÿn sfalmĹtwn sthn parĹgrafo 2.2.4.7).
Sta tetraedrikĹ plègmata, ta antÐstoiqa geitonikĹ stoiqeÐa kĹje akmăc eÐnai
ta tetrĹedra pou efĹptontai sta Ĺkra thc, ìmwc h sunăjhc apìstash apì
autĹ den èqei to antÐstoiqo nìhma. H diaforĹ ègkeitai sto gegonìc ìti kĹje
tetrĹedro orÐzetai apì tèssera shmeÐa; ètsi h antÐstoiqh apìstash eÐnai aută
pou metrĹtai se èna qÿro ìpou ta tèssera shmeÐa orÐzoun èna (uper)epÐpedo,
dhladă sto qÿro twn tessĹrwn diastĹsewn. Epomènwc gia na mporèsoume
na epekteÐnoume autèc tic mejìdouc aplopoÐhshc trigwnikÿn plegmĹtwn se
tetraedrikĹ plègmata, ofeÐloume na ergastoÔme sto qÿro twn tessĹrwn dia-
stĹsewn. Sto qÿro autì ja sumbolÐzoume me x, y, z kai w touc Ĺxonec
suntetagmènwn.

Gia thn aploÔsterh perÐptwsh ìpou epÐ tou tetraedrikoÔ plègmatoc eÐnai
orismèno èna bajmwtì pedÐo, sto [THKJ00] to pedÐo emfuteÔetai ston te-
tradiĹstato qÿro me fusikì trìpo, wc exăc: gia kĹje korufă tou pedÐou, h
jèsh thc v = (vx, vy, vz) antistoiqÐzetai sto uperepÐpedo w = 0, dhladă sto
shmeÐo (vx, vy, vz, 0) tou qÿrou twn tessĹrwn diastĹsewn, kai h antÐstoiqh
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(α) ( )β

­ Sqhma 4.2 ­
’Ena bajmwtì pedÐo orismèno epÐ enìc disdiĹstatou plègmatoc entÐjetai

ston trisdiĹstato qÿro kai aplopoieÐtai me surrÐknwsh akmăc.

timă tou pedÐou f antistoiqÐzetai ston Ĺxona w, dhladă sto (0, 0, 0, f); telikĹ
kataskeuĹzetai èna sÔnjeto shmeÐo tessĹrwn diastĹsewn p prosjètontac ta
antÐstoiqa epimèrouc shmeÐa,

p = (px, py, pz, pw) = (vx, vy, vz, 0) + (0, 0, 0, f)

Aută h kataskeuă eÐnai entelÿc anĹlogh, stic tèsseric diastĹseic, twn su-
năjwn uyometrikÿn pedÐwn (height fields), ta opoÐa eÐnai ousiastikĹ bajmwtĹ
pedÐa epÐ enìc disdiĹstatou plègmatoc shmeÐwn.

Me ton trìpo autì, oi tèsseric korufèc kĹje tetraèdrou orÐzoun èna upe-
repÐpedo sto qÿro twn tessĹrwn diastĹsewn, kai sunolikĹ ta sÔnjeta shmeÐa
tou arqikoÔ plègmatoc sqhmatÐzoun mÐa tetradiĹstath uperepifĹneia. Aută
mporeÐ na aplopoihjeÐ me surriknÿseic twn akmÿn thc, kai h diadikasÐa eÐ-
nai entelÿc anĹlogh thc surrÐknwshc akmÿn mÐac trisdiĹstathc epifĹneiac,
prosjètontac aplÿc th suntetagmènh w (Sqhma 4.2 gia to trisdiĹstato a-
nĹlogo).

Gia thn perÐptwsh pou mac endiafèrei, ìpou epÐ tou tetraedrikoÔ plègmatoc
eÐnai orismèno èna dianusmatikì pedÐo, to prìblhma eÐnai pio polÔploko kajÿc
emplèkontai perissìterec diastĹseic. MÐa antÐstoiqh emfÔteush ja odhgoÔse
stic èxi diastĹseic, ìpou ìmwc ta tetradiĹstata uperepÐpeda pou jèloume
na axiopoiăsoume eÐnai tetrimmèna. ’Etsi, antistoiqÐzoume kai pĹli th jèsh
kĹje korufăc v sto uperepÐpedo w = 0, ìmwc antistoiqÐzoume thn antÐstoiqh
timă tou pedÐou f = (fx, fy, fz) sto uperepÐpedo x = 0; me autì ton trìpo,
prosjètontac ta antÐstoiqa tetradiĹstata shmeÐa lambĹnoume èna sÔnjeto
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(α) ( )β ( )γ

­ Sqhma 4.3 ­
’Ena dianusmatikì pedÐo orismèno epÐ enìc disdiĹstatou plègmatoc e-
ntÐjetai ston trisdiĹstato qÿro. Oi dÔo paragìmenec epifĹneiec aplo-
poioÔntai tautìqrona ÿste na orisjeÐ h jèsh kai h timă tou pedÐou sth

nèa korufă.

shmeÐo p stic tèsseric diastĹseic, ìpwc epijumoÔsame:

p = (px, py, pz, pw) = (vx, vy, vz, 0) + (0, fx, fy, fz) (4.1)

Me thn antistoÐqish aută prokÔptei, ìpwc kai sthn perÐptwsh tou bajmw-
toÔ pedÐou, mÐa tetradiĹstath uperepifĹneia (Sqhma 4.3(a) gia to trisdiĹsta-
to anĹlogo). ’Omwc sthn perÐptwsh tou dianusmatikoÔ pedÐou, h uperepifĹneia
aută den antiproswpeÔei ìlh thn plhroforÐa tou arqikoÔ pedÐou, kai sugkekri-
mèna, mèroc thc plhroforÐac kateÔjunshc tou dianusmatikoÔ pedÐou qĹnetai.
Autì eÐnai emfanèc apì to gegonìc ìti oi tèsseric suntetagmènec tou shmeÐou
p den mporoÔn na perilĹboun ìlh thn plhroforÐa twn èxi sunolikĹ sunte-
tagmènwn twn v kai f . ExĹllou, an aplopoioÔsame aută thn uperepifĹneia ja
lambĹname èna shmeÐo pou ja ătan h korufă tou antÐstoiqou dianÔsmatoc, enÿ
h kateÔjunsă tou den ja ătan dunatì na prosdioristeÐ.

Gia na xeperĹsoume to prìblhma autì, sqhmatÐzoume mÐa deÔterh endiĹmesh
uperepifĹneia, sunduĹzontac th jèsh kĹje korufăc tou arqikoÔ pedÐou me èna
klĹsma u0 ∈ (0, 1), stajerì gia ìlec tic korufèc, thc antÐstoiqhc timăc tou
pedÐou kai lambĹnontac ètsi èna endiĹmeso sÔnjeto shmeÐo m: (Sqhma 4.3(b)
gia to trisdiĹstato anĹlogo)

m = (mx, my,mz,mw) = (vx, vy, vz, 0) + u0(0, fx, fy, fz) (4.2)

Gia dieukìlunsh qrhsimopoioÔme u0 = 1
2 .
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Plèon h kateÔjunsh tou pedÐou mporeÐ na anakthjeÐ exetĹzontac ta antÐ-
stoiqa shmeÐa apì tic dÔo uperepifĹneiec. EpilÔontac tic sqèseic (4.1) kai
(4.2) wc proc ta v kai f lambĹnoume:

fx = (py −my)/(1− u0) (4.3 a)

fy = (pz −mz)/(1− u0) (4.3 b)

fz = pw = mw/u0 (4.3 g)

vx = px = mx (4.3 d)

vy = py − fx (4.3 e)

vz = pz − fy (4.3 svt)

Gia thn aplopoÐhsh tou dianusmatikoÔ pedÐou pragmatopoioÔme tautìqrona
surriknÿseic akmÿn stic dÔo uperepifĹneiecse uperepifĹneia, kai ta dÔo nèa
tetradiĹstata shmeÐa pou prokÔptoun kajorÐzoun th jèsh thc nèac korufăc
ston trisdiĹstato qÿro kai thn antÐstoiqh timă tou dianÔsmatoc tou pedÐou,
mèsw twn sqèsewn (4.3) (Sqhma 4.3(g)).

Oi surriknÿseic akmÿn stic dÔo uperepifĹneiec mporoÔn na beltistopoih-
joÔn epekteÐnontac Ĺmesa stic tèsseric diastĹseic opoiadăpote mèjodo aplo-
poÐhshc trigwnikÿn plegmĹtwn qrhsimopoieÐ tic exisÿseic twn epipèdwn twn
ìyewn gÔrw apì th surriknoÔmenh akmă, kai h epèktash perilambĹnei aplÿc
thn prosjăkh se ìlec tic exisÿseic thc tètarthc suntetagmènhc w. Sthn u-
lopoÐhsă mac qrhsimopoiăsame th mèjodo twn tetragwnikÿn sfalmĹtwn, thn
opoÐa ădh perigrĹyame sthn parĹgrafo 2.2.4.7, epekteÐnontĹc th stic tèsse-
ric diastĹseic me autì ton Ĺmeso trìpo. Protimăsame aută th mèjodo giatÐ
apodedeigmèna parĹgei apotelèsmata uyhlăc poiìthtac katĹ thn aplopoÐhsh
trisdiĹstatwn epifaneiÿn, se mikrì qrìno kai me sqetikĹ mikrèc apaităseic
se mnămh; autĹ ta qarakthristikĹ gÐnontai pio shmantikĹ gia thn efarmogă
pou exetĹzoume, kajÿc o ìgkoc thc plhroforÐac eÐnai polÔ megalÔteroc kai
gia kĹje surrÐknwsh akmăc prèpei na epilujoÔn dÔo diaforetikĹ problămata
beltistopoÐhshc.

Shmeiÿnoume, pĹntwc, ìti h teqnikă pou perigrĹyame upojètei ìti h mè-
jodoc aplopoÐhshc bĹsei thc opoÐac pragmatopoioÔntai oi tautìqrontec sur-
riknÿseic akmÿn stic dÔo uperepifĹneiec eÐnai grammikĹ akribăc, dhladă an
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efarmìsoume èna grammikì metasqhmatismì se mÐa epifĹneia kai katìpin thn
aplopoiăsoume, ja lĹboume to Ðdio apotèlesma ìpwc an efarmìzame ton me-
tasqhmatismì autì sto apotèlesma thc aplopoÐhshc thc arqikăc epifĹneiac.
Sthn prĹxh autì den isqÔei gia tic mejìdouc aplopoÐhshc me surriknÿseic
akmÿn pou èqoun protajeÐ, ìpwc kai gia th mèjodo twn tetragwnikÿn sfal-
mĹtwn pou qrhsimopoioÔme, dedomènou ìti prìkeitai gia proseggistikèc mejì-
douc pou se pollĹ stĹdia qrhsimopoioÔn mh grammikèc sqèseic. Eutuqÿc, oi
sqèseic (4.3 g) kai (4.3 d) parèqoun ènan trìpo na elegqjeÐ h kală sumperifo-
rĹ tou apotelèsmatoc: ta p kai m prèpei na ikanopoioÔn tic sqèseic px = mx

kai pw = mw/u0. Sthn ulopoÐhsă mac apaitoÔme na isqÔoun autèc oi sqèseic
me mÐa anoqă 0,1%, kai aporrÐptoume kĹje surrÐknwsh akmăc gia thn opoÐa
autì den isqÔei. Epiplèon, diorjÿnoume to m diairÿntac to me px/mx ÿste
toulĹqiston h sqèsh (4.3 d) na ikanopoieÐtai akribÿc; aută h diìrjwsh beltiÿ-
nei shmantikĹ thn poiìthta twn apotelesmĹtwn. Autì to shmeÐo thc mejìdou
dikaiologeÐ kai ton {pleonasmì} pou emfanÐzetai, na antiproswpeÔontai oi èxi
sunolikĹ suntetagmènec twn v kai f me tic oktÿ suntetagmènec twn p kai m.

Anafèroume, tèloc, ìti h mèjodoc twn tetragwnikÿn sfalmĹtwn èqei e-
pektajeÐ sta [GH98, Hop99] gia thn aplopoÐhsh trigwnikÿn plegmĹtwn stic
korufèc twn opoÐwn èqoun antistoiqhjeÐ qarakthristikĹ ìpwc qrÿma, kano-
nikĹ dianÔsmata ă plhroforÐec ufăc, prìblhma to opoÐo eÐnai polÔ suggenèc
me autì pou ereunoÔme. Stic dÔo autèc ergasÐec, oi pÐnakec kai ta dianÔsmata
pou qrhsimopoioÔntai sth mèjodo twn tetragwnikÿn sfalmĹtwn epekteÐno-
ntai (me diaforetikoÔc trìpouc) se megalÔterec diastĹseic ÿste na perilĹ-
boun tic timèc twn qarakthristikÿn. Parìla autĹ, pisteÔoume ìti oi idèec
pou efarmìzoun den tairiĹzoun sthn perÐptwsh twn dianusmatikÿn pedÐwn epÐ
tetraedrikÿn plegmĹtwn. Sto [Hop99] ta qarakthristikĹ kĹje korufăc exe-
tĹzontai qwristĹ apì th gewmetrÐa thc, kai ètsi h ergasÐa periorÐzetai stic
treic diastĹseic qwrÐc na mporeÐ na epektajeÐ me fusikì trìpo stic tèsseric,
ìpwc apaiteÐtai gia thn perÐptwsă mac. Sto [GH98] ta qarakthristikĹ pro-
sartÿntai sth gewmetrÐa dhmiourgÿntac èna prìblhma beltistopoÐhshc stic
èxi diastĹseic; an ìmwc gia thn epÐlusă tou qrhsimopoihjoÔn tetradiĹstata
tetragwnikĹ sfĹlmata, tìte h prÿth suntetagmènh thc timăc tou pedÐou ja
qrhsimopoieÐtai wc gewmetrÐa, kĹti pou eÐnai mĹllon aujaÐreto. H mèjodoc a-
plopoÐhshc pou parousiĹsame, epÐshc sumplèkei th gewmetrÐa me tic timèc tou
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pedÐou lìgw thc idiĹzousac, Ðswc, antistoÐqisăc touc stic tèsseric diastĹseic
mèsw twn sqèsewn (4.1) kai (4.2), ìmwc oi sqèseic (4.3) mac epitrèpoun na tic
apoplèxoume kai epÐshc na elègxoume th sumperiforĹ thc lÔshc, me ton trìpo
pou ădh perigrĹyame.

4.5 EktÐmhsh sfĹlmatoc

AfoÔ parousiĹsame touc trìpouc prosdiorismoÔ thc korufăc pou prokÔ-
ptei me kĹje surrÐknwsh akmăc, sthn enìthta aută ja analÔsoume ton Ĺllo
shmantikì parĹgonta tou algorÐjmou aplopoÐhshc, pou eÐnai h ektÐmhsh tou
sfĹlmatoc pou epifèrei kĹje surrÐknwsh akmăc.

’Otan qrhsimopoihjeÐ h mèjodoc beltistopoÐhshc pou perigrĹyame sthn
prohgoÔmenh parĹgrafo, to sfĹlma mporeÐ na ektimhjeÐ Ĺmesa apì thn èk-
frasă tou thn opoÐa elaqistopoieÐ h mèjodoc beltistopoÐhshc prokeimènou na
entopÐsei th bèltisth jèsh thc korufăc. Ja analÔsoume autì ton trìpo pros-
diorismoÔ tou sfĹlmatoc proc to tèloc thc enìthtac, sthn parĹgrafo 4.5.2.
AntÐjeta, ìtan qrhsimopoihjoÔn oi surriknÿseic hmi-akmÿn, den upĹrqei dia-
jèsimh kĹpoia ektÐmhsh tou sfĹlmatoc. Gia to lìgo autì anaptÔxame mÐa
sÔnjeth èkfrasă tou, se sumfwnÐa me ton orismì thc paragrĹfou 4.3.2, thn
opoÐa parousiĹzoume sthn epìmenh parĹgrafo. Aută h èkfrash tou sfĹl-
matoc mporeÐ epÐshc na sunduasteÐ me ton beltistopoihmèno prosdiorismì thc
korufăc, kai sthn enìthta 4.6 exetĹzoume kai aută thn ekdoqă.

4.5.1 SÔnjeto sfĹlma

Gia thn ektÐmhsh tou sfĹlmatoc pou epifèrei mÐa surrÐknwsh akmăc tou
tetraedrikoÔ plègmatoc sto dianusmatikì pedÐo, epiqeirăsame na posotiko-
poiăsoume ta sfĹlmata tomèa kai pedÐou kai, sugqrìnwc, na elègxoume thn
poiìthta tou paragìmenou tetraedrikoÔ plègmatoc ìson aforĹ sto sqăma
twn tetraèdrwn. H èkfrash pou anaptÔxame eÐnai èna zugismèno Ĺjroisma
paragìntwn:

E = wFA
EFA

+ wFL
EFL

+ wDED + wCEC + wV EV (4.4)
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Oi parĹgontec Ek thc èkfrashc autăc analÔontai amèswc parakĹtw; sunopti-
kĹ, oi dÔo prÿtoi ektimoÔn to sfĹlma pedÐou, o trÐtoc to sfĹlma tomèa kai
oi dÔo teleutaÐoi elègqoun thn poiìthta tou plègmatoc. Ta bĹrh wk sthn
parapĹnw sqèsh kajorÐzontai apì to qrăsth. Shmeiÿnoume edÿ ìti, kajÿc oi
epimèrouc parĹgontec sfĹlmatoc ekfrĹzontai se diaforetikèc klÐmakec megè-
jouc, kajènac apì autoÔc kanonikopoieÐtai sto diĹsthma [0, 1] ìtan oi arqikèc
akmèc tou pedÐou eisèrqontai sthn ourĹ proteraiìthtac katĹ to prÿto băma
tou algorÐjmou aplopoÐhshc, kai oi suntelestèc kanonikopoÐhshc pou prokÔ-
ptoun qrhsimopoioÔntai katìpin se ìlh th diĹrkeia tou algorÐjmou.

Sta epìmena ja anaferìmaste se surrÐknwsh akmăc (vo,vd) → vs ă se
surrÐknwsh hmi-akmăc (vo,vd) → vd.

4.5.1.1 SfĹlma pedÐou

Oi parĹgontec EFA
kai EFL

ektimoÔn to sfĹlma pedÐou thc aplopoÐhshc.
O EFA

metrĹei th gwnÐa apìklishc metaxÔ tou arqikoÔ kai tou aplopoihmènou
pedÐou, kai o EFL

th (dianusmatikă) diaforĹ touc. Kajÿc autoÐ oi parĹgontec
den eÐnai dunatì na upologistoÔn me akrÐbeia, upologÐzontai me mÐa diadika-
sÐa deigmatolhyÐac se shmeÐa tou pedÐou mèsa sto Ĺstro thc surriknoÔmenhc
akmăc. Sthn ulopoÐhsă mac pragmatopoioÔme th deigmatolhyÐa mìno stic ko-
rufèc thc surriknoÔmenhc akmăc, wc antiproswpeutikĹ shmeÐa tou Ĺstrou thc.

Pio analutikĹ, ìtan qrhsimopoioÔntai surriknÿseic hmi-akmÿn, lambĹnetai
me parembolă h timă F′(vo) tou aplopoihmènou pedÐou sth diagrammènh korufă
vo (Sqhma 4.4); jètoume loipìn:

EFA
= ∠

(
F(vo),F′(vo)

)

EFL
= ‖F(vo)− F′(vo)‖

(ìpou ∠(x,y) eÐnai h gwnÐa twn dianusmĹtwn x kai y).

’Otan h nèa korufă prokÔptei apì diadikasÐa beltistopoÐhshc, upologÐzou-
me tic timèc F′(vo) kai F′(vd) tou aplopoihmènou pedÐou stic dÔo korufèc thc
surriknoÔmenhc akmăc kai wc ektÐmhsh twn parapĹnw sfalmĹtwn paÐrnoume to
mègisto twn sfalmĹtwn se autĹ ta dÔo shmeÐa:
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vd
vd

vo

vo

F v( o)
F’ v( o)

­ Sqhma 4.4 ­
To sfĹlma pedÐou gia surriknÿseic hmi-akmÿn ektimĹtai apì tic timèc
tou pedÐou sth diagrammènh akmă prin kai metĹ th surrÐknwsh thc akmăc.

EFA
= max

{
∠

(
F(vo),F′(vo)

)
, ∠

(
F(vd),F′(vd)

)}

EFL
= max

{‖F(vo)− F′(vo)‖, ‖F(vd)− F′(vd)‖
}

Gia na upologÐsoume thn timă F′(v) gia èna opoiodăpote shmeÐo v to opoÐo
den eÐnai korufă tou aplopoihmènou pedÐou, sqhmatÐzoume ta tetrĹedra pou
ja dhmiourgoÔntan me th surrÐknwsh aută, antikajistÿntac th nèa korufă
kai thn antÐstoiqh timă tou pedÐou sta tetrĹedra pou ephreĹzontai; brÐskoume
poio apì autĹ ta nèa tetrĹedra perièqei to shmeÐo v, kai upologÐzoume thn
timă F′(v) me grammikă parembolă twn timÿn tou aplopoihmènou pedÐou stic
korufèc autoÔ tou tetraèdrou. An to sÔnoro tou pedÐou metabĹlletai, upĹr-
qei pijanìthta to shmeÐo v na mhn perièqetai se kanèna tetrĹedro tou nèou
pedÐou. Sthn perÐptwsh aută brÐskoume to nèo tetrĹedro tou opoÐou to kè-
ntro eÐnai plhsièstero sto v kai upologÐzoume thn timă F′(v) me parekbolă
(extrapolation) twn timÿn tou pedÐou stic korufèc tou; an perissìtera apì
èna tetrĹedra brÐskontai sthn Ðdia elĹqisth apìstash apì to v, upologÐzoume
tic timèc tou pedÐou sto v gia kajèna apì autĹ kai lambĹnoume to mèso ìro
touc.

KatĹ th diĹrkeia tou algorÐjmou aplopoÐhshc, kai me skopì na ekfrasteÐ
kalÔtera to sunolikì sfĹlma se sqèsh me to arqikì pedÐo, oi dÔo parĹgontec
tou sfĹlmatoc pedÐou susswreÔontai; ètsi kĹje upoyăfia surrÐknwsh akmăc
metafèrei anadromikĹ to sfĹlma pou èqoun prokalèsei ìlec oi akmèc pou èqoun
prohgoumènwc surriknwjeÐ sta Ĺkra thc.



i

i

i

i

i

i

i

i

4.5. Εκτίµηση σφάlµατοc 87

4.5.1.2 SfĹlma tomèa

To sfĹlma tomèa parousiĹzetai mìno ìtan h surrÐknwsh mÐac akmăc me-
tabĹllei to sÔnoro tou pedÐou, ìpwc perigrĹyame sthn parĹgrafo 4.3.2; se
sunduasmì me touc periorismoÔc pou jèsame sthn parĹgrafo 4.3.4 gia th dia-
tărhsh tou sunìrou tou plègmatoc, autì sumbaÐnei mìno katĹ th surrÐknwsh
sunoriakÿn akmÿn.

Gia thn ektÐmhsh autoÔ tou sfĹlmatoc qrhsimopoiăsame arqikĹ th mègisth
apìstash twn korufÿn thc surriknoÔmenhc akmăc apì tic sunoriakèc ìyeic
twn nèwn tetraèdrwn, wc mÐa prosèggish thc apìstashc Hausdorff metaxÔ twn
sunìrwn tou plègmatwn prin kai metĹ th surrÐknwsh thc akmăc. Parìla autĹ,
oi dokimèc mac èdeixan ìti aută h ektÐmhsh tou sfĹlmatoc tomèa apotÔgqane
na diathrăsei ikanopoihtikĹ to sÔnoro tou pedÐou.

Katalăxame loipìn na ektimoÔme to sfĹlma tomèa bĹsei twn dÐedrwn gw-
niÿn metaxÔ antÐstoiqwn sunoriakÿn ìyewn tou tetraedrikoÔ plègmatoc prin
kai metĹ th surrÐknwsh thc akmăc (Sqhma 4.5). Sugkekrimèna, an BF ′(vs)
eÐnai to sÔnolo twn sunoriakÿn ìyewn gÔrw apì th nèa korufă vs pou meta-
blăjhkan katĹ th surrÐknwsh kai θ(∆) eÐnai h gwnÐa pou anafèrame gia mÐa
ìyh ∆ ∈ BF ′(vs), jètoume

ED = max
∆∈BF ′(vs)

θ(∆)

Oi dokimèc mac èdeixan ìti aută h ektÐmhsh tou sfĹlmatoc tomèa, basismènh
sthn apìklish twn gwniÿn twn sunoriakÿn ìyewn, parèqei ènan axiìpisto

vd

θ(Δ)

Δ

vo

­ Sqhma 4.5 ­
To sfĹlma tomèa ektimĹtai bĹsei twn dÐedrwn gwniÿn θ(∆) metaxÔ a-
ntÐstoiqwn sunoriakÿn ìyewn prin kai metĹ th surrÐknwsh akmăc (edÿ

parousiĹzoume th surrÐknwsh hmi-akmăc).
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trìpo diatărhshc tou sunìrou tou pedÐou. ExĹllou apoteleÐ èna polÔ diai-
sjhtikì mètro, h shmasÐa tou opoÐou gÐnetai eÔkola katanohtă. Shmeiÿnoume
ìti, ìpwc kai to sfĹlma pedÐou, ètsi kai to sfĹlma tomèa susswreÔetai katĹ
th diĹrkeia tou algorÐjmou, ètsi ÿste h metabolă tou sunìrou na logÐzetai
sth bĹsh tou sunìrou tou arqikoÔ plègmatoc.

4.5.1.3 SfĹlma poiìthtac tetraedrikoÔ plègmatoc

Oi dÔo teleutaÐoi parĹgontec EC kai EV tou sfĹlmatoc sth sqèsh (4.4)
elègqoun thn poiìthta tou paragìmenou tetraedrikoÔ plègmatoc.

O parĹgontac EC apotrèpei th dhmiourgÐa makrìstenwn tetraèdrwn, ta
opoÐa, anĹloga me sthn perÐptwsh twn trigwnikÿn plegmĹtwn (prbl. thn pa-
rĹgrafo 3.3.2.2) dhmiourgoÔn problămata sthn optikopoÐhsh allĹ kai stic
suqnĹ aparaÐthtec parembolèc sta tetraedrikĹ plègmata. Wc mètro thc su-
mpĹgeiac enìc tetraèdrou T qrhsimopoioÔme thn timă [MW95]

c =
6
√

2S

L3
µ

ìpou S eÐnai o ìgkoc tou T kai Lµ eÐnai to mèso măkoc twn akmÿn tou; aută
h sqèsh dÐnei 0 gia èna epÐpedo tetrĹedro kai 1 gia èna kanonikì.

UpologÐzoume thn elĹqisth sumpĹgeia cmin twn tetraèdrwn gÔrw apì thn
akmă {vo,vd} kajÿc kai thn elĹqisth sumpĹgeia c′min twn tetraèdrwn gÔrw
apì th nèa korufă vc kai jètoume

EC =
cmin

c′min

wc èna mètro thc qeirotèreushc thc sumpĹgeiac twn tetraèdrwn lìgw thc
surrÐknwshc.

O parĹgontac EV apotrèpei thn Ôparxh korufÿn me uyhlì sjènoc sto
tetraedrikì plègma, kajÿc kai autèc epibarÔnoun thn optikopoÐhsh tou te-
traedrikoÔ plègmatoc. Wc EV jètoume aplÿc ton arijmì twn tetraèdrwn
gÔrw apì thn korufă vc metĹ th surrÐknwsh,

EV = valence′(vc),
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basizìmenoi sth diapÐstwsh ìti sunăjwc ta arqikĹ tetraedrikĹ plègmata è-
qoun genikĹ omoiìmorfh katanomă twn tetraèdrwn gÔrw apì tic korufèc touc.

4.5.2 Tetragwnikì sfĹlma

To sÔnjeto sfĹlma pou parousiĹsame sthn prohgoÔmenh parĹgrafo eÐnai
aparaÐthto, ìpwc anafèrame kai sthn arqă thc enìthtac, katĹ thn efarmogă
surriknÿsewn hmi-akmÿn sto dianusmatikì pedÐo, kajÿc h mèjodoc aută den
qrhsimopoieÐ kĹpoia ektÐmhsh tou sfĹlmatoc aplopoÐhshc. AntÐjeta, ìtan
efarmìzoume ton algìrijmo beltistopoÐhshc thc nèac korufăc pou anaptÔxame
sthn parĹgrafo 4.4.2, eÐnai dunatì na qrhsimopoiăsoume mÐa Ĺmesh prosèggish
gia thn ektÐmhsh tou sfĹlmatoc.

Sugkekrimèna, ìpwc èqoume dei kai sta prohgoÔmena kefĹlaia gia ta tri-
gwnikĹ plègmata, o algìrijmoc beltistopoÐhshc qrhsimopoieÐ kĹpoia èkfrash
tou sfĹlmatoc aplopoÐhshc, thn opoÐa elaqistopoieÐ gia na upologÐsei th bèl-
tisth jèsh thc korufăc. Me dedomènh thn amfÐdromh antistoÐqish pou èqoume
qrhsimopoiăsei metaxÔ tou dianusmatikoÔ pedÐou kai tou qÿrou twn tessĹrwn
diastĹsewn ston opoÐo gÐnetai h aplopoÐhsh, to mètro tou sfĹlmatoc tou al-
gorÐjmou beltistopoÐhshc parèqei mÐa ektÐmhsh tou sfĹlmatoc pou prokaleÐ
h surrÐknwsh sto pedÐo.

Sthn perÐptwsh thc mejìdou aplopoÐhshc me tetragwnikĹ sfĹlmata pou
qrhsimopoioÔme, h ektÐmhsh tou sfĹlmatoc eÐnai to Ĺjroisma twn tetragwni-
kÿn apostĹsewn thc nèac korufăc apì to sÔnolo twn ìyewn gÔrw apì th
surriknoÔmenh akmă (bl. thn parĹgrafo 2.2.4.7). O algìrijmìc mac upologÐ-
zei dÔo tètoiec apostĹseic, mÐa gia kĹje mÐa apì tic dÔo uperepifĹneiec pou
aplopoioÔntai tautìqrona. Wc ektÐmhsh tou sfĹlmatoc epilègoume aujaÐreta
na qrhsimopoiăsoume thn apìstash sthn exwterikă epifĹneia (aută pou sqh-
matÐzetai apì ta shmeÐa p me th sqèsh (4.1)), enÿ enallaktikĹ ja mporoÔse
na qrhsimopoihjeÐ h apìstash sthn endiĹmesh epifĹneia ă ènac sunduasmìc
twn dÔo.

Wc proc thn poiìthta tou paragìmenou tetraedrikoÔ plègmatoc, h qrăsh
thc mejìdou aplopoÐhshc tetragwnikoÔ sfĹlmatoc gia thn aplopoÐhsh twn
epimèrouc uperepifaneiÿn egguĹtai èna kalì apotèlesma, kajÿc èqei apodei-
qjeÐ ìti, sthn aplopoÐhsh trigwnikÿn plegmĹtwn ìpou èqei melethjeÐ mèqri
tÿra, h mèjodoc aută parĹgei trÐgwna kaloÔ sqămatoc (bl. kai to tèloc thc
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paragrĹfou 2.2.2.4).

Apì ta parapĹnw sunĹgoume ìti qrhsimopoiÿntac to tetragwnikì sfĹl-
ma epitugqĹnoume tautìqrona th beltistopoÐhsh tou dianusmatikoÔ pedÐou kai
ton èlegqo thc poiìthtac tou tetraedrikoÔ plègmatoc; sunepÿc aută h ektÐ-
mhsh tou sfĹlmatoc mporeÐ na qrhsimopoihjeÐ autotelÿc, qwrÐc thn anĹgkh
prosjăkhc kĹpoiwn apì touc parĹgontec thc sÔnjethc èkfrashc (4.4) tou
sfĹlmatoc.

4.6 Apotelèsmata

O algìrijmoc aplopoÐhshc dianusmatikÿn pedÐwn se tetraedrikĹ plègmata
pou parousiĹsame sto kefĹlaio autì ulopoiăjhke wc Ĺrjrwma tou progrĹm-
matoc OpenDX.

To OpenDX (Open Visualization Data Explorer) eÐnai èna prohgmèno kai
euèlikto prìgramma optikopoÐhshc dedomènwn. AnaptÔqjhke apì thn etaireÐ-
a IBM arqikĹ wc emporikì proðìn allĹ edÿ kai lÐga qrìnia o kÿdikĹc tou
ègine eleÔjera diajèsimoc kai h qrăsh tou eÐnai epÐshc eleÔjerh. To prìgram-
ma parèqei pollèc dunatìthtec optikopoÐhshc dedomènwn stic dÔo kai stic
treic diastĹseic ìpwc tèmnonta epÐpeda, fwtoskÐash ìgkou, sqedÐash reuma-
togrammÿn kai troqiogrammÿn kai Ĺllec. H leitourgikìthta tou progrĹmmatoc
parèqetai mèsw anexĹrthtwn arjrwmĹtwn, ta opoÐa mporoÔn na sunduastoÔn
eleÔjera apì to qrăsth gia thn paragwgă katĹllhlhc optikopoÐhshc twn
dedomènwn tou. Epiplèon, nèa arjrÿmata mporoÔn na kataskeuastoÔn, eÐte
sunduĹzontac upĹrqonta, eÐte me programmatismì se C/C++ ă kĹpoiec Ĺllec
glÿssec programmatismoÔ. Gia thn efarmogă mac, ulopoiăsame ton algìrij-
mo aplopoÐhshc se èna nèo Ĺrjrwma kai qrhsimopoiăsame tic dunatìthtec tou
progrĹmmatoc gia eÐsodo kai optikopoÐhsh twn dianusmatikÿn pedÐwn.

Oi dokimèc mac pragmatopoiăjhkan se proswpikì upologistă me epexerga-
stă AMD Athlon XP 2000+ me 512MB mnămhc RAM.

ParakĹtw dÐnoume tic leptomèreiec twn dokimÿn aplopoÐhshc pou pragma-
topoiăsame kai twn apotelesmĹtwn pou lĹbame. Prin apì autì, parousiĹzou-
me th mèjodo me thn opoÐa sugkrÐname ta aplopoihmèna me ta arqikĹ pedÐa.
Shmeiÿnoume ìti h ulopoÐhsh thc sÔgkrishc twn pedÐwn ègine epÐshc wc èna
Ĺrjrwma tou OpenDX.
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4.6.1 Mèjodoc sÔgkrishc dianusmatikÿn pedÐwn se
tetraedrikĹ plègmata

Gia na posotikopoiăsoume to pragmatikì sfĹlma twn aplopoihmènwn pedÐ-
wn pou parĹgoume, pragmatopoioÔme deigmatolhyÐa tou arqikoÔ pedÐou Φ kai
tou aplopoihmènou Φ′ se èna koinì sÔnolo shmeÐwn S stic korufèc enìc pu-
knoÔ kanonikoÔ plègmatoc pou ta kalÔptei. Oi timèc kĹje pedÐou se èna shmeÐo
deigmatolhyÐac upologÐzontai, ìpwc kai sthn parĹgrafo 4.5.1.1, brÐskontac
to tetrĹedro pou perièqei to shmeÐo deigmatolhyÐac kai parembĹllontac tic
timèc tou pedÐou stic korufèc autoÔ tou tetraèdrou; an to shmeÐo brÐsketai
èxw apì ton tomèa tou pedÐou, h timă tou ektimĹtai me parekbolă wc proc
ta plhsièstera sunoriakĹ tetrĹedra. Gia ton apotelesmatikìtero entopismì
twn tetraèdrwn pou perièqoun ă eÐnai plhsièstera sta shmeÐa deigmatolhyÐ-
ac, qrhsimopoieÐtai èna bohjhtikì (araiì) kanonikì plègma pou kalÔptei to
kĹje pedÐo kai tou opoÐou kĹje perioqă perièqei anaforèc sta tetrĹedra tou
plègmatoc pou kalÔptoun to eswterikì thc.

Gia kĹje shmeÐo deigmatolhyÐac x ∈ S sullègoume tic antÐstoiqec timèc twn
pedÐwn, {F(x), x ∈ S} kai {F′(x), x ∈ S}, kai upologÐzoume mia seirĹ mètrwn
tou sfĹlmatoc metaxÔ tou arqikoÔ kai tou aplopoihmènou pedÐou: (parakĹtw
sumbolÐzoume me |S| to plăjoc twn stoiqeÐwn tou S)

• Mègisth kai mèsh apìklish gwniÿn:
An εA(x) = ∠

(
F(x),F′(x)

)
, jètoume

εmax
A = max

x∈S

{
εA(x)

}

εmean
A =

1
|S|

∑

x∈S

εA(x)

• Mègisth kai mèsh apìklish dianusmĹtwn:
An εL(x) = ‖F(x)− F′(x)‖, jètoume

εmax
L = max

x∈S

{
εL(x)

}

εmean
L =

1
|S|

∑

x∈S

εL(x)
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Sta epìmena, oi apoklÐseic gwniÿn ekfrĹzontai se moÐrec. EpÐshc, gia na
eÐnai pio antiproswpeutikèc, oi apoklÐseic dianusmĹtwn ekfrĹzontai wc poso-
stĹ tou eÔrouc r twn mhkÿn twn dianusmĹtwn tou arqikoÔ pedÐou Φ,

r = max
x∈V

{‖F(x)‖}−min
x∈V

{‖F(x)‖}.

4.6.2 Epidìseic diamorfÿsewn tou algorÐjmou

ExetĹsame treic diamorfÿseic tou algorÐjmou aplopoÐhshc, me skopì na
axiologăsoume touc enallaktikoÔc trìpouc topojèthshc thc nèac korufăc
kajÿc kai ektÐmhshc tou sfĹlmatoc pou anaptÔxame:

(1) Surriknÿseic hmi-akmÿn me to sÔnjeto sfĹlma.

(2) BeltistopoÐhsh nèac korufăc me to sÔnjeto sfĹlma.

(3) BeltistopoÐhsh nèac korufăc me to tetragwnikì sfĹlma.

Oi diamorfÿseic (1) kai (3) eÐnai oi pio {fusikèc} kajÿc to sÔnjeto sfĹl-
ma anaptÔqjhke gia na sumplhrÿsei tic surriknÿseic hmi-akmÿn oi opoÐec den
parèqoun kĹpoio Ĺmeso trìpo ektÐmhshc tou sfĹlmatoc, enÿ to tetragwnikì
sfĹlma sumplhrÿnei fusiologikĹ th beltistopoÐhsh thc nèac korufăc ìpwc
anafèrame kai sthn parĹgrafo 4.5.2. H diamìrfwsh (2) eÐnai ousiastikĹ ènac
peiramatismìc wc proc thn apìdosh tou sÔnjetou sfĹlmatoc. Den dokimĹsame
ton tètarto dunatì sunduasmì, dhladă surriknÿseic hmi-akmÿn me to tetra-
gwnikì sfĹlma, kajÿc jewrăsame ìti an ulopoihjeÐ to tetragwnikì sfĹlma
den ja eÐqe nìhma h mh qrăsh tou gia beltistopoÐhsh thc nèac korufăc.

Qrhsimopoiăsame ta exăc montèla: èna grammikì dianusmatikì pedÐo pou
kataskeuĹsame stic korufèc enìc omoiìmorfa diamerismènou kÔbou me th su-
nĹrthsh F(x, y, z) = (x, 2x, 0), (3.645 tetrĹedra); èna montèlo pou antipro-
swpeÔei to pedÐo barÔthtac pou anaptÔssetai metaxÔ triÿn sfairÿn, perio-
rismèno se ènan kÔbo (121.945 tetrĹedra); mÐa dianusmatikă sunistÿsa tou
pedÐou bluntfin, to opoÐo qrhsimopoieÐtai suqnĹ gia thn axiolìghsh mejìdwn
optikopoÐhshc dedomènwn (187.318 tetrĹedra); kai èna pedÐo pou prokÔptei
apì thn prosomoÐwsh roăc ugroÔ mèsa apì èna swlăna (10.872 tetrĹedra).

Oi parĹmetroi pou ephreĹzoun th sumperiforĹ tou algorÐjmou mac eÐnai:
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• To ìrio paramìrfwshc tou sunìrou (bl. thn parĹgrafo 4.3.4). H para-
mìrfwsh tou sunìrou ektimăjhke se ìlec tic diamorfÿseic tou algorÐj-
mou aplopoÐhshc me ton trìpo pou anaptÔxame sthn parĹgrafo 4.5.1.2.
’Etsi to ìrio paramìrfwshc tèjhke sto mhdèn gia ta dÔo prÿta montèla,
twn opoÐwn to sÔnoro eÐnai parallhlepÐpedo, kai se π/4 gia ta upìloipa
montèla, twn opoÐwn to sÔnoro eÐnai katĹ tmămata kampulìgrammo.

• To ìrio sugqÿneushc krÐsimwn shmeÐwn (bl. thn parĹgrafo 4.3.5). Autì
tèjhke sto mhdèn se ìlec tic periptÿseic.

• Oi suntelestèc bĹrouc twn paragìntwn tou sÔnjetou sfĹlmatoc (sqèsh
(4.4)) gia tic diamorfÿseic (1) kai (2). Ja anaferjoÔme analutikĹ se
autoÔc parakĹtw.

Apì ta montèla pou dokimĹsame, to grammikì pedÐo aplopoiăjhke akri-
bÿc me ìlec tic diamorfÿseic tou algorÐjmou (Sqhma 4.6). To apotèlesma au-
tì eÐnai anamenìmeno ìtan gÐnontai surriknÿseic hmi-akmÿn (diamìrfwsh (1)),
kajÿc to pedÐo eÐnai pantoÔ grammikì kai epanaqrhsimopoioÔntai oi arqikèc
korufèc kai timèc tou pedÐou. ’Otan h nèa korufă prokÔptei apì diadikasÐa
beltistopoÐhshc me ton trìpo pou anaptÔxame sthn parĹgrafo 4.4.2, h akrÐ-
beia thc aplopoÐhshc autoÔ tou pedÐou exartĹtai apì th grammikă akrÐbeia thc
mejìdou (bl. tic sqetikèc parathrăseic sthn Ðdia parĹgrafo, sel. 82). Edÿ
anadeiknÔetai h axÐa twn periorismÿn kai thc diìrjwshc pou epibĹlloume stic
suntetagmènec thc nèac korufăc kai sthn timă tou pedÐou, kajÿc qwrÐc autoÔc
touc parĹgontec to grammikì pedÐo den aplopoieÐtai akribÿc, ìpwc fĹnhke apì
dokimèc pou pragmatopoiăsame.

Ta upìloipa montèla aplopoiăjhkan sto 50%, 25% kai 10% twn arqikÿn
touc tetraèdrwn me tic treic diamorfÿseic tou algorÐjmou pou anafèrame kai
analÔoume ta apotelèsmata parakĹtw. Ta Sqhmata 4.7`4.10 epideiknÔoun
kĹpoia apì ta apotelèsmata pou lĹbame. EÐnai fanerì ìti se ìlec tic peri-
ptÿseic, ta pedÐa aplopoiăjhkan perissìtero stic perioqèc touc ìpou eÐnai
pio omoiogenă kai diathrăjhkan ìla ta shmantikĹ qarakthristikĹ touc. Ta
kampulìgramma sÔnora twn dÔo teleutaÐwn montèlwn aplopoiăjhkan se mikrì
bajmì qwrÐc idiaÐterh paramìrfwsh, kai ta krÐsima shmeÐa ìlwn twn pedÐwn
(gia parĹdeigma, sta kèntra twn sfairÿn sto pedÐo barÔthtac) parèmeinan
ametĹblhta.
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­ Sqhma 4.6 ­
To grammikì pedÐo, arqikì (3.645 tetrĹedra) kai aplopoihmèno me sur-

riknÿseic hmi-akmÿn (10 tetrĹedra).

­ Sqhma 4.7 ­
BarÔthta: arqikì montèlo kai aplopoihmèno sto 50%, 25% kai 10%

qrhsimopoiÿntac th diamìrfwsh (1) (surriknÿseic hmi-akmÿn).
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­ Sqhma 4.8 ­
Bluntfin: arqikì montèlo kai aplopoihmèno sto 50%, 25% kai 10%

qrhsimopoiÿntac th diamìrfwsh (1) (surriknÿseic hmi-akmÿn).
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­ Sqhma 4.9 ­
Bluntfin: aplopoihmèno sto 25% kai 10% qrhsimopoiÿntac th diamìr-
fwsh (3) (beltistopoÐhsh nèac korufăc kai tetragwnikì sfĹlma).

­ Sqhma 4.10 ­
Swlănac: arqikì montèlo kai aplopoihmèno sto 50%, 25% kai 10%

qrhsimopoiÿntac th diamìrfwsh (1) (surriknÿseic hmi-akmÿn).
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’Otan qrhsimopoieÐtai to sÔnjeto sfĹlma, h eÔresh suntelestÿn pou ja
apodÿsoun kalÔtero apotèlesma aplopoÐhshc eÐnai genikĹ dÔskolh kai exar-
tĹtai apì ta montèlo. Oi Pinakec 4.1`4.3 parousiĹzoun kĹpoia endeiktikĹ
apotelèsmata gia ta montèla barÔthta, bluntfin kai swlănac me tic dia-
morfÿseic (1) kai (2). Shmeiÿnontai me plĹgia stoiqeÐa oi sunduasmoÐ paramè-
trwn pou èdwsan ta kalÔtera apotelèsmata gia kĹje perÐptwsh. ParathroÔme
ìti o parĹgontac EFL

eÐnai o pio apotelesmatikìc, kajÿc mporeÐ na paragĹgei
ikanopoihtikĹ apotelèsmata akìma kai an qrhsimopoihjeÐ mìnoc. Oi parĹgo-
ntec elègqou thc poiìthtac tou plègmatoc, EC kai EV mporoÔn na beltiÿsoun
to apotèlesma, me sqetikĹ qamhlìtera bĹrh. Tèloc, h qrăsh twn paragìntwn
EFA

kai ED exartĹtai apì to montèlo kai h qrăsh touc qreiĹzetai kĹpoio
peiramatismì.

Oi Pinakec 4.4`4.6 parousiĹzoun sugkritikĹ tic epidìseic ìlwn twn diamor-
fÿsewn tou algorÐjmou aplopoÐhshc gia ta trÐa autĹ montèla. KĹje montèlo
aplopoiăjhke sto 50%, 25% kai 10% twn arqikÿn tetraèdrwn tou, ektìc apì
to montèlo swlănac pou ègine dunatì na aplopoihjeÐ mèqri to 15%`20%
anĹloga me th diamìrfwsh, lìgw kurÐwc twn periorismÿn gia th diatărhsh
tou sunìrou tou, kai gia to lìgo autì oi antÐstoiqec grammèc ston pÐnaka 4.6
eÐnai kenèc. Ta apotelèsmata pou anafèrontai gia tic diamorfÿseic (1) kai (2)
eÐnai ta kalÔtera pou lĹbame stic dokimèc mac, ìpwc faÐnontai stouc proh-
goÔmenouc Pinakec 4.1`4.3. Oi qrìnoi pou dÐnontai perilambĹnoun thn plărh
diadikasÐa aplopoÐhshc, xekinÿntac apì to arqikì montèlo kĹje forĹ.

Ta apotelèsmata autĹ deÐqnoun, katfl arqĹc, ìti h diamìrfwsh (2), pou
sunduĹzei th beltistopoihmènh topojèthsh thc nèac korufăc me to sÔnjeto
sfĹlma, den apodÐdei kajìlou ikanopoihtikĹ ìson aforĹ tìso thn taqÔthtĹ
thc ìso kai thn poiìthta tou apotelèsmatoc. H epibrĹdunsh thc aplopoÐh-
shc me th diamìrfwsh aută eÐnai anamenìmenh, kajÿc upologÐzontai tìso to
tetragwnikì sfĹlma, gia thn topojèthsh thc korufăc, ìso kai to sÔnjeto
sfĹlma, gia ton upologismì thc proteraiìthtac thc surrÐknwshc. Wc proc
thn poiìthta, mporoÔme na upojèsoume ìti ja ătan dunatì aută na beltiwjeÐ
me perissìterec dokimèc sunduasmÿn barÿn twn paragìntwn tou sfĹlmatoc.

H diamìrfwsh (1) mporeÐ na qrhsimopoihjeÐ ìtan h taqÔthta aplopoÐh-
shc eÐnai to kÔrio zhtoÔmeno, kai, me katĹllhla bĹrh stouc parĹgontec tou
sÔnjetou sfĹlmatoc, mporeÐ na paragĹgei aplopoihmèna pedÐa ikanopoihtikăc
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­ Pinakac 4.1 ­
EpÐdrash barÿn paragìntwn tou sÔnjetou sfĹlmatoc, gia aplopoÐhsh
tou montèlou barÔthta sto 25% twn arqikÿn tetraèdrwn; ta kalÔ-

tera apotelèsmata shmeiÿnontai me plĹgia stoiqeÐa.

wFA wFL wD wC wV εmax
A εmean

A εmax
L εmean

L

Diamìrfwsvh (1) ― Συρρικνώσvειc ηµι-ακµών

10 60,3598 3,1799 45,7937 0,1539
10 22,2023 2,0851 5,6567 0,0798
10 0,5 0,5 19,7958 2,0892 1,1433 0,0675

1 10 0,5 0,5 19,7958 2,1312 5,6556 0,0669

Diamìrfwsvh (2) ― Βέlτισvτη τοποθέτησvη κορυφήc

10 48,0850 2,6854 25,7437 0,1263
10 30,6424 2,2220 3,0770 0,0858
10 0,5 0,5 35,8736 2,0718 2,6067 0,0793

1 10 0,5 0,5 42,4287 2,6063 6,9339 0,1218

­ Pinakac 4.2 ­
EpÐdrash barÿn paragìntwn tou sÔnjetou sfĹlmatoc, gia aplopoÐhsh
tou montèlou bluntfin sto 25% twn arqikÿn tetraèdrwn; ta kalÔtera

apotelèsmata shmeiÿnontai me plĹgia stoiqeÐa.

wFA wFL wD wC wV εmax
A εmean

A εmax
L εmean

L

Diamìrfwsvh (1) ― Συρρικνώσvειc ηµι-ακµών

10 15,6074 0,3839 21,0197 1,2166
10 11,7518 0,3093 923,2150 0,6125
10 5 5 14,8024 0,2587 8,4035 0,4924

10 10 5 5 15,3043 0,3346 13,2514 0,7290
10 10 10 5 5 14,6855 0,2962 12,7824 0,6143

10 10 5 5 12,8705 0,2554 11,1031 0,4550

Diamìrfwsvh (2) ― Βέlτισvτη τοποθέτησvη κορυφήc

10 174,7850 0,8288 79,8668 3,3599
10 21,6938 0,3910 29,3575 0,7433
10 5 5 21,1967 0,3335 16,9359 0,6301

10 10 5 5 28,9305 0,5693 21,4076 1,2156
10 10 10 5 5 19,4967 0,5810 30,3330 1,2395

10 10 5 5 21,1967 0,3662 21,3324 0,6941
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­ Pinakac 4.3 ­
EpÐdrash barÿn paragìntwn tou sÔnjetou sfĹlmatoc, gia aplopoÐhsh
tou montèlou swlănac sto 25% twn arqikÿn tetraèdrwn; ta kalÔtera

apotelèsmata shmeiÿnontai me plĹgia stoiqeÐa.

wFA
wFL

wD wC wV εmax
A εmean

A εmax
L εmean

L

Diamìrfwsvh (1) ― Συρρικνώσvειc ηµι-ακµών

10 50,7635 0,5656 51,7177 1,6452
10 12,8889 0,6291 40,8704 1,1285
10 5 5 20,1284 0,5678 32,7031 1,0931

5 10 5 5 22,6138 0,5481 27,8060 1,0679
5 10 5 5 5 16,0302 0,5816 33,5341 1,1970

10 5 5 5 20,1284 0,5692 32,7031 1,0920

Diamìrfwsvh (2) ― Βέlτισvτη τοποθέτησvη κορυφήc

10 11,4757 0,6439 13,4709 1,6342
10 9,5657 0,5347 12,6326 1,2311
10 5 5 13,0154 0,8261 20,8675 2,8240

5 10 5 5 13,4159 0,5872 16,1031 1,7560
5 10 5 5 5 13,5923 0,6282 18,8635 2,2499

10 5 5 5 10,3085 0,7643 17,7690 3,1029

­ Pinakac 4.4 ­
Apotelèsmata aplopoÐhshc gia to montèlo barÔthta se diĹforec a-

nalÔseic.

% χρόνοc εmax
A εmean

A εmax
L εmean

L

Diamìrfwsvh (1)
50 165 19,7958 0,9320 0,9041 0,0221
25 227 19,7958 2,0892 1,1433 0,0675
10 269 36,2294 3,6761 5,6567 0,1977

Diamìrfwsvh (2)
50 390 18,3357 1,1453 0,8004 0,0292
25 647 35,8736 2,0718 2,6067 0,0793
10 744 36,9284 3,6865 7,8716 0,2133

Diamìrfwsvh (3)
50 240 17,8693 1,0028 19,4108 0,0210
25 348 17,8693 2,5084 19,4108 0,0779
10 421 31,5066 4,7867 19,4108 0,2369
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­ Pinakac 4.5 ­
Apotelèsmata aplopoÐhshc gia to montèlo bluntfin se diĹforec ana-

lÔseic.

% χρόνοc εmax
A εmean

A εmax
L εmean

L

Diamìrfwsvh (1)
50 316 8,8754 0,1342 8,3856 0,2438
25 431 12,8705 0,2554 11,1031 0,4550
10 502 20,6755 0,4560 15,7483 0,8389

Diamìrfwsvh (2)
50 1004 11,7807 0,2006 12,1109 0,3295
25 1598 21,1967 0,3335 16,9359 0,6301
10 1761 25,7212 0,7232 39,2364 1,3954

Diamìrfwsvh (3)
50 390 7,2315 0,0379 58,145 0,0948
25 562 22,0255 0,1619 58,145 0,3595
10 664 34,8017 0,4889 58,145 0,9519

­ Pinakac 4.6 ­
Apotelèsmata aplopoÐhshc gia to montèlo swlănac se diĹforec a-

nalÔseic.

% χρόνοc εmax
A εmean

A εmax
L εmean

L

Diamìrfwsvh (1)
50 13 6,4064 0,3291 6,7925 0,3617
25 18 22,6138 0,5481 27,8060 1,0679
10 21 67,2400 1,0346 81,3354 2,5356

Diamìrfwsvh (2)
50 23 9,4366 0,3283 8,3492 0,5334
25 30 9,5657 0,5347 12,6326 1,2311
10 ―

Diamìrfwsvh (3)
50 19 6,0357 0,1651 5,5830 0,2245
25 26 11,3945 0,5082 14,6997 1,0023
10 ―
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poiìthtac. Dustuqÿc, ìpwc ădh anafèrame, h epÐdrash twn paragìntwn au-
tÿn exartĹtai apì ta dedomèna kai ètsi h autìmath efarmogă thc mejìdou
eÐnai kĹpwc problhmatikă. Oi parathrăseic pou èginan parapĹnw gia th sqe-
tikă epÐdrasă touc sta montèla pou dokimĹsthkan mporeÐ na qrhsimeÔsei wc
odhgìc.

Tèloc, h diamìrfwsh (3), h opoÐa beltistopoieÐ th nèa korufă, se sundua-
smì me to antÐstoiqì thc tetragwnikì sfĹlma gia thn ektÐmhsh tou sfĹlmatoc
aplopoÐhshc, parĹgei apotelèsmata polÔ kalăc poiìthtac me logikì qrìno e-
pexergasÐac. Se sqèsh me tic Ĺllec dÔo diamorfÿseic, eÐnai akìma perissìtero
elkustikă kajÿc den apaiteÐ ton kajorismì paramètrwn apì to qrăsth (pèra
apì ta ìria diatărhshc tou sunìrou kai twn krÐsimwn shmeÐwn, ta opoÐa eÐnai
anexĹrthta apì th mèjodo aplopoÐhshc), prosfèrontac ètsi mÐa entelÿc au-
tìmath mèjodo aplopoÐhshc twn dianusmatikÿn pedÐwn. ’Etsi h diamìrfwsh
aută tou algorÐjmou aplopoÐhshc epideiknÔei to dunamikì tou genikoÔ al-
gorÐjmou beltistopoÐhshc pou proteÐname gia thn aplopoÐhsh dianusmatikÿn
pedÐwn epÐ tetraedrikÿn plegmĹtwn, ìtan sunduasteÐ me ènan apodotikì algì-
rijmo aplopoÐhshc trigwnikÿn plegmĹtwn katĹllhla epektamèno stic tèsseric
diastĹseic.

4.7 SumperĹsmata

Sto kefĹlaio autì antimetwpÐsame to prìblhma thc aplopoÐhshc tetrae-
drikÿn plegmĹtwn me emfuteumèna dianusmatikĹ pedÐa, me ènan algìrijmo pou
basÐzetai se diadoqikèc surriknÿseic akmÿn tou plègmatoc. AnalÔsame enal-
laktikèc ulopoiăseic tou algorÐjmou, tìso wc proc thn topojèthsh thc koru-
făc pou prokÔptei apì kĹje surrÐknwsh akmăc, ìso kai wc proc thn ektÐmhsh
tou sfĹlmatoc pou epifèrei. Wc proc thn topojèthsh thc korufăc, exetĹsame
thn perÐptwsh {statikăc} topojèthsăc thc se èna apì ta dÔo Ĺkra thc akmăc,
allĹ kai th beltistopoÐhsă thc h opoÐa lambĹnei upfl ìyin th gewmetrÐa tou
plègmatoc kai to emfuteumèno pedÐo. Wc proc thn ektÐmhsh tou sfĹlmatoc,
exetĹsame èna sÔnjeto mètro pou sunektimĹ tic allagèc sto plègma kai sto
pedÐo, kai to opoÐo sunduĹzetai me to statikì trìpo topojèthshc thc korufăc,
allĹ kai to mètro pou antistoiqeÐ sth diadikasÐa beltistopoÐhshc pou efarmì-
same. Aută h beltistopoÐhsh pragmatopoieÐtai epekteÐnontac se tetraedrikĹ
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plègmata me emfuteumèna dianusmatikĹ pedÐa, katĹllhlouc algorÐjmouc aplo-
poÐhshc epifaneiÿn, qĹrh se mÐa genikă mèjodo pou anaptÔxame gia to skopì
autì. Tèloc, parousiĹsame aplèc allĹ apotelesmatikèc teqnikèc diatărhshc
tou sunìrou tou plègmatoc kai thc topologÐac tou pedÐou.

H èreuna aută mporeÐ na epektajeÐ kai na emploutisjeÐ proc pollèc kateu-
jÔnseic.

Katfl arqĹc wc proc th diadikasÐa beltistopoÐhshc thc korufăc metĹ apì
kĹje surrÐknwsh akmăc, ja ătan endiafèron na exetĹsoume kai Ĺllouc algo-
rÐjmouc aplopoÐhshc epifaneiÿn, efarmìzontĹc touc sto prìblhma pou anti-
metwpÐzoume me th boăjeia thc genikăc mejìdou pou parousiĹsame; h sumperi-
forĹ touc allĹ kai oi epidìseic touc se autì to plaÐsio ja èqoun opwsdăpote
endiafèron.

Epiplèon, oi teqnikèc pou anaptÔxame gia th diatărhsh thc topologÐac twn
dianusmatikÿn pedÐwn proôpojètoun, ìpwc èqoume anafèrei, ìti h topologÐa
touc eÐnai sqetikĹ aplă. Oi teqnikèc autèc prèpei na emploutisjoÔn gia thn
epituqă aplopoÐhsh pedÐwn me pollĹ krÐsima shmeÐa kai sÔnjeth topologÐa.

EpÐshc, pollĹ sÔnola dedomènwn pou parousiĹzontai se praktikèc efar-
mogèc diajètoun pollaplĹ pedÐa, bajmwtĹ kai dianusmatikĹ, epÐ tou Ðdiou te-
traedrikoÔ plègmatoc. Ja ătan qrăsimo na prospajoÔsame na aplopoiăsoume
tètoia dedomèna lambĹnontac upfl ìyin tautìqrona ìla ta pedÐa pou perièqoun,
ÿste èna koinì aplopoihmèno plègma na mporeÐ na qrhsimopoihjeÐ gia thn o-
ptikopoÐhsă touc.

To prìblhma twn megèjouc twn aplopoioÔmenwn pedÐwn upĹrqei kai sthn
perÐptwsh twn tetraedrikÿn pedÐwn, kai mĹlista se oxÔtero bajmì se sqèsh
me ta trigwnikĹ plègmata kajÿc ektìc apì th gewmetrikă plhroforÐa upĹrqei
kai h plhroforÐa twn emfuteumènwn se autĹ pedÐwn. Gia to lìgo autì, ja
ătan endiafèrousa h exètash teqnikÿn aplopoÐhsăc touc katĹ tmămata kai
sunènwshc twn aplopoihmènwn tmhmĹtwn.

Tèloc, sta plaÐsia mÐac oloklhrwmènhc antimetÿpishc thc aplopoÐhshc dia-
nusmatikÿn pedÐwn epÐ tetraedrikÿn plegmĹtwn, ja ătan qrăsimh h anĹptuxh
enìc ergaleÐou logismikoÔ gia th leptomerèsterh sÔgkrish tètoiwn pedÐwn,
me dunatìthtec optikopoÐhshc tou sfĹlmatoc aplopoÐhshc.
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5 Upologismìc tomăc aktÐnac-tetraèdrou

5.1 Eisagwgă

To prìblhma thc eÔreshc thc tomăc metaxÔ miac aktÐnac kai enìc tetraèdrou
eÐnai jemeliÿdec gia thn apeikìnish kai epexergasÐa tetraedrikÿn plegmĹtwn,
kajÿc upeisèrqetai se polloÔc sqetikoÔc algorÐjmouc, ìpwc parakoloÔjhsh
aktÐnac, fwtoskÐash ìgkou, èlegqoc sugkroÔsewn, kai Ĺllouc. Se autoÔc
touc algorÐjmouc polÔ megĹlo mèroc tou upologistikoÔ kìstouc apoteloÔn
oi èlegqoi tomăc thc aktÐnac me ta tetrĹedra pou apoteloÔn to plègma, kai
gia to lìgo autì h Ôparxh apotelesmatikÿn algorÐjmwn gia to prìblhma au-
tì eÐnai aparaÐthth. Parìla autĹ, sthn diejnă bibliografÐa den sunantÿntai
exeidikeumènoi algìrijmoi gia thn eÔresh tomăc metaxÔ aktÐnac kai tetraèdrou;
oi lÔseic pou eÐnai diajèsimec apoteloÔn ousiastikĹ aplèc prosarmogèc geni-
kìterwn algorÐjmwn eÔreshc tomăc thc aktÐnac me èna kurtì polÔedro.

Sto kefĹlaio autì anaptÔssoume ènan exeidikeumèno kai idiaÐtera apote-
lesmatikì algìrijmo gia thn eÔresh thc tomăc metaxÔ miac aktÐnac kai enìc
tetraèdrou. O algìrijmoc qrhsimopoieÐ tic suntetagmènec Plücker gia thn
anaparĹstash thc aktÐnac kai tou tetraèdrou, qĹrh stic opoÐec elaqisto-
poioÔntai oi apaitoÔmenoi upologismoÐ kai epitaqÔnetai o èlegqoc Ôparxhc thc
tomăc. O algìrijmìc mac èqei ta exăc shmantikĹ qarakthristikĹ:

• ApofaÐnetai grăgora an upĹrqei ă ìqi tomă metaxÔ thc aktÐnac kai tou
tetraèdrou.

• UpologÐzei tic kartesianèc suntetagmènec tou shmeÐou tomăc kajÿc kai
tic barukentrikèc suntetagmènec tou wc proc tic tèsseric korufèc tou
tetraèdrou. Oi teleutaÐec eÐnai aparaÐthtec se polloÔc algorÐjmouc pou
anazhtoÔn shmeÐa tomăc.
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• MporeÐ na efarmosteÐ me apotelesmatikìthta gia thn eÔresh tomăc miac
aktÐnac me èna tetraedrikì plègma, diìti mporeÐ na ekmetalleuteÐ thn
geitonikìthta twn tetraèdrwn tou plègmatoc.

5.1.1 SumbolismoÐ

Stouc algorÐjmouc pou ja perigrĹyoume, jewroÔme thn aktÐna wc mÐa h-
mieujeÐa r kajorizìmenh apì èna shmeÐo p kai dieÔjunsh `. Ja anaferìmaste
se èna tetrĹedro T (v0,v1,v2,v3), tou opoÐou oi èdrec eÐnai, ìpwc sth sqè-
sh (2.7),

∆3 (v0,v1,v2), ∆2 (v1,v0,v3), ∆1 (v2,v3,v0), ∆0 (v3,v2,v1)

Ja qrhsimopoiăsoume ton sumbolismì ∆i (vi
0,v

i
1,v

i
2) gia na anaferjoÔme stic

korufèc thc èdrac ∆i, kai anĹloga gia tic akmèc thc èdrac ∆i: ei
0(v

i
1,v

i
2),

ei
1(v

i
2,v

i
0), ei

2(v
i
0,v

i
1). ’Opwc èqoume anafèrei kai sthn parĹgrafo 2.1.2, ja

upojètoume ìti to tetrĹedro eÐnai prosanatolismèno ètsi ÿste to kĹjeto diĹ-
nusma sthn èdra ∆i na kateujÔnetai antÐjeta apì thn korufă vi.

An h aktÐna tèmnei to tetrĹedro, genikĹ ja upĹrqoun dÔo shmeÐa tomăc,
penter kai pleave. Eidikèc periptÿseic me èna ă Ĺpeira shmeÐa tomăc emfanÐzo-
ntai an h aktÐna tèmnei mÐa ă perissìterec akmèc; autèc oi periptÿseic mporoÔn
na antimetwpisjoÔn eniaÐa apì th genikă perÐptwsh, ìpwc faÐnetai sto Sqh-

ma 5.1, ìmwc se kĹpoiec efarmogèc eÐnai qrăsimo na epishmaÐnontai rhtÿc.

0v

2v

1v

3v

enter
p

enter
p

enter
p

enter
p

enter
p

leave
p

leave
p

leave
p

leave
p

leave
p

( )α ( )β ( )γ

­ Sqhma 5.1 ­
Tomă aktÐnac-tetraèdrou: (a) dÔo, (b) èna, (g) Ĺpeira shmeÐa tomăc.

Gia ta dÔo autĹ shmeÐa tomăc o algìrijmìc mac ja upologÐzei:

• Tic kartesianèc suntetagmènec touc penter kai pleave.
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• Tic barukentrikèc suntetagmènec touc uenter
1 , uenter

2 kai uleave
1 , uleave

2 wc
proc tic èdrec pou tèmnoun, ∆enter kai ∆leave antÐstoiqa, tètoiec ÿste

pk = (1− uk
1 − uk

2)v
k
0 + uk

1v
k
1 + uk

2v
k
2 gia k = enter, leave.

• Tic parametrikèc apostĹseic touc tenter kai tleave apì thn arqă thc a-
ktÐnac, tètoiec ÿste

pk = p + tk` gia k = enter, leave.

5.2 Sqetikèc ergasÐec

To prìblhma thc eÔreshc tomăc metaxÔ mÐac eujeÐac kai enìc tetraèdrou
mporeÐ na epilujeÐ, ìpwc anafèrame, apì èna genikì algìrijmo eÔreshc to-
măc metaxÔ eujeÐac kai kurtoÔ poluèdrou. O pio suqnĹ qrhsimopoioÔmenoc
tètoioc algìrijmoc eÐnai autìc tou Haines [Hai91], o opoÐoc ergĹzetai me trì-
po anĹlogo tou gnwstoÔ algorÐjmou apokopăc eujeiÿn twn Liang kai Bar-
sky [FvDFH96, JM99]. Pio sugkekrimèna, qrhsimopoiÿntac thn parametrikă
exÐswsh thc aktÐnac, exetĹzei thn tomă thc me ta epÐpeda pou orÐzoun oi è-
drec tou poluèdrou kai diaqwrÐzei autĹ apì ta opoÐa h aktÐna {eisèrqetai}
sto polÔedro kai autĹ apì ta opoÐa {exèrqetai} apì to polÔedro. To shmeÐo
eisìdou thc aktÐnac sto polÔedro, penter, prosdiorÐzetai wc to pio apomakru-
smèno metaxÔ twn shmeÐwn tomăc thc me ta epÐpeda {eisìdou}, kai antÐstoiqa
to shmeÐo exìdou, pleave, wc to pio kontinì apì ta shmeÐa tomăc thc me ta
epÐpeda {exìdou} (bl. to Sqhma 5.2 gia to disdiĹstato anĹlogo). O algì-
rijmoc tou Haines eÐnai arketĹ apotelesmatikìc katĹ thn exeidÐkeusă tou gia
tetrĹedra, kai parakĹtw ja ton qrhsimopoiăsoume wc bĹsh thc axiolìghshc
tou algorÐjmou pou anaptÔssoume.

EnallaktikĹ, to prìblhma pou exetĹzoume mporeÐ na antimetwpisjeÐ elèg-
qontac kĹje (trigwnikă) èdra tou tetraèdrou gia tomă me thn aktÐna kai sun-
duĹzontac ta apotelèsmata; autăc thc morfăc eÐnai kai o algìrijmoc pou ja
parousiĹsoume. Sth bibliografÐa upĹrqoun polloÐ apotelesmatikoÐ algìrij-
moi eÔreshc tomăc aktÐnac-trigÿnou, kai eÐnai shmantikì na epilegeÐ kĹpoioc
pou tairiĹzei stic apaităseic tou problămatoc. O algìrijmoc twn Möller kai
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­ Sqhma 5.2 ­
DisdiĹstato anĹlogo tou algorÐjmou eÔreshc tomăc aktÐnac-kurtoÔ po-
luèdrou tou Haines. Ta shmeÐa tomăc thc aktÐnac me ìyeic {eisìdou}
shmeiÿnontai me tetrĹgwno, enÿ ta shmeÐa tomăc me ìyeic {exìdou} me

kÔklo.

Trumbore [MT97] jewreÐtai ènac apì touc kalÔterouc gia ton èlegqo tomăc
aktÐnac-trigÿnou, qrhsimopoieÐ epÐshc thn parametrikă exÐswsh thc aktÐnac
enÿ sugqrìnwc beltistopoieÐ ton upologismì twn barukentrikÿn suntetagmè-
nwn twn shmeÐwn tomăc. Gia touc lìgouc autoÔc jewroÔme ìti eÐnai katĹllhloc
gia na apotelèsei th bĹsh enìc algorÐjmou eÔreshc tomăc aktÐnac-tetraèdrou.
KataskeuĹsame mÐa parallagă tou algorÐjmou mac pou ton qrhsimopoieÐ antÐ
gia ton èlegqo tomăc me suntetagmènec Plücker, kai thn qrhsimopoioÔme epÐshc
gia th sugkritikă axiolìghsh tou algorÐjmou mac.

5.3 EÔresh tomăc aktÐnac-trigÿnou me qrăsh
suntetagmènwn Plücker

Sto epÐkentro tou algorÐjmou eÔreshc tomăc aktÐnac-tetraèdrou pou ja
parousiĹsoume brÐsketai o algìrijmoc eÔreshc tomăc aktÐnac-trigÿnou pou
qrhsimopoieÐ tic suntetagmènec Plücker gia thn anaparĹstash thc aktÐnac kai
tou trigÿnou. Prìkeitai gia ènan exairetikĹ apotelesmatikì algìrijmo, idiaÐ-
tera se periptÿseic exètashc trigwnikÿn plegmĹtwn, kajÿc oi upologismoÐ
tou mporoÔn na epanaqrhsimopoihjoÔn gia geitonikĹ trÐgwna. Gia to lìgo
autì èqei axiopoihjeÐ me epituqÐa sto [AC97] gia thn epitĹqunsh thc parako-
loÔjhshc aktÐnac se trigwnikĹ plègmata. Shmeiÿnoume epÐshc ìti ta parakĹtw
èqoun ekfrasteÐ palaiìtera me Ĺllouc trìpouc [SF01, YNF90], oi opoÐoi ar-
gìtera diapistÿjhke ìti eÐnai isodÔnamoi me tic suntetagmènec Plücker [YN97].
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5.3.1 Suntetagmènec Plücker

Oi suntetagmènec Plücker [Eri97, Sho98, Sto91] apoteloÔn ènan enalla-
ktikì trìpo perigrafăc hmieujeiÿn stic treic diastĹseic qrhsimopoiÿntac dia-
nÔsmata èxi diastĹsewn. An dÐnetai mÐa hmieujeÐa r pou kajorÐzetai apì dÔo
shmeÐa thc q kai p, me kateÔjunsh apì to q proc to p, oi suntetagmènec
Plücker autăc eÐnai to diĹnusma èxi diastĹsewn

πr = {q− p : q× p} = {ur : wr} (5.1)

IsodÔnama, an h hmieujeÐa kajorÐzetai apì th forĹ thc ` kai èna shmeÐo p, oi
suntetagmènec Plücker autăc eÐnai

πr = {` : `× p} (5.2)

Oi suntetagmènec autèc anaparistoÔn thn hmieujeÐa me th forĹ thc ` = q−p
kai me èna diĹnusma kĹjeto sto epÐpedo pou orÐzetai apì ta shmeÐa q, p kai
thn arqă twn axìnwn. Oi rÐzec twn suntetagmènwn Plücker brÐskontai stic
omogeneÐc suntetagmènec, oi opoÐec anaparistoÔn èna trisdiĹstato shmeÐo me
kartesianèc suntetagmènec (x, y, z) me to tetradiĹstato shmeÐo (x′, y′, z′, w),
w 6= 0, ÿste (x, y, z) = (x′

w , y′
w , z′

w ). Oi suntetagmènec Plücker eÐnai kai oi
Ðdiec omogeneÐc, kajÿc an pollaplasiastoÔn me mÐa mh mhdenikă jetikă sta-
jerĹ anaparistoÔn thn Ðdia hmieujeÐa (allagă tou prosămou antistrèfei th
forĹ thc); qĹrh se aută touc thn idiìthta, h anaparĹstash thc hmieujeÐac me
suntetagmènec Plücker eÐnai anexĹrthth apì to shmeÐo p.

MetaxÔ dÔo hmieujeiÿn pou perigrĹfontai me suntetagmènec Plücker orÐ-
zetai to antimetatejhmèno eswterikì ginìmeno (permuted inner product)

πr ¯ πs = ur ·ws + us ·wr (5.3)

To ginìmeno autì èqei thn idiìthta na perigrĹfei ton sqetikì prosanatolismì
twn dÔo hmieujeiÿn (Sqhma 5.3):

πr ¯ πs > 0 ⇔ h s svtrèfetai arisvterìsvtrofa perÐ thn r

πr ¯ πs < 0 ⇔ h s svtrèfetai dexiìsvtrofa perÐ thn r

πr ¯ πs = 0 ⇔ h s tèmnei ă eÐnai parĹllhlh proc thn r
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( )α ( )β ( )γ
r

s
r

s
r

s

­ Sqhma 5.3 ­
Sqetikìc prosanatolismìc dÔo hmieujeiÿn: KoitĹzontac katĹ th forĹ
thc r, (a) h s strèfetai aristerìstrofa perÐ thn r, (b) h s strèfetai

dexiìstrofa perÐ thn r, (g) h s tèmnei thn r.

’Opwc ja doÔme amèswc parakĹtw, aută h idiìthta apoteleÐ th bĹsh gia èna
apotelesmatikì algìrijmo elègqou Ôparxhc tomăc metaxÔ miac aktÐnac (hmieu-
jeÐac) kai enìc trigÿnou.

5.3.2 EÔresh tomăc aktÐnac-trigÿnou

Upojètoume ìti dÐnetai mÐa aktÐna r kai èna trÐgwno ∆(v0,v1,v2). Je-
wroÔme ìti to trÐgwno eÐnai prosanatolismèno ètsi ÿste, katĹ th sunăjh
sÔmbash, to kanonikì tou diĹnusma na deÐqnei proc thn {exwterikă} ìyh tou.
OnomĹzoume tic akmèc tou e0(v1,v2), e1(v2,v0) kai e2(v0,v1).

EÐnai eÔkolo na doÔme ìti h aktÐna tèmnei to trÐgwno an kai mìno an èqei ton
Ðdio prosanatolismì (dexiìstrofo ă aristerìstrofo, sÔmfwna me thn ènnoia
thc prohgoÔmenhc paragrĹfou) wc proc kai tic treic akmèc tou ă an tèmnei
to polÔ dÔo akmèc. Epiplèon, sthn perÐptwsh Ôparxhc tomăc, o (koinìc)
prosanatolismìc thc aktÐnac wc proc tic akmèc tou trigÿnou deÐqnei th forĹ
thc aktÐnac (eiserqìmenh ă exerqìmenh) wc proc to trÐgwno. To Sqhma 5.4
apeikonÐzei tic pio genikèc periptÿseic. Shmeiÿnoume ìti an h aktÐna tèmnei kai
tic treic akmèc, tìte eÐnai sunepÐpedh me to trÐgwno; an tèmnei mìno dÔo akmèc,
dierqìmenh apì kĹpoia korufă, tìte o prosanatolismìc thc wc proc thn trÐth
akmă deÐqnei th forĹ thc wc proc to trÐgwno; an, tèloc, tèmnei mìno mÐa akmă,
ja èqei ton Ðdio prosanatolismì wc proc tic dÔo upìloipec akmèc.
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( )α ( )β ( )γ

­ Sqhma 5.4 ­
(a) H aktÐna eisèrqetai sto trÐgwno (b) H aktÐna exèrqetai apì to

trÐgwno (g) H aktÐna kai to trÐgwno den tèmnontai.

SunoptikĹ, isqÔoun ta exăc:

h r tèmnei (eisverqìmenh) to ∆ ⇔ πr ¯ πei ≥ 0 ∀ i ∧ ∃ j : πr ¯ πej 6= 0
h r tèmnei (exerqìmenh) to ∆ ⇔ πr ¯ πei ≤ 0 ∀ i ∧ ∃ j : πr ¯ πej 6= 0
h r eÐnai svunepÐpedh me to ∆ ⇔ πr ¯ πei = 0 ∀ i

(5.4)
Autìc o algìrijmoc elègqou thc tomăc metaxÔ miac aktÐnac kai enìc tri-

gÿnou emfanÐzei pollĹ epijumhtĹ qarakthristikĹ, Ĺmesa axiopoiăsima stic
efarmogèc tou:

• EÐnai eustajăc kai apotelesmatikìc, kajÿc apaiteÐ lÐgec prĹxeic kinhtăc
upodiastolăc, kamÐa diaÐresh kai basÐzetai apokleistikĹ se sugkrÐseic
prosămwn.

• EÐnai idiaÐtera katĹllhloc gia thn epexergasÐa trigwnikÿn plegmĹtwn:
gia kĹje eswterikă akmă o upologismìc tou ginomènou arkeÐ na gÐnei
mìno mÐa forĹ kai gia ta dÔo trÐgwna ekatèrwjen autăc, kai aplÿc
prèpei na pĹrei to katĹllhlo prìshmo anĹloga me th forĹ thc akmăc se
kajèna apì ta dÔo trÐgwna: parathrÿntac to Sqhma 2.4, to trÐgwno
(v0,v1,v2) perièqei thn akmă (v0,v1), enÿ to (v1,v0,v3) perièqei thn
(v1,v0), kai isqÔei

πr ¯ π(v0,v1) = −(πr ¯ π(v1,v0))

sÔmfwna me tic sqèseic (5.1) kai (5.3).

• Tèloc, an h aktÐna kai to trÐgwno den eÐnai sunepÐpeda, ta antimetate-
jhmèna eswterikĹ ginìmena πr ¯ πei parèqoun Ĺmesa tic barukentrikèc
suntetagmènec tou shmeÐou tomăc pk wc proc tic korufèc vi, ektìc mÐac
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allagăc klÐmakac ÿste na ajroÐzoun sth monĹda. H apìdeixh parèqetai
sto [Jon00] allĹ eÐnai pèra apì touc skopoÔc thc parousÐashc. ’Etsi
jètontac

wk
i = πr ¯ πei , (5.5 a)

oi barukentrikèc svuntetagmènec tou svhmeÐou tomăc ja eÐnai

uk
i = wk

i

/ 2∑

i=0

wk
i . (5.5 b)

Katìpin oi kartesianèc suntetagmènec tou mporoÔn na upologistoÔn wc

pk = uk
0v0 + uk

1v1 + uk
2v2,

kai h parametrikă tou apìstash apì thn arqă thc aktÐnac mporeÐ na
upologisteÐ epilÔontac wc proc tk mÐa suntetagmènh thc exÐswshc pk =
p + tk` gia thn opoÐa h ` eÐnai mh mhdenikă.

5.4 EÔresh tomăc aktÐnac-tetraèdrou me qrăsh
suntetagmènwn Plücker

5.4.1 Basikìc algìrijmoc

O algìrijmoc eÔreshc tomăc aktÐnac-trigÿnou pou perigrĹyame odhgeÐ se
ènan algìrijmo eÔreshc thc tomăc metaxÔ miac aktÐnac kai enìc tetraèdrou.

Sta epìmena, anaferìmenoi sthn èdra ∆i tou tetraèdrou, ja shmeiÿnoume
wc πi

j tic suntetagmènec Plücker thc akmăc ei
j kai wc σi

j to prìshmo tou
antimetatejhmènou eswterikoÔ ginomènou πr ¯ πi

j gia dedomènh aktÐna r:

σi
j = sign(πr ¯ πi

j) =





1, eĹn πr ¯ πi
j > 0

0, eĹn πr ¯ πi
j = 0

−1, eĹn πr ¯ πi
j < 0
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­ Algorijmoc 5.1 ­
Basikìc algìrijmoc eÔreshc tomăc aktÐnac-tetraèdrou.

∆enter = nil
∆leave = nil
for i = 3, 2, 1, 0 do

Υποlόγισε τα σi
0, σi

1 και σi
2

if ((σi
0 6= 0) ∨ (σi

1 6= 0) ∨ (σi
2 6= 0))

if ((∆enter == nil) ∧ (σi
0 ≥ 0) ∧ (σi

1 ≥ 0) ∧ (σi
2 ≥ 0))

∆enter = ∆i

else if ((∆leave == nil) ∧ (σi
0 ≤ 0) ∧ (σi

1 ≤ 0) ∧ (σi
2 ≤ 0))

∆leave = ∆i

end if
end if

end for

O algìrijmoc exetĹzei diadoqikĹ kĹje èdra tou tetraèdrou kai apofaÐnetai
an eÐnai h èdra eisìdou (∆enter) ă exìdou (∆leave) thc aktÐnac, sÔmfwna me
th sqèsh (5.4); an mÐa apì autèc brejeÐ, oi antÐstoiqoi èlegqoi prosămou den
qreiĹzetai na gÐnoun gia tic upìloipec èdrec. H diadikasÐa perigrĹfetai ston
Algorijmo 5.1.

’Opwc sunĹgetai apì ta sqìlia thc prohgoÔmenhc paragrĹfou, autìc o
algìrijmoc mporeÐ na upologÐsei tic barukentrikèc suntetagmènec twn shmeÐ-
wn tomăc me lÐgec epiprìsjetec prĹxeic, qrhsimopoiÿntac thn exÐswsh (5.5).
MporeÐ epÐshc na epishmĹnei exarqăc tic eidikèc periptÿseic tomăc tou Sqh-

matoc 5.1(b,g), katĹ tic opoÐec merikĹ apì ta σi
j eÐnai mhdenikĹ.

5.4.2 Beltistopoiăseic me aplèc tropopoiăseic tou
algorÐjmou

O basikìc algìrijmoc pou parousiĹsame mporeÐ na beltistopoihjeÐ se pol-
lĹ shmeÐa, anĹloga kai me thn efarmogă pou antimetwpÐzei. KĹpoiec prÿtec,
aplèc beltistopoiăseic pou den apaitoÔn shmantikèc tropopoiăseic tou al-
gorÐjmou, eÐnai dunatèc an analujeÐ o basikìc brìqoc for kai oi diadoqikoÐ
èlegqoi tropopoihjoÔn wc exăc:
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• Mìlic brejoÔn oi ∆enter kai ∆leave, o algìrijmoc mporeÐ na termatisteÐ.

• Oi èlegqoi arkeÐ na pragmatopoihjoÔn to polÔ gia treic apì tic tèsseric
èdrec tou tetraèdrou. An kamÐa apì tic treic èdrec den tèmnetai apì thn
aktÐna, tìte oÔte h tètarth tèmnetai; diaforetikĹ h tètarth èdra ja eÐnai
h ∆enter ă h ∆leave, anĹloga me to poia apì tic dÔo den èqei ădh brejeÐ.

• Oi upologismoÐ twn antimetatejhmènwn eswterikÿn ginomènwn mporoÔn
na gÐnoun mìno mÐa forĹ gia tic dÔo èdrec tou tetraèdrou pou moirĹzontai
kĹje akmă, antÐstoiqa me thn perigrafă pou kĹname parapĹnw gia ta
trigwnikĹ plègmata.

Autì to qarakthristikì mporeÐ na apodeiqjeÐ akìmh pio shmantikì katĹ
thn epexergasÐa tetraedrikÿn plegmĹtwn: sthn perÐptwsh aută kĹje
eswterikă akmă qrhsimopoieÐtai, me katĹllhlh forĹ, apì pollĹ tetrĹe-
dra; ètsi, me qrăsh katĹllhlwn domÿn dedomènwn apojăkeushc tou te-
traedrikoÔ plègmatoc, to ginìmeno thc kĹje akmăc me thn aktÐna mporeÐ
na upologisteÐ mìno thn prÿth forĹ pou ja qreiasteÐ kai na epanaqrh-
simopoihjeÐ, me to katĹllhlo prìshmo, gia ìla ta geitonikĹ tetrĹedra.

5.4.3 Jemeliÿdeic beltistopoiăseic

Epiplèon beltistopoiăseic tou algorÐjmou eÐnai dunatèc me aÔxhsh thc po-
luplokìthtac tou kÿdika. Skopìc mac eÐnai h qrăsh thc elĹqisthc dunatăc
plhroforÐac ÿste na elegqjeÐ an upĹrqei tomă metaxÔ thc aktÐnac kai miac
èdrac tou tetraèdrou.

• ParathroÔme ìti o basikìc èlegqoc tou algorÐjmou exetĹzei ìla ta
prìshma σi

j tautìqrona; ìmwc an dÔo apì autĹ den sumfwnoÔn, to trÐto
den qreiĹzetai na exetasteÐ kajìlou kai o upologismìc twn antÐstoiqwn
suntetagmènwn Plücker kajÿc kai tou antimetatejhmènou eswterikoÔ
ginomènou mporeÐ na apofeuqjeÐ entelÿc. QreiĹzetai na proseqjeÐ to
gegonìc ìti opoiadăpote dÔo (allĹ ìqi kai ta trÐa) σi

j mporeÐ na eÐnai
mhdenikĹ ìtan upĹrqei tomă. Katìpin autÿn, o basikìc èlegqoc mporeÐ
na gÐnei ìpwc faÐnetai ston Algorijmo 5.2.
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­ Algorijmoc 5.2 ­
Beltistopoihmènoc èlegqoc tomăc aktÐnac me èdra tetraèdrou.

Υποlόγισε τα σi
0 και σi

1

if ((σi
0 == σi

1) ∨ (σi
0 == 0) ∨ (σi

1 == 0))
Υποlόγισε το σi

2

σi = σi
0 {Υποlόγισε το πρόσηµο σi (προσανατοlισµό) τηc έδραc i}

if (σi == 0)
σi = σi

1

if (σi == 0)
σi = σi

2

end if
end if
if ((σi 6= 0) ∧ ((σi

2 == σi) ∨ (σi
2 == 0)))

if (σi > 0)
∆enter = ∆i

else
∆leave = ∆i

end if
end if

end if

• ’Otan brejeÐ mÐa èdra pou tèmnetai apì thn aktÐna, o èlegqoc mporeÐ
na aplopoihjeÐ shmantikĹ gia tic upìloipec èdrec tou tetraèdrou. Su-
gkekrimèna, to prìshmo σi

j gia tic akmèc touc pou anăkoun kai sthn
temnìmenh èdra ja eÐnai to apaitoÔmeno gia tuqìn Ôparxh tomăc kai den
qreiĹzetai na elegqjeÐ xanĹ. Epiplèon, gia tic upìloipec akmèc to σi

j ja
prèpei na ikanopoieÐ th sqèsh σi

j ≤ 0 an h ∆leave den èqei brejeÐ ă th
sqèsh σi

j ≥ 0 an h ∆enter den èqei brejeÐ.

• ’Otan brejeÐ mÐa èdra pou tèmnetai apì thn aktÐna kai apomènoun mìno
dÔo èdrec pou den èqoun elegqjeÐ, eÐnai dunatìn na prosdioristeÐ h Ĺl-
lh temnìmenh èdra elègqontac mìno to prìshmo thc koinăc touc akmăc.
Gia parĹdeigma, ac upojèsoume ìti mènei na prosdioristeÐ h ∆leave me-
taxÔ twn ∆1 (v2,v3,v0) kai ∆0 (v3,v2,v1); an πr ¯ π(v2,v3) < 0, tìte
∆leave = ∆1, diaforetikĹ ∆leave = ∆0 (ektìc kai an ìla ta σ0

j eÐnai
mhdenikĹ, opìte epÐshc ∆leave = ∆1).
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Oi dÔo teleutaÐec beltistopoiăseic eÐnai idiaÐtera qrăsimec ìtan gÐnetai epe-
xergasÐa enìc tetraedrikoÔ plègmatoc. Sthn perÐptwsh aută, mìlic brejeÐ èna
tetrĹedro pou tèmnetai apì thn aktÐna, h plhroforÐa geitnÐashc twn tetraè-
drwn tou plègmatoc parèqei Ĺmesa to epìmeno tetrĹedro pou tèmnetai apì thn
aktÐna kai h ∆enter eÐnai ădh gnwstă gia autì (Autìc o trìpoc prosdiorismoÔ
tou epìmenou tetraèdrou den isqÔei an h aktÐna egkataleÐpei to prohgoÔmeno
tetrĹedro tèmnontac mÐa akmă tou).

5.4.4 ExetĹzontac th gewmetrÐa tou problămatoc

KatĹ th diereÔnhsh tou problămatoc thc eÔreshc tomăc metaxÔ aktÐnac kai
tetraèdrou, diapistÿsame thn akìloujh gewmetrikă idiìthta tou problămatoc
autoÔ kai thn exetĹsame wc èna pijanÿc apotelesmatikì mèso gia thn epitĹ-
qunsh tou algorÐjmou. ’Omwc gia touc lìgouc pou ja analÔsoume parakĹtw,
sthn prĹxh den epitaqÔnei thn plărwc beltistopoihmènh morfă tou algorÐj-
mou; thn anafèroume edÿ gia plhrìthta, kajÿc pisteÔoume ìti parousiĹzei
genikìtero endiafèron.

’Estw ìti elègqoume katfl arqĹc an h aktÐna tèmnei thn èdra ∆3 (v0,v1,v2).
An autì sumbaÐnei, o algìrijmoc suneqÐzei ìpwc perigrĹfhke prohgoumènwc.
An ìqi, h aktÐna tèmnei to epÐpedo pou orÐzei h ∆3 mèsa se mÐa apì tic èxi pe-
rioqèc pou orÐzoun oi eujeÐec katĹ măkoc twn akmÿn thc ∆3 (Sqhma 5.5); me
majhmatikoÔc ìrouc, autèc oi perioqèc antistoiqoÔn se diaforetikèc perioqèc
timÿn twn barukentrikÿn suntetagmènwn tou shmeÐou tomăc pĹnw sto epÐpedo
wc proc tic v0, v1 kai v2. ParathroÔme loipìn ìti anĹloga me thn perioqă
tomăc kai thn kateÔjunsh thc aktÐnac (eiserqìmenh ă exerqìmenh) wc proc to
epÐpedo, h aktÐna eÐnai dunatì na eisèrqetai sto tetrĹedro ă na exèrqetai apì
autì mìno apì mÐa sugkekrimènh èdra apì tic upìloipec treic. Gia parĹdeigma,
an eisèrqetai sto epÐpedo sthn perioqă (E), mporeÐ na eisèrqetai sto tetrĹedro
mìno apì thn ∆1 (v2,v3,v0), enÿ an {eisèrqetai} sto epÐpedo sthn perioqă
(A), mporeÐ na exèrqetai apì to tetrĹedro mìno apì thn ∆0 (v3,v2,v1). Sh-
meiÿnoume edÿ ìti h aktÐna {eisèrqetai} sto epÐpedo an

∑2
j=0 (πr ¯ π3

j ) > 0,
kajÿc eÐnai eÔkolo na deiqjeÐ ìti aută h sqèsh eÐnai isodÔnamh me ton sunăjh
èlegqo ` · n < 0 ìpou n eÐnai kĹjeto diĹnusma sto epÐpedo thc ∆3 (prbl. th
sqèsh (2.4)).

Me ta dedomèna autĹ mporoÔme na kateujÔnoume ton algìrijmo wc proc
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0v 1v

2v

3v

3

0 0u <3

0 0u >

3

2 0u >

3

2 0u <

3

1 0u >3

1 0u <

(A) (B)

(C)

(D)
(E)

(F)

­ Sqhma 5.5 ­
An mÐa aktÐna den tèmnei thn ∆3 (v0,v1,v2), tèmnei to epÐpedo pou aută

orÐzei se mÐa apì tic èxi perioqèc (A–F) pou faÐnontai.

thn epìmenh èdra pou prèpei na exetĹsei kai wc proc to prìshmo pou prèpei
na èqoun ta σi

j autăc. An kĹpoio prìshmo den sumfwneÐ, tìte den ja upĹr-
qei kajìlou tomă thc aktÐnac me to tetrĹedro kai o algìrijmoc mporeÐ na
termatisjeÐ.

Parìla autĹ, sthn prĹxh to sqăma autì den epitaqÔnei ton plărwc bel-
tistopoihmèno algìrijmo thc paragrĹfou 5.4.3, kai autì mporeÐ na apodojeÐ
stouc exăc dÔo parĹgontac: katfl arqĹc, gia na efarmosteÐ h parapĹnw te-
qnikă prèpei na gÐnei o upologismìc ìlwn twn ginomènwn πr ¯ π3

j , j = 0, 1, 2,
enÿ pijanÿc ènac apì autoÔc mporeÐ na apofeuqjeÐ, ìpwc analÔsame parapĹ-
nw; epÐshc o kajorismìc thc perioqăc tomăc (A–F) thc aktÐnac me to epÐpedo
apaiteÐ mÐa arketĹ polÔplokh exètash twn barukentrikÿn suntetagmènwn, me
mia seirĹ egkibwtismènwn elègqwn pou den eÐnai apodotikă.

5.5 Apotelèsmata

Oi algìrijmoi pou parousiĹsame sto kefĹlaio autì dokimĹsthkan se tu-
qaÐa zeÔgh aktÐnwn kai tetraèdrwn. Me th qrăsh eidikoÔ bohjhtikoÔ pro-
grĹmmatoc kataskeuĹsthkan sÔnola apoteloÔmena to kajèna apì 10.000 zeÔ-
gh aktÐnwn-tetraèdrwn, me auxanìmeno posostì temnìmenwn zeugÿn gia kĹje
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sÔnolo, apì 0% wc 100%. Jelăsame me ton trìpo autì na axiologăsou-
me thn apotelesmatikìthta twn algorÐjmwn ìtan diaforetikĹ posostĹ tomÿn
parousiĹzontai katĹ thn efarmogă touc. SugkrÐname touc exăc algorÐjmouc:

• Tic treic parallagèc tou algorÐjmou mac me qrăsh suntetagmènwn Plücker
pou antistoiqoÔn stic paragrĹfouc 5.4.2, 5.4.3 kai 5.4.4 (sta sqăma-
ta pou akoloujoÔn anafèrontai antÐstoiqa wc Plücker1, Plücker2 kai
Plücker3).

• Ton algìrijmo tou Haines ìpwc perigrĹfhke sthn parĹgrafo 5.2, wc
ènan genikìtero allĹ polÔ apotelesmatikì algìrijmo; gia tic dokimèc
mac ton prosarmìsame kai ton beltistopoiăsame katĹllhla gia thn a-
ntimetÿpish tetraèdrwn.

• ’Enan algìrijmo anĹlogo me ton plărwc beltistopoihmèno algìrijmì mac
thc paragrĹfou 5.4.3 allĹ pou qrhsimopoieÐ ton èlegqo tomăc aktÐnac-
trigÿnou twn Möller kai Trumbore; jelăsame ètsi na axiologăsoume
thn apotelesmatikìthta tou elègqou tomăc aktÐnac-trigÿnou me sunte-
tagmènec Plücker sta plaÐsia tou problămatoc pou antimetwpÐzoume.

’Oloi oi algìrijmoi parĹgoun, an upĹrqei tomă, tic temnìmenec èdrec ∆enter

kai ∆leave, kajÿc kai tic kartesianèc, barukentrikèc kai parametrikèc sunte-
tagmènec twn shmeÐwn tomăc sÔmfwna me thn parĹgrafo 5.1.1.

Oi dokimèc mac pragmatopoiăjhkan se proswpikì upologistă me epexerga-
stă Intel Celeron sta 900MHz me leitourgikì sÔsthma Linux.

Ta apotelèsmatĹ mac sunoyÐzontai sto Sqhma 5.6. ’Opwc eÐnai fanerì,
oi algìrijmoÐ mac pou qrhsimopoioÔn tic suntetagmènec Plücker apodÐdoun
kalÔtera apì touc upìloipouc algorÐjmouc se ìlec tic periptÿseic. Oi belti-
stopoiăseic thc paragrĹfou 5.4.3 prosdÐdoun shmantikă aÔxhsh thc epÐdoshc
tou algorÐjmou, enÿ oi tropopoiăseic thc paragrĹfou 5.4.4 èqoun arnhtikì
antÐktupo, ìpwc ădh shmeiÿsame.

SqetikĹ me touc Ĺllouc dÔo algorÐjmouc, parathroÔme ìti o algìrijmoc
tou Haines apodÐdei sugkritikĹ kalÔtera ìtan to posostì temnìmenwn zeugÿn
eÐnai mikrì; autì apodÐdetai sto gegonìc ìti se orismènec periptÿseic mporeÐ
na apofanjeÐ ìti den upĹrqei tomă qwrÐc na exetĹsei ìlec tic èdrec tou tetra-
èdrou, enÿ antÐjeta prèpei na tic exetĹsei ìlec gia na upologÐsei ta shmeÐa
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­ Sqhma 5.6 ­
Epidìseic algorÐjmwn elègqou tomăc aktÐnac-tetraèdrou.

tomăc ìtan upĹrqoun. ParathroÔme, tèloc, ìti o algìrijmoc pou enswmatÿnei
ton èlegqo tomăc aktÐnac-trigÿnou twn Möller kai Trumbore, o opoÐoc jew-
reÐtai apì touc pio apotelesmatikoÔc tètoiouc elègqouc, apodÐdei qeirìtera
apì ton antÐstoiqo algìrijmo pou qrhsimopoieÐ ton èlegqo me suntetagmènec
Plücker pou proteÐnoume; autì apodeiknÔei thn katallhlìthta tou teleutaÐ-
ou gia to prìblhma pou exetĹzoume kajÿc kai thn apotelesmatikìthta twn
beltistopoiăsewn pou efarmìsame katĹ thn enswmĹtwsă tou ston algìrijmì
mac.

Oi algìrijmoi pou sugkrÐnoume tropopoiăjhkan ÿste oi upologismoÐ pou
aforoÔn se mÐa sugkekrimènh aktÐna na pragmatopoioÔntai sthn arqă kai na
mhn prosmetrÿntai sto qrìno pou anafèretai. Prospajăsame ètsi na proseg-
gÐsoume ergasÐec ìpwc h parakoloÔjhsh aktÐnac se èna tetraedrikì plègma
ìpou tètoioi upologismoÐ mporoÔn na gÐnoun mÐa forĹ kai na epanaqrhsimo-
poihjoÔn gia geitonikĹ tetrĹedra, me ton trìpo pou èqoume ădh anafèrei. Oi
posìthtec pou proôpologÐsame gia touc dikoÔc mac algorÐjmouc eÐnai ta πr¯πi

j

kai σi
j gia ìla ta i, j, kai antÐstoiqec gia ton algìrijmo tou Haines; o algì-

rijmoc me th dokimă twn Möller kai Trumbore den eÐnai katĹllhloc gia thn
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­ Sqhma 5.7 ­
Epidìseic algorÐjmwn elègqou tomăc aktÐnac-tetraèdrou me proôpolo-

gismènec posìthtec.

perÐptwsh aută, kajÿc ja apaitoÔse thn apojăkeush pollÿn proôpologismè-
nwn posotătwn, kai ètsi den perilăfjhke se autèc tic metrăseic.

Ta apotelèsmata parousiĹzontai sto Sqhma 5.7. ParathroÔme ìti eÐnai
apolÔtwc sunepă me ta prohgoÔmena kai epibebaiÿnoun to dunamikì twn al-
gorÐjmwn pou anaptÔxame. Se kĹje perÐptwsh, o plărwc beltistopoihmènoc
algìrijmoc pou proteÐnoume eÐnai o taqÔteroc.

5.6 SumperĹsmata

Sto kefĹlaio autì parousiĹsame ènan apotelesmatikì algìrijmo upologi-
smoÔ twn shmeÐwn tomăc metaxÔ mÐac aktÐnac kai enìc tetraèdrou, ton prÿto
pou parousiĹzetai eidikĹ gia autì to prìblhma. Qrhsimopoiÿntac tic sunte-
tagmènec Plücker gia thn anaparĹstash thc aktÐnac kai tou tetraèdrou, oi
apaitoÔmenec arijmhtikèc prĹxeic meiÿnontai kai aplopoioÔntai, enÿ mÐa sei-
rĹ apì beltistopoiăseic auxĹnei shmantikĹ tic epidìseic tou algorÐjmou, kĹ-
nontĹc tec se kĹje perÐptwsh kalÔterec apì autèc Ĺllwn algorÐjmwn pou
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mporoÔn na antimetwpÐsoun to Ðdio prìblhma.
O algìrijmoc autìc anamènoume na qrhsimopoihjeÐ se pollèc efarmogèc

optikopoÐhshc kai epexergasÐac tetraedrikÿn plegmĹtwn, kajÿc o èlegqoc
tomăc eujeÐac-tetraèdrou apoteleÐ kÔrio sustatikì stoiqeÐo pollÿn sqeti-
kÿn algorÐjmwn twn Grafikÿn. Epiplèon, ìpwc èqoume anafèrei, h domă tou
algorÐjmou ton kĹnei katĹllhlo gia thn epexergasÐa tetraedrikÿn plegmĹtwn,
me ekmetĹlleush thc geitnÐashc twn tetraèdrwn.

Mellontikă sqetikă èreunĹ mac ja ekmetalleuteÐ autì to qarakthristikì
tou algorÐjmou gia thn pragmatopoÐhsh elègqwn tomăc me proodeutikĹ tetra-
edrikĹ plègmata, ìpwc autĹ pou kataskeuĹsame sto prohgoÔmeno kefĹlaio.
Se sunduasmì me thn epilektikă eklèptunsh twn proodeutikÿn plegmĹtwn,
anamènoume na anaptÔxoume apotelesmatikoÔc algorÐjmouc gia thn optikopoÐ-
hsh kai thn epexergasÐa touc.

Tèloc, oi teqnikèc pou qrhsimopoiăsame se autì to kefĹlaio gia ton è-
legqo tomăc metaxÔ aktÐnac kai tetraèdrou mporoÔn na epektajoÔn gia thn
anĹptuxh anĹlogwn algorÐjmwn elègqou tomăc metaxÔ trigÿnou kai tetraè-
drou ă dÔo tetraèdrwn. Tètoioi algìrijmoi eÐnai aparaÐthtoi se diadikasÐec
elègqou sugkroÔsewn metaxÔ epifaneiÿn kai ìgkwn, oi opoÐec sunantÿntai se
pollèc sÔgqronec efarmogèc.
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EllhnikoÐ ìroi

A ακµή
συµβοlισµόc, 6
συρρίκνωση, bl. συρρίκνωση ακµήc
ωc υποάπlοκο, 6

ανάlυση µοντέlου, 15
αντιµετατεθηµένο εσωτερικό

γινόµενο, 107, 112
απαlοιφή κορυφών, 21, 24, 35

αντιστροφή, 36
απlοειδέc σύµπlοκο, 6, 12

και τοποlογία, 10
άπlοκο, 6
απlοποίηση, 16

βαθµωτών πεδίων, 25
βεlτιστοποιηµένη, bl.

βεlτιστοποίηση
διανυσµατικών πεδίων, 25

σε διάσπαρτα σηµεία, 72
διατήρηση όγκου, 23, 25
διατήρηση συνόρου, 24
εlαχιστοποίηση απόστασηc από

άστρο, 24
κάθετο διάνυσµα, 20, 23, 49, 51
κρίσιµων σηµείων, 73, 77, 93
µε απαlοιφή κορυφών, 21, 24, 35,

36
µε συγχώνευση κορυφών, 20
µε συγχώνευση συνεπίπεδων

όψεων, 19
µε συρρίκνωση ακµών, 22, 24—26,

36
µε συρρίκνωση ηµι-ακµών, 78
µε συρρίκνωση τετραέδρων, 26, 36
µέθοδοc τετραγωνικών

σφαlµάτων, 24, 37, 82, 83
πεδίου σε τριγωνικό πlέγµα, bl.

πεδίο σε τριγωνικό πlέγµα,
απlοποίηση

ποlύ µεγάlων µοντέlων, 21, 70,
102

συνόρου, 25, 76, 86, 87, 93
σχήµα τριγώνων, 23, 24, 49
τετραεδρικών πlεγµάτων, 24, 71
τριγωνικών πlεγµάτων, 19

απόσταση
Hausdorff, 18, 22, 87
επιφανειών, 18
µέση τετραγωνική, 18
παραµετρική, 105, 110
πεδίου, 19
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προσέγγιση, 18
σηµείου από επίπεδο, 10, 79

τετραγωνική, 37
σηµείου από επιφάνεια, 18
τετραεδρικών πlεγµάτων µε

πεδία, 19
τοµέα, 19

αποτεlέσµατα, 51, 63, 90, 115
άστρο, 29, 35

σε τετραεδρικό πlέγµα, 13
σε τριγωνικό πlέγµα, 10, 44, 47, 62

αυτο-τοµέc, 25, 76

B βασικό περίβlηµα, 43, 62, 66
βασικό πlέγµα, 28, 33, 34
βεlτιστοποίηση, 23, 25, 26, 29, 92,

101
γραµµική, 44, 46, 48

µέθοδοc Simplex, 46

G γεωµορφισµόc, 28

D δειγµατοlηψία, 18, 75, 85, 91
διαµέριση χώρου, 42

ιεραρχική, 21, 42
προσαρµοστική, 21

διάνυσµα
κάθετο, bl. κάθετο διάνυσµα
κανονικοποιηµένο κάθετο, 10

διάσπαση κορυφήc, 32, 34
παραµετροποίηση, 32, 34, 35
σε τετραεδρικό πlέγµα, 74

διάσταση
απlοειδούc συµπlόκου, 6
απlόκου, 6
ποllαπlότηταc, 7

διάταξη κορυφών
όψεων τετραέδρου, 13
τετραέδρου, 13

τριγώνου, 9
δίεδρη γωνία, 87
δίσκοc, 7

E έδρα
τετραέδρου, 104
ωc υποάπlοκο, 6

εκlέπτυνση, 34
επιlεκτική/τοπική, 34, 59, 60, 66

εκτράχυνση
επιlεκτική, 35, 68, 69

έlεγχοc συγκρούσεων, 103
εξωτερικό

τετραέδρου, 13
τριγώνου, 9

επίπεδα lεπτοµέρειαc, 16
διακριτά/συνεχή, 28, 31
συνδυασµόc τουc, 16

επίπεδο
εξίσωση, 8
κάθετο διάνυσµα, 9

εσωτερικό
τετραέδρου, 13
τριγώνου, 9

εσωτερικό γινόµενο
αντιµετατεθηµένο, bl.

αντιµετατεθηµένο εσωτερικό
γινόµενο

ευθυγράµµιση, 17

H ηµι-ακµή, 78
ηµιδίσκοc, 7
ηµιευθεία, 104, 107

I ισοεπιφάνεια, 25

K κάθετο διάνυσµα, 9
απόκlιση σε απlοποίηση, bl.

απlοποίηση, κάθετο
διάνυσµα
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όψηc, 9, 13
κlειστή επιφάνεια, 7

προσανατοlισµόc, 8
κορυφή

διάσπαση, bl. διάσπαση κορυφήc
συµβοlισµόc, 6
ωc υποάπlοκο, 6

κρίσιµο σηµείο, 72
και απlοποίηση, bl. απlοποίηση

κρίσιµων σηµείων
κυρτό περίβlηµα, 6

L lεπτοµέρεια, 15
επιlεκτική, 15, 21
επίπεδα lεπτοµέρειαc, bl. επίπεδα

lεπτοµέρειαc

M µοντέlα
εξαεδρικά, 12
ποlυγωνικά, bl. ποlυγωνικά

µοντέlα
ποlυεδρικά, bl. ποlυεδρικά

µοντέlα
τετραεδρικά, bl. τετραεδρικά

µοντέlα
τριγωνικά, bl. τριγωνικά µοντέlα

O όγκοc
διατήρηση σε απlοποίηση, bl.

απlοποίηση, διατήρηση
όγκου

κενού χώρου περιβlήµατοc, 53, 65
περιβάllων, bl. περιβάllων όγκοc
τετραέδρου, 10, 13, 45

πρόσηµο, 10
οκτάδενδρο, 21, 42
οπτικοποίηση, 17
ουρά προτεραιότηταc, 22, 27

ποlυπlοκότητα, 29

υlοποίηση, 29, 50
όψη

εσωτερική/εξωτερική
επιφάνειαc, 8
τριγώνου, 9

κάθετο διάνυσµα, bl. κάθετο
διάνυσµα όψηc

συµβοlισµόc, 6
τριγωνικού πlέγµατοc, 6
ωc υποάπlοκο, 6

P παρακοlούθηση ακτίναc, 41, 103, 106
σε τετραεδρικό πlέγµα, 112, 114,

117
παραµετροποίηση διάσπασηc

κορυφήc, bl. διάσπαση
κορυφήc, παραµετροποίηση

παρεκβοlή
τιµών διανυσµατικού πεδίου, 86, 91

παρεµβοlή
σε τριγωνικά πlέγµατα, 11
τιµών διανυσµατικού πεδίου, 14,

85, 91
πεδίο

βαθµωτό, 14, 25
διανυσµατικό, 14, 25

σύγκριση πεδίων, 91
σε τετραεδρικό πlέγµα, 14
σε τριγωνικό πlέγµα, 11

απlοποίηση, 22, 23
υψοµετρικό, 80

περιβάllων όγκοc, 42
ιεραρχικόc, 43, 66

περίβlηµα
βασικό, bl. βασικό περίβlηµα
κυρτό, bl. κυρτό περίβlηµα
προοδευτικό, bl. προοδευτικό

περίβlηµα
πlέγµα
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βασικό, bl. βασικό πlέγµα
προοδευτικό, bl. προοδευτικό

πlέγµα
τετραεδρικό, bl. τετραεδρικό

πlέγµα
τριγωνικό, bl. τριγωνικό πlέγµα

ποllαπlέc αναlύσειc, 20
ποllαπlότητα, 7, 12

και απlοποίηση, 21, 22, 31
και τοποlογία, 10
µε σύνορο, 7

ποlυγωνικά µοντέlα, 5
ποlυεδρικά µοντέlα, 12
ποlυπlοκότητα

αlγορίθµου απlοποίησηc, 29
ουράc προτεραιότηταc, 29

προοδευτικό περίβlηµα, 41, 43
για έlεγχο τοµήc, 59

προοδευτικό πlέγµα, 33
τετραεδρικό, 74

προσανατοlισµόc, 7
σχετικόc δύο ηµιευθειών, 107
τετραέδρου, 104
τριγωνικού πlέγµατοc, 9, 44

προτεραιότητα συρρίκνωσηc
ακµήc, 27, 28

για προοδευτικό περίβlηµα, 46, 52,
54, 64, 65

R ρευµατογραµµή, 72, 73, 90

S σθένοc κορυφήc, 10, 13
και απlοποίηση, 48, 51, 88

συγχώνευση κορυφών, 20
συγχώνευση όψεων, 19
συµβοlισµόc

ακµήc, 6
ακµών έδραc τετραέδρου, 104
ακµών τριγώνου, 108

διανυσµατικού πεδίου επί
τετραεδρικού
πlέγµατοc, 15

εδρών τετραέδρου, 104
κορυφήc, 6
κορυφών έδραc τετραέδρου, 104
όψηc, 6
τετραεδρικού πlέγµατοc, 12
τριγωνικού πlέγµατοc, 5
τριγώνου, 6

συµπάγεια
τετραέδρου, 88
τριγώνου, 49, 51

σύµπlοκο
απlοειδέc, bl. απlοειδέc σύµπlοκο

συνδεσιµότητα
τετραεδρικού πlέγµατοc, 12
τριγωνικού πlέγµατοc, 5, 10

σύνδεσµοc
σε τετραεδρικό πlέγµα, 13
σε τριγωνικό πlέγµα, 10

σύνορο
απlοποίηση, bl. απlοποίηση

συνόρου
διατήρηση σε απlοποίηση, bl.

απlοποίηση, διατήρηση
συνόρου

και τοποlογία, 10
ποllαπlότηταc, 7
τετραεδρικού πlέγµατοc, 12, 14
τετραεδρικού πlέγµατοc για σφάlµα

τοµέα, 19
συντεταγµένεc

Plücker, 106, 107, 110
βαρυκεντρικέc, 105, 109, 111, 114
καρτεσιανέc, 104, 110
οµογενείc, 107

συρρίκνωση ακµήc, 22, 26, 38, 44, 82
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αντιστροφή, bl. διάσπαση κορυφήc
εγκυρότητα, 31
µε κρίσιµα σηµεία, 77
προτεραιότητα, 27, 28
σε τετραεδρικό πlέγµα, 73
στο σύνορο, 22, 76, 87
τοποθέτηση κορυφήc, 22, 28

συρρίκνωση ηµι-ακµήc, 78, 84, 92
σφάlµα

πεδίου, 19, 25, 75
εκτίµηση, 85

σύνθετο, 84, 92
παράγοντεc, 97

τετραγωνικό, 89, 92
τοµέα, 19, 25, 75

εκτίµηση, 87
σφάlµα απlοποίησηc, 16, 22, 25

οlικό/τοπικό, 31
προσέγγιση, 18, 25
σύγκριση εµφάνισηc, 17, 20
σύγκριση χαρακτηριστικών, 17
συσσώρευση, 22, 39, 86, 88

T ταινία του Möbius, 8, 9
τέµνον επίπεδο, 90
τετραγωνικά σφάlµατα, bl.

απlοποίηση, µέθοδοc
τετραγωνικών σφαlµάτων

τετραγωνική µορφή, 37
εlαχιστοποίηση, 38

τετραεδρικό µοντέlο, 12
τετραεδρικό πlέγµα, 12

προοδευτικό, 74
συµβοlισµόc, 12

τετράεδρο
όγκοc, bl. όγκοc τετραέδρου
προσανατοlισµόc, 104
ωc άπlοκο, 6

τετραεδροποίηση, 12, 14, 15

τοµέαc διανυσµατικού πεδίου, 15, 19
τοµή

ακτίναc-κυρτού ποlυέδρου, 103,
105

αlγόριθµοc Haines, 105, 116
ακτίναc-προοδευτικού τετραεδρικού

πlέγµατοc, 119
ακτίναc-τετραέδρου, 103, 110
ακτίναc-τριγώνου, 105

αlγόριθµοc
Möller-Trumbore, 106, 116

µε συντεταγµένεc Plücker, 106
ευθείαc-τριγωνικού µοντέlου, 41,

59
διαδοχικοί έlεγχοι, 62, 68

τοποlογία
διανυσµατικού πεδίου, 72

και απlοποίηση, 78, 102
και απlοποίηση, 21—23, 31, 48
τετραεδρικού πlέγµατοc

και απlοποίηση, 75
τριγωνικού πlέγµατοc, 10

τριγωνικά µοντέlα, 5
τριγωνικό πlέγµα, 5

µη γεωµετρικά χαρακτηριστικά, 11
συµβοlισµόc, 5
τοποlογία, 10
ωc απlοειδέc σύµπlοκο, 6

τρίγωνο
συµβοlισµόc, 6
ωc άπlοκο, 6

τριγωνοποίηση, 5
τροχιογραµµή, 72, 90

U υπερεπίπεδο, 79, 80
υπερεπιφάνεια, 80, 81
υπερόψη, 20
υποάπlοκο, 6
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F φορά διαδροµήc ακµήc
τετραεδρικά πlέγµατα, 13
τριγωνικά πlέγµατα, 9

Q χαρακτηριστικά κορυφών τριγωνικών
πlεγµάτων, bl. πεδίο σε
τριγωνικό πlέγµα

AgglikoÐ ìroi

A AABB, 43
alignment, 17
axis-aligned bounding box, 43

B bluntfin, 92

C coarsening
selective, 35

compactness, 49
complex

simplicial, 6
critical point, 72

D discrete orientation polytope, 43
DOP, 43, 66

E edge collapse, 22
extrapolation, 86

F face, 6
facet, 6
flow field, 73

G geomorphing, 28

H Hausdorff
απόσταση, bl. απόσταση Haus-

dorff
height field, 80

I image-based rendering, 17

L level of detail, 16
Liang-Barsky αlγόριθµοc, 105

link, 10
LOD, 16

M Möller-Trumbore αlγόριθµοc, bl.
τοµή ευθείαc-τριγώνου, αl-
γόριθµοc Möller-Trumbore

manifold, 7
mesh

progressive, 33
tetrahedral, 12
triangular, 5

O OBB, 43
octree, 21
OpenDX, 90
oriented bounding box, 43

P Plücker
συντεταγµένεc, bl. συντεταγµένεc

Plücker
progressive hull, 43
progressive mesh, 33

Q quadric error metric, 37

R refinement, 34
selective, 34

S scattered data vector field, 72
simplex, 6
Simplex µέθοδοc, 46
simplicial complex, 6
star, 10
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streakline, 72

streamline, 72

subsimplex, 6

superface, 20

T triangular mesh, 5

V valence, 10
vertex clustering, 20
vertex split, 32




