J Math Chem (2009) 46:652-691
DOI 10.1007/s10910-008-9508-y

ORIGINAL PAPER

A new methodology for the construction of numerical
methods for the approximate solution
of the Schrodinger equation

Z. A. Anastassi - D. S. Vlachos - T. E. Simos

Received: 5 October 2008 / Accepted: 10 October 2008 / Published online: 6 January 2009
© Springer Science+Business Media, LLC 2008

Abstract Inthe present paper we introduce a new methodology for the development
of numerical methods for the numerical solution of the one-dimensional Schrédinger
equation. The new methodology is based on the requirement of vanishing the phase-lag
and its derivatives. The efficiency of the new methodology is proved via error analysis
and numerical applications.

Keywords Numerical solution - Schrédinger equation - Multistep methods -
Hybrid methods - P-stability - Phase-lag - Phase-fitted

T. E. Simos is Highly Cited Researcher, Active Member of the European Academy of Sciences and Arts.
Corresponding Member of the European Academy of Sciences and European Academy of Arts, Sciences
and Humanities.

Z. A. Anastassi - D. S. Vlachos - T. E. Simos
Laboratory of Computational Sciences, Department of Computer Science and Technology,
Faculty of Sciences and Technology, University of Peloponnese, 221 00 Tripolis, Greece

Z. A. Anastassi
e-mail: zackanas @uop.gr

D. S. Vlachos
e-mail: dvlachos@uop.gr

T. E. Simos ()

European Academy of Arts, Sciences and Humanities, 10 Konitsis Street, Amfithea—Paleon Faliron,
175 64 Athens, Greece

e-mail: tsimos.conf@gmail.com; tsimos @mail.ariadne-t.gr

@ Springer



J Math Chem (2009) 46:652-691 653

1 Introduction
The one-dimensional Schrédinger equation can be written as:
Y'@) =+ 1D /x* 4V (x) = K1y(x). ey

Many problems in theoretical physics and chemistry, material sciences, quantum
mechanics and quantum chemistry, electronics etc. can be express via the above bound-
ary value problem (see for example [1-4]).

We give the definitions of some terms of (1):

The function W (x) = (I + 1)/x% + V(x) is called the effective potential. This
satisfies W(x) — Oasx — o0

The quantity k2 is a real number denoting the energy

The quantity / is a given integer representing the angular momentum

— V is a given function which denotes the potential.

The boundary conditions are:

y(0)=0 @)

and a second boundary condition, for large values of x, determined by physical con-
siderations.

The last years an extended study on the development of numerical methods for the
solution of the Schrodinger equation has been done. The aim of this research is the
development of fast and reliable methods for the solution of the Schrodinger equation
and related problems (see for example [5—121] and [122,123]).

We can divide the numerical methods for the approximate solution of the
Schrodinger equation and related problems into two main categories:

1. Methods with constant coefficients
2. Methods with coefficients depending on the frequency of the problem.!

The purpose of this paper is to introduce a new methodology for the construction of
numerical methods for the approximate solution of the one-dimensional Schrédinger
equation and related problems. The new methodology is based on the requirement of
vanishing the phase-lag and its derivatives. The efficiency of the new methodology
will be studied via the error analysis and the application of the investigated methods
to the numerical solution of the radial Schrodinger equation.

More specifically, we will develop a family of hybrid Numerov-type methods of
sixth algebraic order and of three stages. The development of the new family is based
on the requirement of vanishing the phase-lag and its derivatives. We will investigate
the stability and the error of the methods of the new family. Finally, we will apply both
categories of methods the new obtained method to the resonance problem. This is one
of the most difficult problems arising from the radial Schrodinger equation. The paper

1 When using a functional fitting algorithm for the solution of the radial Schrodinger equation, the fitted
frequency is equal to: VI + 1)/x2 +V(x) —k2|.
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is organized as follows. In Sect.2 we present the theory of the new methodology. In
Sect.3 we present the development of the new family of methods. The error analysis
is presented in Sect. 4. In Sect. 5 we will investigate the stability properties of the new
developed methods. In Sect. 6 the numerical results are presented. Finally, in Sect.7
remarks and conclusions are discussed.

2 Phase-lag analysis of symmetric multistep methods

For the numerical solution of the initial value problem

Y= fx,y) 3

consider a multistep method with m steps which can be used over the equally spaced
intervals {x;}", € [a,b]and h = |x;41 — x;],i = 0()m — 1.

If the method is symmetric then a; = a,—; and b; = by, i = 0(1) | % |.

When a symmetric 2k-step method, that is for i = —k(1)k, is applied to the scalar
test equation

Y= =y )
a difference equation of the form

Ar(H)ypk + -+ Ar(H)ypt1 + Aog(H) yn + A1(H)yp—1 + - -+
+ A (H) yp—r =0 )

is obtained, where H = wh, h is the step length and Ag(H), A1 (H), ..., Ax(H) are
polynomials of H.
The characteristic equation associated with (5) is given by:

A(HY AR 4o Ay(H) A+ Ag(H) + Aj(H) A + -
+ A HYA R =0 ©)

Theorem 1 [97] The symmetric 2k-step method with characteristic equation given
by (6) has phase-lag order q and phase-lag constant c given by

—cHI2 4 O(HIT)
_ 2Ax(H) cos(kH) +---+2A;(H) cos(j H) +---+ Aog(H)
N 2K2A(H)+ - +2j2Aj(H)+ -+ +2A(H)

(N

The formula proposed from the above theorem gives us a direct method to calculate
the phase-lag of any symmetric 2k-step method.
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3 The new family of Numerov-type hybrid methods—construction of the new
methods

3.1 First method of the family

We introduce the following family of methods to integrate y” = f(x, y):

"

Zn =Yn —4ao hi (y;l/-’rl - 2yn + yl/l/—l)
Yo =yn—arh® (v =25, + 1)

/ =/
Y+l + €1 Y0 + Y1 = h? [bo (e + i)+ b]yn] ()

The application of the above method to the scalar test Eq. 4 gives the following
difference equation:

Ay(H) ypy1 + Ao(H) yp + A1(H) yp—1 =0

where H = wh, h is the step length and Ag(H) and A;(H) are polynomials of H.
The characteristic equation associated with (9) is given by:

AL(H) A+ Ao(H) + A{(H)A™' =0 )
where

A(H)=1+H?by+ H*bray —2H® b a; ag
Ao(H) =ci + H*by —2H*b1a; + 4 H by a) ao

By applying k = 1 in the formula (7), we have that the phase-lag is equal to:

_ 12Zgcos(H) +ci+ H*b1 —2H*byay +4 H® by aj ag
2 To
Zo=1+H>by+H*bra; —2H®b; a; ag (10)

phl

The first derivative of the phase-lag is given by:

o
phi = 3 (2 (2Hbo+4H?bray — 12 H by ay ag) cos(H)

— 2Tosin(H) +2 Hby —8 H3 by ay +24H5b1a1a0) /To
1 Ty 2Hbo+4Hbyay — 12 H by ay ag)

2 T§
To =1+ H?>bo+ H*bya; —2 HO by a; ag
Ty, =2Tocos(H) +c1 + H> by —2H*bray + 4 H® by a; ag (a1
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We demand that the phase-lag and its derivative are equal to zero and we consider
that:

1 5
bo= —. by ==, ¢; = -2 12
0= bi=g a (12)
Then we find out that:
ag = &
0>
a = (IZCos(H) H3 +12 H? sin(2 H) + 9 H? + 21 sin(H) H>
+ H? sin(3 H) + 18sin(3 H) — 54sin(H) + 3 H? cos(2 H))
/ (—5 H*sin(3 H) + 15 sin(H) H4)
Q; =24sin(2H) + H? sin(2 H) + 6 cos(H) H? — 48 sin(H)
+10sin(H) H> + 6 H>
Q, =4 H*sin(2H) + 72 H?sin(2 H) + 12 H> cos(H) + 40sin(H) H*
—144sin(H) H*> + 12 H> (13)

For small values of |H| the formulae given by (13) are subject to heavy cancella-
tions. In this case the following Taylor series expansions should be used:

5 01 ., 19 2837 905 s
an = —— — —— — _—-— _-—
0 252 720 199584 435891456 2034160128
3187253 0 243410351 o
104800760064000 117083409143500800
605665147331 14
4261836092823429120000
263964721233089 16
— HY ...
27171762193405054697472000
1 1, 1 6 691 0 1 10
a = — — H* — HS — H - —— _H
200 144000 2217600 33022080000 1197504000
3617 b 43867 1
118562476032000 41740965826560000
174611 6
_ H® 4 ... (14)
5030436483072000000

The behavior of the coefficients is given in the following Fig. 1.
The local truncation error of the new proposed method is given by:

LTE = (10) 4 22 y® 4 gt y,§6>) (15)

~ 172800 (y"
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Eehavior of the coefficient a_0 Blehavior of the coefficient 3_1

£ 20408
15000 15e+08
10000 1o+08
5000 50407
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2 3 1 5 1 2 3 4 5 5 7
H H

Fig. 1 Behavior of the coefficients of the new method given by (13) for several values of H

3.2 Second method of the family

Consider the family of methods presented in (8).

The application of the above method to the scalar test Eq. 4 gives the difference
Eqg. 9 and the characteristic Eq. 9.

By applying k = 1 in the formula (7), we have that the phase-lag is given by (10).
The first derivative of the phase-lag is given by (11). The second derivative of the
phase-lag is given by:

. 1
phi = 3 (2 (2bo +12by a; H? — 60 by a; H* ag) cos(H)
—4Tssin(H) —2Tycos(H) +2by — 24 by ay H? + 120 b a; H4ao) /Ta

TsTy  (2Trcos(H) +cy + H>by —2H*b1ay + 4 H%by ay ag) T3
T2 * T
1 Ty (2bo+ 12b1ay H> — 60 by ay H* ag)
2 T3
T2=1+H2b0+H4b1a1—2H6b1a1a0
T3 =2Hby+4H>bya; — 12 H by ay ap
T4 =2Tocos(H) +c1 + H> by —2H*bray + 4 H® by a; ag
Ts =2Tscos(H) —2Tosin(H) +2Hb, —8H biay + 24 H brajap  (16)

We demand that the phase-lag and its first and second derivative are equal to zero
and we consider that:

5
by = 3 7)
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Then we find out that:

1
a=7 (16 cos(H)? H + cos(H)? H3 + 72 cos(H) sin(H)

+ 7cos(H) H® 4+ 5cos(H) H? sin(H) — 8cos(H) H

4 37sin(H)H? —2H® —8H — 72 sin(H)) / ((cos(H)2 HA

+ 6¢cos(H)?> H —30cos(H) H + 90 cos(H) sin(H)
+ 7cos(H) H? sin(H) + 4 cos(H) H> + 26 sin(H) H>

124 H —90sin(H) — 2 H3) HZ)
a; = —% (cos(H)2 H? + 6cos(H)> H —30cos(H) H
+90cos(H) sin(H) + 7cos(H) H” sin(H) + 4 cos(H) H>
+ 26sin(H) H? + 24 H — 90 sin(H) —2 H3)
/ (H3 (9 H cos(H) sin(H) — 9sin(H) H — 24

+ cos(H) H? — 2 H? + cos(H)? H? + 48 cos(H) — 24 cos(H)z))

1

e =—3 (—144 cos(H)2 — 4 cos(H)2 H? + 144 cos(H)
+ 3cos(H) H* — 10cos(H) H?> + 15sin(H) H?
1 54sin(H) H +6 H* + 32 H2)

/ (—24 cos(H) + cos(H) H? +9sin(H) H +2 H> + 24) (18)

For small values of |H| the formulae given by (18) are subject to heavy cancella-
tions. In this case the following Taylor series expansions should be used:

s 1, 7291, 6994957 ¢
252 576 47900160 523069747200
1772039 0 612411414271 0
- HS — H
1506440871936 5915793304092672000
6703826059829 » 23628125769207931 14
735709567272615936000 29457811073595542077440000
113664521038002546119 6
_ H® ... (19)
1609810459549849183447941120000

ag =

R Bl 6 75511 o

200 86400 798336000 1245404160000
641681 0 19165459 b

~209227898880000  142274971238400000

a) =
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Behavior of the coefficient a_0 Behavior of the coefficient a_1

10000

150000

100000

Behavior of the coefiicient ¢_1
H
2 4 B 8 o 12 14 B 1|8 20

Fig. 2 Behavior of the coefficients of the new method given by (18) for several values of H

6969287737 4 56913183143 6
 1362425124578918400000 359680232888834457600000
o1 g0 _ 103 g2
1036800 1916006400
60737 " 22039 6
~20922789888000  167382319104000

cp = -2

+o- (20)

The behavior of the coefficients is given in the following Fig. 2.
The local truncation error of the new proposed method is given by:

10

LTE = _______(
1036800

6300 ~ 150330 + 1005 ~0%y,) @
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3.3 Third method of the family

Consider the family of methods presented in (8).

The application of the above method to the scalar test Eq. 4 gives the difference
Eqg. 9 and the characteristic Eq. 9.

By applying k = 1 in the formula (7), we have that the phase-lag is given by (10).
The first derivative of the phase-lag is given by (11). The second derivative of the
phase-lag is given by (16). The third derivative of the phase-lag can be written as:

1
phil = 3 (2 (24 byay H — 240 by a) H ao) cos(H)
—6Tgsin(H) —6Tgcos(H) +2Tgsin(H) —48by a1 H

480 by ay H3ao) /Ts _3TioTy 3T ¥ 3T Ty

2 T2 T} 2 T2
3T7Tg+3T7T9T8 1 T7 24byay H —240b; ay H? ag)
T¢ T} 2 T?

Te =1+ H>by+ H*bya; —2HO by aj ag
T; =2Tecos(H) +c1 + H> by —2H*bray + 4 H® by a) ag
Ts = 2bo + 12y a1 H> — 60 by a; H* ag
To=2Hby+4H>byay —12H’ b aj ao
Tig =2Tgcos(H) —4Tgsin(H) —2Tgcos(H)
+2by —24byay H*> 4+ 120 by ay H* a
T =2Tgcos(H) —2Tgsin(H)
+2Hby —8H>bya; +24 H> by aj ap
T, =2Tgcos(H) —2Tgsin(H)
+2Hby —8H>bray +24 H? by aj ap (22)
We demand that the phase-lag and its first, second and third derivative are equal to
zero and we consider that:

1
by = — 23
=13 (23)

Then we find out that:

_ 2 145 2 153 2
ao_Z cos(H)“ H”> +3cos(H) " H> +72cos(H)" H

+ 84 cos(H) sin(H) H? + 144 cos(H) sin(H)

— 12cos(H) H® + 8sin(H) H* cos(H) + 144 cos(H) H

— 216 H + 81 H> + 2 H> — 144 sin(H) + 4sin(H) H*
+60sin(H) H2) / ((—90 cos(H)? H — 27 cos(H)? H?

+ cos(H)? H> 4+ 12sin(H) H* cos(H) + 360 cos(H) sin(H)
+ 90 cos(H) sin(H) H> — 6 cos(H) H> + 360 cos(H) H
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a) =

Ccl =

b =

— 270 H + 87 H®> + 2 H> — 360sin(H) + 6 sin(H) H*
+126sin(H) HZ) HZ)

(—90 cos(H)? H — 27 cos(H)? H? + cos(H)2 H’

+ 12sin(H) H* cos(H) + 360 cos(H) sin(H)

+ 90 cos(H) sin(H) H> — 6 cos(H) H> + 360 cos(H) H
—270H + 87 H> +2 H> —360sin(H) + 6sin(H) H*

+ 126 sin(H) H2) / ((—816cos(H)3 H — 36 cos(H)> H?

— 384 cos(H)> H — 93 cos(H)> H®> + 12 H? cos(H)? sin(H)

+ 4cos(H)> H* sin(H) + cos(H)*> H> — 2160 sin(H) cos(H)?

+ 84 cos(H) H? + 4320 cos(H)sin(H) + 3216 cos(H) H

+ 624 cos(H) sin(H) H> + 32 sin(H) H* cos(H) + 2 H> — 2160 sin(H)
—2016 H — 636sin(H) H> — 12sin(H) H* + 45 H3) H2)

2

: (—3 H* cos(H)3 — 36 cos(H)® H? — 576 cos(H)?

+ 33cos(H)?sin(H) H> — 3cos(H)> H* + 252 cos(H)? sin(H) H
+ 279 cos(H)*> H? + 1152 cos(H)?* + cos(H)?* sin(H) H?

— 576cos(H) + 180 cos(H) H> + 4 cos(H) H sin(H)

+ 102 H? cos(H) sin(H) +9cos(H) H* + 144 H cos(H) sin(H)
— 207 H?sin(H) — 12 H* — 396 sin(H) H — 5sin(H) H>

— 423 H2) / (—93 cos(H)2 H? + 192 cos(H)> + cos(H)> H*

— 24cos(H) H*> + 16 H> cos(H) sin(H) — 384 cos(H)
— 216 H cos(H) sin(H) + 192 +2 H* + 8 H? sin(H)
1216sin(H) H + 117 H2)

1 3 3 143 2
3 (—816cos(H) H —36c¢cos(H)” H” — 384 cos(H)“H
— 93 cos(H)*> H® + 12 H? cos(H)? sin(H) + 4 cos(H)* H* sin(H)
+ cos(H)*> H> — 2160 sin(H) cos(H)? + 84 cos(H) H>
+ 4320 cos(H) sin(H) + 3216 cos(H) H + 624 cos(H) sin(H) H>
+ 32sin(H) H* cos(H) + 2 H> — 2160 sin(H) — 2016 H
— 636sin(H) H? — 12sin(H) H* + 45 H3) / ((—93 cos(H)? H?
+ 192 cos(H)? + cos(H)*> H* — 24 cos(H) H?> + 16 H> cos(H) sin(H)
— 384 cos(H) — 216 H cos(H) sin(H) + 192 + 2 H*
+8 H3sin(H) +216sin(H) H + 117 H2) H) (24)

For small values of |H| the formulae given by (24) are subject to heavy cancella-
tions. In this case the following Taylor series expansions should be used:
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5 o, 1327, 591679 ¢

T 252 432 4790016 1 17831923200
44411y 4515072763 19

288222105600 9507524953006080
129252519171791 b 25314532008079231 14

2276101473749655552000 3728254214001935794176000
SISIS8082864308189 1
638288334231759985213440000
LU 3T e T3993
200 43200 119750400 400308480000
2426029 0 9608027203 »

" 252194342400000  21608011256832000000
58881654851 1 68380578582049 16

069183157954232320000 ©29264161805352714240000000

+

gy L oo, 193 g
] =— — —_—
! 259200 574801920

585491 M 314653 6

+ 23538138624000 242106568704000
5 1 3 41 710

— HS —
6 103680 44906400
466399 1o 642643 g

6725182464000 169474598092800
531607897 6
HO 4+ ... (25)

5185922701639680000

by

The behavior of the coefficients is given in the following Fig. 3.
The local truncation error of the new proposed method is given by:

hl()
E = ~318400 (3 y,(LlO) +10? y,(Lg) + 10e* y,(lﬁ) + 508 y,(lz) +20'" yn) (26)

3.4 Fourth method of the family

Consider the family of methods presented in (8).

The application of the above method to the scalar test Eq. 4 gives the difference
Eq. 9 and the characteristic Eq. 9.

By applying k = 1 in the formula (7), we have that the phase-lag is given by (10).
The first derivative of the phase-lag is given by (11). The second derivative of the
phase-lag is given by (16). The third derivative of the phase-lag is given by (22). The
fourth derivative of the phase-lag can be written as:

1
phl = 5(48 byagcos(H) — 192 H by ag sin(H) — 12Ty cos(H)

+-STHSm(H)4—2TBcoqfn-—48b1mJ/TB
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Behavior of the coefficient 3_0 Behavior of the coefficient a_1
H
1 2 3 4 5 2
0 I' H
6 7
0
-100 _]
-2
-200
-4
-300
Rl
-400 8
-500 0
-600 12
-14
-700
Behavior of the coefficient ¢_1 Behavior of the coefficient b_1
k1)
08
0 05
0 04
8 /\ 02
— 8 ho 1 4 f5 18\ 20
H
o
10 2 &
02
-0
04

Fig. 3 Behavior of the coefficients of the new method given by (24) for several values of H

_ 2TigTis 6T19T%5 _ 3T50Tie _ 12Ty T?S

Tl Tis Tis Tl
12T17Ti5sTie 48Ty Hbyag 12Ty TA115
Tis T Ti3
B 18 T4 T%S Tie n 3T4 T%ﬁ n 96T 14 T15 H by ag _ 12T 4 b1 ag
Ti3 Ti Ti Tt

Tiz= 1+ H*by+ H*by ap

Tis =2Ti3c08(H) 4+ ¢c1 + H> by — 2 H* by ap

Tis =2 H by + 4 H> by ag

T = 2bo + 12 H? by ag

Ti7 = 2Tiscos(H) —2Tyzsin(H) +2 H by — 8 H by ag
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Tigs =48 Hbjagcos(H) —6Tigsin(H) — 6Ti5cos(H)
+2T3sin(H) — 48 H by ag
Ti9g =2Tigcos(H) —4Tissin(H) — 2 T3 cos(H)
+2by —24 H? by ag
Tro =2Tigcos(H) —4Tissin(H) — 2 T3 cos(H)
+2by — 24 H? by ag (27)

We demand that the phase-lag and its first, second and third derivative are equal to
zero and we find out that:

|
ap = 8(3 H?cos(H)? + H* cos(H)> — 9 cos(H)?

+3H? cos(H)2 sin(H) + 9(:os(H)2 - 3COS(H)2 H?

+ 18 H cos(H)? sin(H) — H* cos(H)? + 3 H? sin(H) cos(H)
+ 9cos(H) + 18 H cos(H) sin(H) + 6 H? cos(H)

+ l4cos(H) H* + 12 H?sin(H) — 6 H> + 4 H*

—36sin(H) H — 9) / ((—5 H? cos(H)?

+ H* cos(H)3 —45 cos(H)3 +7H3 cos(H)2 sin(H)

+ 45cos(H)? + 5cos(H)? H? + 30 H cos(H)? sin(H)

— H*cos(H)? + 7 H?sin(H) cos(H) + 45 cos(H)

+ 30 H cos(H) sin(H) — 10 H? cos(H) + 14 cos(H) H*
128 H3 sin(H) + 10 H> + 4 H* — 60 sin(H) H — 45) H2)

1
a) = 5( — 5 H?cos(H)* + H* cos(H)* — 45 cos(H)*

+ 7 H? cos(H)? sin(H) + 45 cos(H)? + 5cos(H)? H?
+30H cos(H)2 sin(H) — H* cos(H)2 +7H? sin(H) cos(H)
+ 45cos(H) + 30 H cos(H) sin(H) — 10 H? cos(H)

+ l4cos(H) H* + 28 H? sin(H) + 10 H> + 4 H*

— 60 sin(H) H — 45)/ ((15 H+ 186 H3 + 4 H°

— 120cos(H) sin(H) 4+ 51 H> cos(H)> + 345 H cos(H)*>
— 123 H3 cos(H)? — 122 H? cos(H) — 120 H cos(H)*

— 120cos(H)> sin(H) + 15 H cos(H)> + 8 H3 cos(H)*

— 294 cos(H) sin(H) H> + 138 H? cos(H)? sin(H)

+ 11sin(H) H* cos(H) + 11 H* cos(H)? sin(H)

+ 48 H? cos(H)? sin(H) + 108 sin(H) H? + 44 sin(H) H*
+ 240 cos(H)?sin(H) + H> cos(H)> + 14 H> cos(H)

— H3 cos(H)> — 255 H cos(H)) H)

@ Springer



J Math Chem (2009) 46:652-691

665

cp=-2 (216 H cos(H)4 +24 H3 cos(H)4 +171 H? cos(H)3 + H cos(H)3

bo

— 48 H? cos(H)? sin(H) + 171 H cos(H)* + 216 cos(H)* sin(H)
— 819 H cos(H)? + 15 H* cos(H)? sin(H) — H’ cos(H)?

— 432cos(H)?sin(H) — 426 H? cos(H)? sin(H) — 387 H? cos(H)?
+ 14 H? cos(H) + 261 H cos(H) + 6 cos(H) sin(H) H>

+ 15sin(H) H* cos(H) — 330 H? cos(H) + 216 cos(H) sin(H)
+171 H + 522 H® + 4 H® + 60sin(H) H* + 468 sin(H) H2>

/ (4 H’> + 603 H — 93 H> cos(H)> + 60sin(H) H* 4+ 387 H cos(H)>

— H’cos(H)> — 171 H cos(H)?> + 15 H* cos(H)? sin(H)

+ 15sin(H) H* cos(H) + 126 H> cos(H) — 819 H cos(H)

— 171 H? cos(H)? + 708 sin(H) H> + 216 sin(H)

— 432 cos(H) sin(H) — 282 H? cos(H)? sin(H) + 216 cos(H)? sin(H)
— 426 cos(H) sin(H) H> +138 H + 14 H> cos(H) + H> cos(H)3)

-3 (—105 H cos(H)> + H> cos(H)* — 37 H cos(H)> — H? cos(H)?

— 51 H? cos(H)* — 120 cos(H)? sin(H) — 6 H? cos(H)? sin(H)

+ 11 H* cos(H)? sin(H) — 15 H cos(H)? + 138 cos(H) sin(H) H?
+ 240 cos(H) sin(H) + 345 H cos(H) + 11 sin(H) H* cos(H)

+ 14 H? cos(H) + 30 H? cos(H) — 120 sin(H) + 58 H>
+44sin(H) H* — 225 H — 132sin(H) H> + 4 H5)

/ ((4 H3 + 603 H — 93 H3 cos(H)> + 60sin(H) H*

+ 387 H cos(H)> — H’ cos(H)? — 171 H cos(H)?

+ 15 H* cos(H)? sin(H) + 15 sin(H) H* cos(H)

+ 126 H? cos(H) — 819 H cos(H) — 171 H> cos(H)?
+ 708 sin(H) H> 4+ 216 sin(H) — 432 cos(H) sin(H)
— 282 H? cos(H)?sin(H) + 216 cos(H)? sin(H)

— 426 cos(H) sin(H) H* + 138 H?

14 HS cos(H) + HS cos(H)3) H2)

by =6 (15 H +186 H® +4 H> — 120 cos(H) sin(H)

+ 51 H? cos(H)? + 345 H cos(H)*> — 123 H? cos(H)?
— 122 H? cos(H) — 120 H cos(H)*

— 120cos(H)? sin(H) + 15 H cos(H)> + 8 H3 cos(H)*
— 294 cos(H) sin(H) H> + 138 H? cos(H)? sin(H)
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+ 11sin(H) H* cos(H) + 11 H* cos(H)? sin(H)

+ 48 H? cos(H)? sin(H) + 108 sin(H) H>

+ 44 sin(H) H* + 240 cos(H)? sin(H) + H> cos(H)>
444H%mun—fﬁwaﬂﬂ—%5quHﬂ
/(Hz@H5+aBH—93H%mdnf+mgmHn#

+ 387 H cos(H)> — H’ cos(H)? — 171 H cos(H)?

+ 15 H* cos(H)? sin(H) + 15sin(H) H* cos(H) + 126 H> cos(H)
— 819 H cos(H) — 171 H? cos(H)* + 708 sin(H) H?

+ 216sin(H) — 432 cos(H) sin(H) — 282 H? cos(H)? sin(H)

+ 216cos(H)?sin(H) — 426 cos(H) sin(H) H> + 138 H

14 HS cos(H) + H® cos(H)3)) (28)

For small values of |H| the formulae given by (28) are subject to heavy cancella-
tions. In this case the following Taylor series expansions should be used:

51 35 4 29539 g

0= 755 7288 " T 57024 272432160
25049 g 1418843537 "
1307674368 419203040256000
2074827233 b 270251814845933 4
3469138048696320 2557101655694057472000
17405571124567 6
_ H ...
931976065628710502400
1 o, 923 .
a = — — —
1= 200 ~ 14400 110880000
1637 09141y
2594592000 10378368000000
11798837 b 92958155989 "
2470051584000000 195139015239168000000
361414831849 1o
8363100653107200000000
=2 L oo 1 e
1 fr—
172800 1064448
L T S LN
7925299200 164229120
A R D )
=12 T 17280 31933440
1000110 9553 o
8895744000 112086374400
. 7450189 “ 53568367 1o
1067062284288000 60822550204416000
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(I 23 .
-~ —— H'+ —— __H

8640 3193344

2669 1o 1411 0

972972000 4483454976
11277521 4 72064141

533531142144000 60822550204416000

by =

4+ ol

H+... (29

The behavior of the coefficients is given in the following Fig.4.
The local truncation error of the new proposed method is given by:

LTE = 10450 y® +100* 319 +100° P + 50° 3 + ' y,,)

172800 (y”
(30)

4 Error analysis

We will study the following methods:

The Classical Method (mentioned as C L)?

The First Method of the Family (mentioned as PL1)

— The Second Method of the Family (mentioned as P L2)
The Third Method of the Family (mentioned as P L3)
— The Fourth Method of the Family (mentioned as P L4)

The error analysis is based on the following steps:

— The radial time independent Schrodinger equation is of the form

Y'() = f(x) y(x) &1V

Based on the paper of Ixaru and Rizea [20], the function f(x) can be written in the
form:

f)=gx)+G (32)

where g(x) = V(x) — V. = g, where V, is the constant approximation of the
potential and G = v> =V, — E.

We express the derivatives y,ﬁ’), i = 2,3,4,..., which are terms of the local
truncation error formulae, in terms of the Eq. 31. The expressions are presented as
polynomials of G

Finally, we substitute the expressions of the derivatives, produced in the previous
step, into the local truncation error formulae

2 The method (8) with constant coefficients.
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Fig. 4 Behavior of the coefficients of the new method given by (28) for several values of H
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Based on the procedure mentioned above and on the formulae:

3 = (V) = Ve + Gy ()
d2 d d
@ _ (W V(x)) y() +2 (E V(x)) (5 y<x>)

d2
+(V(x) = V. + G) (W y(x))
d4 d3 d
’(16) = (d? V(x)) y(x) +4 (ﬁ V(x)) (d_x Y(x))

d? d? d 2
+3 (ﬁ V(x)) (W y(X)) +4 (E V(X)) y(x)

d d
+6(V(x) = Ve +G) (ﬁ Y(X)) (a V(X))

d2
+4Ux) - Ve +G)y(x) (ﬁ V(x))

2
+ (V) = Ve +G)? (d— y(x)) e

dx?

we obtain the following expressions:

4.1 The classical method

|
G — —— G*
172800 Y™ 34560 5 YW

(- 1 d? 1 d d
( 056 (@ g(x)) y00) = o5 (E g(x)) (E y(x))
1 5 3 1 d d
~ T35 &) y(x)) G’ + (—ﬁ g(x) (a y(x)) (E g(x))
1 d 2 43 a4
1728 (E g(X)) y(x) — 36400 (@ g(X)) y(x)
1 d? 1 d? d
- @g(x)y(x) (ﬁ g(x)) ~ 2160 (ﬁ g(x)) (E y(x))
1 3 ) 1 (d d d?
~Ti3g0 &) y(x)) G+ (—% (a g(x)) (E y(x)) (ﬁ g(x))
6
- —172200 (dd? g(x)) y(x) — ﬁg(xf (% y(x)) (% g(x))

1 d d?
~ 1080 g(x) (E y(X)) (W g(X))

LTEcL = h'° [—
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169 d d3
~ 36400 (E g(x)) y(x) (@ g(x))
1 d 243 a4
- @g(x)y(m (— glx )) 13200 g(x) y(x) (d 3 g(X))

31 dS d2
~ 86400 \ @xs & (E y(x)) - @ 200 y(x) (@ g(x))

201 [ d? 2 1 )
~ 172800 (W g(x)) YO = 3150 8 TY)

1 3 d2 43 5 d4
_mg(x) y(x) ( 5 8(x )) - mg(x) y(x) ( : g(x))

1 > [ d d3
_ mg( X) (E y(x)) (ﬁ g(x))
31 d d?
~ 86200 &) (_ Y(x)) 755 &%)
29 d° 1 d 3 /4
~ 172800 Tronn ) y(x) ( c 8lx )) ~ 5160 (— g(x)) (E y(x))

1 s 1 d’
"~ 172800 ( g 8kx )) YO — 21600 (— glx ))( —Y()

2 2

7 d? 211 dz
~ 21600 (@ g(x)) Y&) — 172500 g(x) y(x) (ﬁ g(X))
2 2
5105 (g em) v (5 )
1 d d’
~ 5700 (a g(x)) y@) (ﬁ g(x))
7 d? d 43
4320 ( ax? & )) (E y(x)) (W g(x))
49 [ d? d*
~ 5600 (W g(x)) y() (d? g(x))
1 (d d a*
- 565 (a g(x)) (5 y(x)) (W g(x))
1 d d> d
~ 520 8™ (— Y(X)> (ﬁ g(X)) (E g(X))
169 d3 d
~ 86400 SX) YD) ( g(X)) (E g(X))

L ()3(— ())(i ())
3620 8\ YW ) \ g &Y
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g(x)’ y(x)} (33)

1 4 N
- g(x) Y ( slx )) 172800

1728

4.1.1 The first method of the family

2
LTEp; = h'" [(—17;200 (% g(x)) y(x) — m (— g )) (% y(x))
! 1 (a*
- g(x)’ y(x)) G+ (—— (— g(x)) y(x)
172800 34560 \dx*
1 d 2 23 42
- L (—g(x)) V() = oo 2 V(@) (@gm)
1 ! 4 J
T 4800 ( 7 8 )) (_ Y )) 9600 £ (_ Y(x)) (E g(x))
3
_m g(x)3 (X)) (—m (— g(x)) y(x) (% g(x))

dZ
yr )—m (—g( )) (—y( )) ( Ly ))

d 2
1oy = 15 80300 (5 e0)

6400 ( dx6 &)

1
" 3456 ( 5200
53 2 d 7 d4
~ %6400 SX) T YW) ( 5 g )) ~ 3640 £ Y ( - g(x))
7 d 43
~ Tosoo & (_ Y(x)) (ﬁ g(x))
1 5 d
~ 2800 8™ (E Y(x)) (E g(x))
1 A 181 d? 2 o
e 800 Y0 — s (ﬁ g(x)) J0)
29 (d 2 d2
" 21600 (_ gt )) y(x) (@ g(x))
1 d2 d
_%g( X) (_ y(x )) (ﬁ g(x)) (E g(x))
- )3(—<>)(i<>)
~ 3640 & Y ) | g5 g
169 d3 d
_mg( x)y(x) (ﬁ g(x)) (a g(x))

1 (d S (d 211 P
© 2160 (5 g(x)) (E y(x)) ~ 72800 Y (ﬁ g(x))
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1 dS » d 2
172800 (W g(x)) y) = mgm y(x) (— g(x))

29 db 1 d &>
~ 172800 g(x) y(x) (m g(x)) 5700 (E gx) ) y(x) P g(x)

31 &’ 1 d’ d

~ 362002%* )(—y( ))( ——g(x )) 21600( ——g(x )) (ay“))
1 (d d d* 7 (& 2

~ 960 (ag(x)) (a}’(x)) (Wg(x)) ~ 21600 (ﬁg(x)) y(x)
7 d? d d?

- 5% (W g(x)) (a y(x)) (@ g(x))

1 d?
— e 2 y() ( 5 g(x))

3456
1 5 43 a*
~ 72800 &%) Y& - mg(x) y(x) (d7 g(x))
1 , (d d?
~ 3160 &%) (5 y(x)) (ﬁ g(x))
2 4
—8:4% (% g(x)) y(x) (% g(x))} (34)

4.1.2 The second method of the family

25920 518400
2
—% (% g(X)) y(x) — 17—;80g( ) (— y(x )) (i g(x))
31 d?
~ 103680 ~oaran ) y(X) (d 5 g )) 5480 (d 3 e(x )) (—y(x))
1 3 2, 1
~ 103680 g(x) y(x)) G (_ﬁ g(x) (— y(x)) ( 3 g(x))

53 db 47 d
~ 345600 (ﬁ g(x)) YO = 172800 \ @ g( x) (E (x))

2

11 d* 347

—mg( )y(x) (Wg(x)) ~ 345600 ( 5 8(x )) y(x)
91 d d3

~ 57600 (E g(x)) y(x) (ﬁ g(x))

1 L, (d d
—%g( x) (a Y(x)) (E g(x))

1 d? 143 d*
LTEp, = h'° [—— ( > g(x)) y(x) G* + ( (—4 g(x)) y(x)
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1 d d?
- (5 g(x)) (— y(x )) ( 2g(x))
2 2
D sy (d— g(x)) B0y (i g(x))
34560 dx? 17280
1 4 1 ,(d d?
—ma 0y )) G‘mg< x) (—y( )) (ﬁgm)
d
e (— y(x)) ( - g(x)) ( g(x))
7 d? d d3
- (ﬁ g(x)) (— y(x)) ( g(x))

43 ) d
—mg(x) y(x) (W g(x))

1 d d*
~ 960 (E g(x)) (E Y(x)) (m g(x))
211 d2 2
~ 73500 £ YD) ( - 2g(x))

1 3 d? 1 5 d 2
~ 3456 g(x)’y(x) (ﬁ g(x)) ~ 1728 g(x)7y(x) (— g(x))
3 2

1 (d Y(d 7 (d
2160 (5 g(x)) (E Y(x)) ~ 21600 (ﬁ g(")) ye)
1 d8 1 d7 d
172800 (ﬁ g(x)) YO = 31600 (W g(x)) (E y(x))
- e B V) ( " g(x)) ( g(x))
29 (d 2 d 29 db
" 21600 (ag( )) y(x) (dng( )) - 172800g(x)}’(x) (ﬁg(x))
1 d )
~ 5700 (a g(x)) yo | 75 )
49 d? d*
Ca00 (@ g(x)) y() (W g(x))
1 s fd d
_ m g( X) (— y(x)) (— g(x))
31 dS
—mg( x) (—y( )) o3 g(x)

g(x)° y(x)} (35)

172800
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4.1.3 The third method of the family

LTEpr3 = h'° |:(—L (d_4 g(X)) y(x) — 1 (i g(x))z y(x)
4800 \dx* 8640
| d? 1 43
_mg(x) y(x) (d_2 g(x)) ~ 12960 (dx3 g(x )) ( y(x)))
1 43
+ (—m g(x) (—y( )) (ﬁg(x)) 513400 ( —g el )) y(x)

7 d° 39 a4
" 28800 (ﬁg(x)) (EY(’C)) 296002 Y() ( o g(x))

161 [ d? 2 377 [ d 7
172800 (W g(x)) Y — 55500 (E g(x)) y(x) (ﬁ g(x))
8640 S\ YW ) \ g &Y
1 d d a2
~ 1030 (E g(x)) (5 y(x)) (d_2 g(x))
23 ) d2 d 2
~ 51840 2 y”( a2 8 ))—@g()y() e
1 4 o ! 5, (d d?
_103680 gx)" y(x )) - Té()g(x) (5 y(x)) (ﬁ g(x)
d d? d
~ 520 8™ (— YOO) (ﬁ g(x)) (a g(x))
7 d> d 43
4320 (d_2 g(x)) (_ Y(x)) (ﬁ g(x))
43 d* 1 (d d 4
~ 864005 202y (x )(d 78 )) 960 (ag(x)) (EY(X)) (Wg(x))
211 d? 2 a2
~ 172800 £V YW (d 78 )) ~ 3256 200y (ﬁ g(x))
1 2 S d S rd
1728 BV (— glx >) ~ 3160 (5 g(x)) (E y(x))
7 d3 2 1 d8
21600 (d? g(x)) YO = 172800 (—8 g(x)) y(x)
1 d7 d 169 d3 d
~ 1600 (ﬁg(x)) (EY(X)) —mg( )y(x )( 78(x )) (ag(x))

29 (d : d? 29 46
~ 21600 (ag(x)) y(x) (Wg(x)) 172800:‘:{( )y(x )(d 6g(x))

@ Springer



J Math Chem (2009) 46:652-691 675

1 d d>
~ 2700 (E g(x)) y(x) ( 3 g(x))
49 d? a*
~ 36400 (ﬁg(x)) y(x) ( —— 8 ))
1 s (d d
—mg( X) (E Y(x)) (E g(x))
31 d &’
~ 36400 g(x) (— Y(X)) ﬁg(x)

g(x)’ y(x)] (36)

1
172800

4.1.4 The fourth method of the family

2

LTEps = 10 | L (4% a2 (-7 (2
PL4 = 10800 \ 753 g(x) ) y(x) G" + 51600 \ 72 gx)) yx)
1 d° 1 d d a2
~ 5500 (ﬁ g(X)) YO — 715 (E g(x)) (— y(x)) ( zg(x))
13 d d3
10800 (E g(x)) ¥y (@ g(x)) 73900 £ ¥ () ( o g(x))
1 d d? 1 (& d
- mg( x) (_ Y(x)) (ﬁ g(X)) ~ 5200\ 755 g(x) (E (x))
1 d2 1 2
1 d a3
- mg< %)’ (_ Y(x>) ( g(x))
d? d
_ % g2(x) (— y(x)) ( 5 g(x)) (E g(x))
7 d? d 43
~ 1320 (ﬁ g(x)) (E y(X)) (ﬁ g(x))

43 d*
~ 36400 g(0)?y(x) (m g(x))

1 d d*
~ 960 (— g(x )) (E Y(X)) (W g(x))

e )(d—2 ( ))2
172800 8V | g g
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—L()3()(‘1—2())——()2()(1())2
3456 5 YW\ g2 8 ) T g B Y glx
2

1 d S rd 7 a3
~ 3160 (— glx )) (E y(x)) ~ 21600 (ﬁ g(x)) y(x)
1 dd 1 d’ d
~ 172800 (—8 g(x)) y(x) — 31600 (d7 g(x)) (d_x y(x))

169 £) a3 d
~ 36400 g(x)y(x ( 3 g(x)) (5 g(x))

29 (d 2 d2
21600 (E g(x)) y(x) (@ g(x))
29 d6 1 d dS
~ 172800807 )( ax6 e )) 2700 (ag(ﬂ) Y| o5 e
49 d? 44
86400 (ﬁ g(x)) y(x) (@ g(x))
woic ()3(i ())(i ())
~ 3640 5 \ @ YW ) G &Y
31 dS 1 S -
~ 86400 £ (_ Yo >) T80 | = g £ YW | (D)

‘We consider two cases in terms of the value of E:

— The Energy is close to the potential, i.e. G = V. — E ~ 0. So only the free terms of
the polynomials in G are considered. Thus for these values of G, the methods are
of comparable accuracy. This is because the free terms of the polynomials in G, are
the same for the cases of the classical method and of the new developed methods.

— G >» 0or G <« 0. Then | G | is a large number. So, we have the following
asymptotic expansions of the Eqs. 34, 35, 36 and 37.

4.2 The classical method

LTEc, = 1'0 (-
L ( 172800

y(x) G + - ) (38)

4.2.1 The first method of the family

10 13 d? 1 d d
LTEpL1 = h ((— 172800 (ﬁ g(x)) y(x) — 36400 (a g(x)) (a Y(X))

g<x>2y<x>) G? +) (39)

172800
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4.2.2 The second method of the family

2
LTEps = 110 (= d—g(x) yx) G 4 - (40)
25920 \ dx2

4.2.3 The third method of the family

LTEp 3 = h'° ! @ : d 2
PL3 = ~ 800 Wg(x) y(x)—m 75 &%) y(x)

1 d?
5430 g(x) y(x) (@ g(x))

1 a3 d )
- aes (@g(x)) (Ey(x))) G +) an

4.2.4 The fourth method of the family

4
LTEpa = 10 (—— d—g(x) y) G* 4 - - (42)
10800 \ dx4

From the above equations we have the following theorem:

Theorem 2 For the Classical Case the error increases as the fifth power of G. For
the First Method of the New Family of Methods the error increases as the third power
of G. For the Second Method of the New Family of Methods the error increases as the
third power of G. For the Third and Fourth Methods of the New Family of Methods the
error increases as the second power of G. It is easy for one to see that the coefficient
of the third power of G in the case of the first method of the New Family of Methods
is 1.95 times larger than the coefficient of the second power of G in the case of the
second method of the New Family of Methods. It is easy also for one to see that the
coefficient of the second power of G in the case of the third method of the New Family
of Methods is 2.25 times larger than the coefficient of the second power of G in the
case of the fourth method of the New Family of Methods. So, for the numerical solution
of the time independent radial Schrodinger equation the new obtained Fourth Method
of the New Family of Methods is the most accurate one, especially for large values of
|G |=|Ve—E|

5 Stability analysis
We apply the new family of methods to the scalar test equation:

y' = —t%y, (43)
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where ¢ # . We obtain the following difference equation:
Ai1(H,$) yp1 + Ao(H, s) yn + A1(H, ) yu—1 =0

where s = th, h is the step length and Ag(H, s) and A (H, s) are polynomials of s.
The characteristic equation associated with (45) is given by:

Ai(H,s)s + Ao(H,s) + A1(H,s)s™' =0 (44)
where

Ai(H,s) =1 +s2b0 +s4b1a1 — 2s6b1 ai aop
Ao(H,s) =ci +s5>by —2s*bia; +45°b; ay ao (45)
Definition 1 (see [124]) A symmetric four-step method with the characteristic equa-

tion given by (44) is said to have an interval of periodicity (0, w3) if, for all w €
(O, w(z)), the roots z;, i = 1, 2 satisfy

212 =M iz <1, i =34 (46)

where 6(t h) is areal function of t 4 and s = 1 h.

Definition 2 (see [124]) A method is called P-stable if its interval of periodicity is
equal to (0, 00).

Theorem 3 (see [125]) A symmetric two-step method with the characteristic equa-
tion given by (44) is said to have a nonzero interval of periodicity (0, sg) if, for all
s € (0, sg) the following relations are hold

Pi(H,s) >0, P,(H,s) > 0, a7
where H = wh, s =t h and:

Pi(H,s) = Ag(H,s)+2A\(H,s) > 0,
Py(H,s) = Ag(H,s) —2A\(H,s) > 0, (48)

Definition 3 A method is called singularly almost P-stable if its interval of periodicity
is equal to (0, 00) — S only when the frequency of the phase fitting is the same as the
frequency of the scalar test equation, i.e. H = s.

Based on (45) the stability polynomials (48) for the new developed methods take

the form:

Pl(H,s):cl+v2b1+2+2v2bo,
Py(H,s)=ci +v2b; —4v*bia; +8v0biajag—2 —2v% by (49)

3 where S is a set of distinct points.
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Stability Regions
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Fig.5 s — H plane of the first method of the new family of method developed in this paper (paragraph 3.1)

In Figs. 5, 6, 7 and 8 we present the s — H planes for the methods developed in this
paper. A shadowed area denotes the s — H region where the method is unstable, while
a white area denotes the region where the method is stable. In Fig.5 we present the
s — H plane for the first method of the new family of method developed in this paper
(paragraph 3.1). In Fig.6 we present the s — H plane for the second method of the
new family of method developed in this paper (paragraph 3.2). In Fig. 7 we present the
s — H plane for the third method of the new family of method developed in this paper
(paragraph 3.3). Finally, in Fig. 8 we present the s — H plane for the fourth method
of the new family of method developed in this paper (paragraph 3.4).

In the case that the frequency of the scalar test equation is equal with the frequency
of phase fitting, i.e. in the case that H = s, we have the following figure for the stability
polynomials of the new developed methods. A method is P-stable if the s — H plane
is not shadowed. From the above diagrams it is easy for one to see that the interval
of periodicity of all the new methods is equal to: (0, c0) — § i.e. the methods are
singularly almost P-stable.

Remark 1 For the solution of the Schrodinger equation the frequency of the exponen-

tial fitting is equal to the frequency of the scalar test equation. So, it is necessary to
observe the surroundings of the first diagonal of the w — H plane.

6 Numerical results—conclusion

In order to illustrate the efficiency of the new methods obtained in paragraphs 3.1-3.4
we apply them to the radial time independent Schrodinger equation.
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Stability Regions

10 15 20
H

Fig.6 s— H plane of the second method of the new family of method developed in this paper (paragraph 3.2)

Stability Regions

161 & .
14+
12

101
.

0 . |
0 5 10 15 20

Fig.7 s— H plane of the third method of the new family of method developed in this paper (paragraph 3.3)

In order to apply the new method to the radial Schrodinger equation, the value
of parameter v is needed. For every problem of the one-dimensional Schrodinger
equation given by (1) the parameter v is given by

v=11g@)| =IV(x) - E| (50)
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Stability Regions
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Fig.8 s— H plane of the fourth method of the new family of method developed in this paper (paragraph 3.4)

where V (x) is the potential and E is the energy.

6.1 Woods-Saxon potential

We use the well known Woods-Saxon potential given by

uo uopz

Vo = 1+Z_a(1+z)2

(G

with z = exp [(x — Xo) /al], up = —50,a = 0.6, and Xy = 7.0.

The behavior of Woods-Saxon potential is shown in Fig. 10.

It is well known that for some potentials, such as the Woods-Saxon potential, the
definition of parameter v is not given as a function of x but it is based on some critical
points which have been defined from the investigation of the appropriate potential (see
for details [13]).

For the purpose of obtaining our numerical results it is appropriate to choose v as
follows (see for details [13]):

~—=50+4+E, for x €[0,6.5—2h],
~=315+E, forx=65—-h

v=3+-25+E, forx=265 (52)
V=125+E, for x =65+nh
JVE, for x € [6.5+ 2h, 15]
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6.2 Radial Schrodinger equation—the resonance problem

Consider the numerical solution of the radial time independent Schrodinger Eq. 1 in
the well-known case of the Woods-Saxon potential (51). In order to solve this prob-
lem numerically we need to approximate the true (infinite) interval of integration by
a finite interval. For the purpose of our numerical illustration we take the domain of
integration as x € [0, 15]. We consider Eq. 1 in a rather large domain of energies, i.e.
E €1, 1000].

In the case of positive energies, E = k?, the potential dies away faster than the

term l(lx%l) and the Schrodinger equation effectively reduces to

II+1)
x2

y'(x) + (k2 — ) y(x) =0 (53)

for x greater than some value X.

The above equation has linearly independent solutions kxj;(kx) and kxn;(kx)
where jj(kx) and n; (kx) are the spherical Bessel and Neumann functions respectively.
Thus the solution of Eq. 1 (when x — 00) has the asymptotic form

y(x) >~ Akxjj(kx) — Bkxn;(kx)

. 154 154
~ AC |sin | kx — > + tan §; cos | kx — > (54)

where §; is the phase shift, that is calculated from the formula

_ y(x2)S(x1) — y(x1)S(x2)
y(x1)C(x1) — y(x2)C(x2)

tan §; (55

for x1 and x; distinct points in the asymptotic region (we choose x; as the right hand
end point of the interval of integration and x, = x; — h) with S(x) = kxj;(kx) and
C(x) = —kxn;(kx). Since the problem is treated as an initial-value problem, we need
yo before starting a one-step method. From the initial condition we obtain yg. With
these starting values we evaluate at x; of the asymptotic region the phase shift §;.

For positive energies we have the so-called resonance problem. This problem con-
sists either of finding the phase-shift §; or finding those E, for E € [1, 1000], at which
8; = %. We actually solve the latter problem, known as the resonance problem when
the positive eigenenergies lie under the potential barrier.

The boundary conditions for this problem are:

y(0) =0, y(x) = cos (\/Ex) for large x. (56)

We compute the approximate positive eigenenergies of the Woods-Saxon resonance
problem using:

— The Numerov’s method which is indicated as Method I
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Fig. 9 Stability polynomials of the new developed methods in the case that H = s

— The Exponentially-fitted four-step method developed by Raptis [16] which is indi-
cated as Method I1

— The Two-Step Numerov-type Method with minimum phase-lag produced by Cha-
wla and Rao [126] which is indicated as Method II1

— The new Two-Step Numerov-Type Method with phase-lag equal to zero obtained
in paragraph 3.1 which is indicated as Method 1V.

— The new Two-Step Numerov-Type Method with phase-lag and its first derivative
equal to zero obtained in paragraph 3.2 which is indicated as Method V.

— The new Two-Step Numerov-Type Method with phase-lag and its first and second
derivatives equal to zero obtained in paragraph 3.3 which is indicated as Method VI.

— The new Two-Step Numerov-Type Method with phase-lag and its first, second
and third derivatives equal to zero obtained in paragraph 3.4 which is indicated as
Method VII.
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Fig. 10 The Woods-Saxon potential

The computed eigenenergies are compared with exact ones. In Fig.9 we present
the maximum absolute error log;, (Err) where

Err = | Ecalculated — Eaccuratel (57)

of the eigenenergy E1, for several values of NFE=Number of Function Evaluations.
In Fig. 10 we present the maximum absolute error log;, (Err) where

Err = |Ecalculated — Eaccuratel (58)

of the eigenenergy E3, for several values of NFE =Number of Function Evaluations.

7 Conclusions

In the present paper we have developed a family of methods of sixth algebraic order
for the numerical solution of the radial Schrodinger equation.
More specifically we have developed:

1. A Two-Step Numerov-Type Method with phase-lag equal to zero

2. A Two-Step Numerov-Type Method with phase-lag and its first derivative equal
to zero

3. A Two-Step Numerov-Type Method with phase-lag and its first and second deriv-
atives equal to zero

4. A Two-Step Numerov-Type Method with phase-lag and its first, second and third
derivatives equal to zero

We have applied the new method to the resonance problem of the radial Schrédinger
equation (Figs. 11 and 12).
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Fig. 11 Error Errmax for several values of n for the eigenvalue £1 = 163.215341. The nonexistence of a

value of Errmax indicates that for this value of n, Errmax is positive

Based on the results presented in Figs. 11 and 12 we have the following conclusions:

— The Exponentially-fitted four-step method developed by Raptis [16] (Method II) is
more efficient than the Numerov’s Method (Method I).

— The Two-Step Numerov-type Method with minimum phase-lag produced by
Chawla and Rao [126] (Method III) is more efficient than the Exponentially-fitted
four-step method developed by Raptis [16] (Method II) for the energy 163.215341
and less efficient for the energy 989.701916.

— The new developed methods are much more efficient than the older ones for the
high energies. For the low energies the Methods V-VII are more efficient than older
ones and the Method IV has comparable accuracy with the Method III.

— The Two-Step Numerov-Type Method with phase-lag and its first derivative equal
to zero (Method V) is more efficient than the New Two-Step Numerov-Type Method
with phase-lag equal to zero (Method IV).
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Resonance Problem. E=989.701916
A—A—A Method |

A—A—A Method Il
H——8 Method lll
[3—+H—*F1 Method IV

10 — A~—=+A—2A Method V
@ —@—@ Method VI
N 4—6—& Method VII
8 —
6 —
x
©
E =
]
4 —
2 —
0 ' | ' | ' |

0 1000 2000 3000
Number of Function Evaluations (NFE)

Fig. 12 Error Errmax for several values of n for the eigenvalue E3 = 989.701916. The nonexistence of a
value of Errmax indicates that for this value of n, Errmax is positive

— The Two-Step Numerov-Type Method with phase-lag and its first and second deriv-
atives equal to zero (Method VI) is more efficient than the Two-Step Numerov-Type
Method with phase-lag and its first derivative equal to zero (Method V).

— The Two-Step Numerov-Type Method with phase-lag and its first, second and third
derivatives equal to zero (Method VII) is more efficient than the Two-Step Nume-
rov-Type Method with phase-lag and its first and second derivatives equal to zero
(Method VI).

All computations were carried out on a IBM PC-AT compatible 80486 using double
precision arithmetic with 16 significant digits accuracy (IEEE standard).
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