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Abstract

Over the past decade, Graph Neural Networks
(GNNs) have become a standard tool for solv-
ing machine learning problems on graphs. While
many aspects of GNNs have been studied in depth,
including their efficiency and expressive power,
the invertibility of these models has remained
largely unexplored. Standard aggregation func-
tions, such as the mean, max and sum operators,
are not invertible, which limits their applicabil-
ity in tasks requiring invertible transformations.
In this work, we introduce an invertible GNN
layer. By stacking multiple such layers, we con-
struct fully invertible GNN models, which we
refer to as INVGNNSs. These models inherit the
benefits of invertible neural networks, including
low memory usage for deep architectures, exact
likelihood computation, and generative modeling
capabilities. We demonstrate that INVGNNs can
match the expressive power of the 1-dimensional
Weisfeiler-Leman algorithm, showing that invert-
ibility does not compromise model expressive-
ness. On standard graph classification bench-
marks, our model performs comparably to other
well-established GNNs. Beyond classification,
we demonstrate the potential of invertible layers
through density estimation tasks, including outlier
detection and node feature generation.

1. Introduction

Graph-structured data is ubiquitous in several application
domains including social networks, chemo-informatics
and transportation science. Learning on graphs, however,
presents significant challenges since traditional machine
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learning algorithms are typically designed for tabular or
grid-like data, and are thus unable to model the complex
dependencies between graph nodes.

The first neural networks for graphs were proposed several
years ago (Frasconi et al., 1998; Gori et al., 2005; Scarselli
et al., 2008). However, prior to the advent of deep learning,
learning on graphs was mainly approached using graph ker-
nels, which enabled the application of kernel-based methods,
such as the SVM classifier, to graphs (Kriege et al., 2020;
Nikolentzos et al., 2021). Over the past decade, neural
networks have re-established themselves as the primary ap-
proach for performing machine learning on graph-structured
data (Corso et al., 2024). These models, so-called Graph
Neural Networks (GNNs), typically employ neighborhood
aggregation mechanisms to learn node representations that
incorporate both graph topology and node features. There
is a wide variety of such models, each introducing different
strategies for aggregating neighborhood information (Xu
et al., 2019; Brody et al., 2022; Zhang et al., 2018). Adding
a pooling layer after the neighborhood aggregation layers
enables these architectures to produce representations for
entire graphs.

GNNs have been studied intensively in recent years. Re-
search has mainly focused on improving aggregation func-
tions (Murphy et al., 2019; Vignac et al., 2020) and extend-
ing neighborhood definitions (Abu-El-Haija et al., 2019;
Michel et al., 2023), designing more expressive models (Xu
et al., 2019; Morris et al., 2019; Nikolentzos et al., 2020;
Papp et al., 2021), enhancing scalability (Wu et al., 2019;
Zeng et al., 2020), understanding models’ generalization be-
havior (Morris et al., 2023; Brilliantov et al., 2024), explain-
ing model decisions (Ying et al., 2019; Agarwal et al., 2022),
and developing pooling layers for graph-level representa-
tions (Ying et al., 2018; Khasahmadi et al., 2020). In addi-
tion, substantial effort has been devoted to addressing funda-
mental challenges such as over-smoothing (Oono & Suzuki,
2020; Zhao & Akoglu, 2020) and over-squashing (Alon &
Yahav, 2021; Topping et al., 2022). Despite the substantial
body of work on GNNGs, the invertibility of GNN layers has
received little attention in prior work. Standard aggregation
functions such as the mean and max operators fail to be
injective (Xu et al., 2019). Consequently, neither of them
is bijective. On the other hand, if the elements of the in-
put multisets come from a countable set, the sum operator
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can map the input multisets injectively to some Euclidean
space. However, the sum of countably many vectors can
only produce a subset of the Euclidean space and therefore,
the operator is not bijective. Moreover, before aggregation,
the multisets’ elements need to be transformed by some
function f which is generally not bijective.

Invertible layers have attracted significant attention in the
context of standard neural network architectures (Behrmann
et al., 2019; Song et al., 2019; Behrmann et al., 2021). Un-
like conventional layers, such as fully-connected or con-
volutional layers, which are generally not invertible and
may discard information, invertible layers provide a one-to-
one mapping between inputs and outputs. Networks built
from invertible layers often exhibit low memory require-
ments, since activations of invertible layers do not need to
be stored for backpropagation and can instead be recom-
puted on-the-fly (Gomez et al., 2017). These layers are
particularly well-suited for applications such as density es-
timation, where the unknown density of input data can be
mapped to a simple base distribution and the density can
be computed using the change-of-variables formula (Dinh
et al., 2017). Importantly, invertible layers lie at the core
of normalizing flow architectures, a major family of gen-
erative models (Kobyzev et al., 2020; Papamakarios et al.,
2021; Liu et al., 2019), which rely on sequences of invert-
ible transformations to map simple probability distributions
to complex data distributions. Sampling from these models
can be performed by drawing from the simple distribution
and applying the inverse transformation to obtain samples
from the target distribution.

In this paper, we present an invertible layer for graph-
structured data. By stacking a series of such layers, we
can build invertible GNN models, referred to as INVGNNs.
These models inherit all the advantages of invertible neu-
ral networks, such as low memory requirements for train-
ing very deep models, exact likelihood computation, and
generative capabilities. To construct invertible layers, we
use a neighborhood aggregation scheme built on an invert-
ible graph operator and invertible fully-connected layers
and activation functions. A major challenge in design-
ing GNN layers is achieving sufficient expressive power.
We show that the proposed model can be as expressive
as the 1-dimensional Weisfeiler-Leman (1-WL) algorithm,
demonstrating that invertibility does not come at the ex-
pense of expressive power. We evaluate the proposed model
on standard graph classification tasks, where it performs
on par with standard models of similar expressive power.
The capabilities of the invertible layers are further illus-
trated through density estimation tasks for outlier detec-
tion, node feature generation, and interpretability. Our em-
pirical results validate the model’s ability to handle tasks
where invertible layers are required. The code is available
athttps://github.com/giannisnik/invgnn.

2. Preliminaries
2.1. Notation

Let N denote the set of natural numbers, ie., {1,2,...}.
Then, [n] = {1,...,n} C Nforn > 1. Let also { } denote
a multiset, i.e., a generalized concept of a set that allows
multiple instances for its elements. Let G = (V, E) be
an undirected graph, where V is set of nodes and F is the
edge set. We will denote by n the number of nodes and
by m the number of edges, i.e., n = |V| and m = |E]|.
Let M (v) denote the neighborhood of node v, i.e., the set
{u | (u,v) € E}. The degree of a node v is deg(v) =
|V (v)]. The adjacency matrix A € R™*™ encodes the edge
information in a graph. The element of the ¢-th row and
j-th column is equal to 1 if there is an edge between v; and
v;, and 0 otherwise. We use HO ¢ R"Xd tg denote the
node features where d is the dimension of the features. The
feature hg,?) of node v; is stored in the i-th row of HO we
use 0, 1 and I to denote the vector of zeros, the vector of
ones and the identity matrix, respectively. We denote by
X, the (i, 7)-th entry of matrix X. We also denote by X, .
and X. ; the i-th row and j-th column of X, respectively.

2.2. Graph Neural Networks

As already discussed, standard GNNs employ a neighbor-
hood aggregation scheme, where each node representation
is updated based on the aggregation of its neighbors’ repre-
sentations. Let h£0> denote node v’s initial feature vector.
Then, for a number K of iterations, standard GNNs update
node representations as follows:

m{*) = AGGREGATE" ({{hgﬁ—w lue N(v)}})
h(*) = COMBINE*) (hgf—l), mgp)

where AGGREGATE ™ is a permutation invariant function.
By defining different AGGREGATE®) and COMBINE®)
functions, we obtain different GNN instances. The em-
ployed neighborhood aggregation scheme is usually directly
related to the expressive power of the model. Models that
use the mean (Zhang et al., 2018) or weighted sum (with
weights summing to 1) (Brody et al., 2022) functions as
the AGGREGATE function are typically less powerful than
1-WL in distinguishing structurally different nodes (Niko-
lentzos et al., 2024). On the other hand, models that use
the sum operator (Xu et al., 2019) as the AGGREGATE
function can potentially match the expressiveness of 1-WL.

For node-level tasks, the final node representations hS,K) can
be directly passed to a fully-connected layer (or a multi-layer
perceptron (MLP)) for prediction. For graph-level tasks, a
graph representation is obtained by aggregating the final rep-
resentations of its nodes: hg = READOUT ({ hi v e
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G }}) The READOUT function is typically a differentiable
permutation invariant function (e.g., sum, mean).

2.3. Change-of-variables Formula

The change-of-variables formula is the main mathematical
mechanism underlying normalizing flows (Papamakarios
et al., 2021), enabling the exact evaluation of probability
densities for complex data distributions. Given a bijective,
differentiable function f: X — Z that maps a complex data
space x to a well-defined latent space z, the formula relates
the unknown data distribution px () to a simple, tractable
base distribution pz(z) (such as a standard multivariate
Gaussian) via the following equation:

px(z) = pz(f(2)) ’d t (8{;2: >>‘ (1)

In this setting, the absolute value of the Jacobian determi-
nant serves to measure the localized expansion or contrac-
tion of the probability volume caused by the transformation.
Normalizing flows leverage this principle by composing
multiple invertible neural network layers designed specif-
ically to have highly expressive mappings but easily com-
putable Jacobian determinants. Because this formulation
preserves total probability without discarding information,
there is no need for variational approximations or lower
bounds, allowing for both exact maximum likelihood train-
ing and efficient sampling through the inverse mapping

=)

3. The INVGNN Model

Graph operators. Neighborhood aggregation in GNN
layers can be expressed as a simultaneous update of all node
representations by multiplying the matrix of node features
with a graph operator S. In other words, the AGGREGATE
and COMBINE functions are typically applied simultane-
ously to all graph nodes via some operator S. For instance,
the DGCNN model employs a mean aggregation opera-
tor (Zhang et al., 2018), given by: Spgeny = D™ L A where
A=A+IandDisa diagonal matrix such that D,; =
D =1 Al ;. The GIN model uses a graph operator that com-
putes the sum of the representations of the neighbors and
adds the node’s own representation scaled by a learnable
parameter (Xu et al., 2019): SGIN = A+I(1+¢€®) where
¢(®) is a trainable scalar at layer k. The GCN model uses
an operator that computes a weighted sum of the repre-
sentations of the node itself and its neighbors, where the
weights depend on the degrees of both the node and its
neighbors (Kipf & Welling, 2017): Sgen = D2 AD 3.
Unfortunately, these operators are generally non-invertible
for arbitrary graphs. Therefore, once the new node represen-
tations are computed, the previous representations cannot
be uniquely recovered.

Invertible graph operator. We next introduce a graph op-
erator for constructing invertible GNN layers. The operator
is defined as the matrix exponential of the adjacency matrix:

Kl
k=0

exp(A) =

The element of the i-th row and j-th column of exp(A) is
equal to the weighted sum of all walks of all lengths between
nodes v; and v;, with longer walks down-weighted by 1/&!.
Since walks can reach any node within the same connected
component as the starting node, the matrix exp(A) consists
of dense blocks, one for each connected component of the
graph.

For undirected graphs, exp(A) can be computed in poly-
nomial time as follows. We first compute the eigenvalue
decomposition of A. Since A is symmetric, we have that
A = UAU". Then, exp(A) is equal to:

exp(A) = Uexp(A)UT

where exp(A) = diag(e,...,e*) and \y,...,\, de-
note the eigenvalues of A (which are real for undirected
graphs). Importantly, matrix exp(A) is known to be invert-
ible and the inverse is equal to:

(exp(A))

= exp(—A) = Uexp(—A)U"
Feature update. To update the node representations, we
apply a linear transformation to the current representations.
Specifically, we use an invertible weight matrix to transform
node representations. Such a layer is referred to as an invert-
ible 1 x 1 convolution layer in computer vision (Kingma &
Dhariwal, 2018). The weight matrix W € R%*4 ig initial-
ized as a random rotation matrix, and is then parameterized
using its LU decomposition:

W = PL(U + diag(s))

where P is a permutation matrix, L is a lower triangular
matrix with ones on the diagonal, U is an upper triangular
matrix with zeros on the diagonal, and s is a vector. The
permutation matrix P remains fixed during training, while
matrices L, U and vector s are optimized. The inverse
transformation can be computed as follows:
W' = (U + diag(s)) 'L'PT

The INVGNN model. Given the invertible graph operator
and the invertible 1 x 1 convolution layer presented above,
we define the node update rule of the proposed INVGNN
model. For a number K of iterations, the model updates
node representations as follows:

h(k) Z eXp

(h(k 1) W(k)+b(k)) )
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Figure 1. Counterexample for the proof of Proposition 3.1.
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where exp (A)i’j denotes the (i, j)-th entry of the matrix
exp(A) and f is an invertible activation function (e.g., Tanh,
LeakyReLU). In matrix notation, node representations are
updated as follows:

H® = exp (A) f(H(k—l) wE b(k’))

It is easy to show that the inverse mapping from layer k + 1
back to layer k can be computed as follows:

H* — (ffl(exp (A)_l H(k+1))_b(k+1)> (W(k+1))—1

Expressive power. A model that consists of the above
neighborhood aggregation layer is invertible, but we would
also like it to be expressive enough (ideally at least as expres-
sive as 1-WL). Since matrix exp(A) encodes relationships
between nodes that are far from each other in the graph, it
could be the case that a single layer of the proposed model
possesses the same power as 1-WL. Unfortunately, it turns
out that a single layer is less expressive than 1-WL (and
therefore less expressive than GIN).

Proposition 3.1. Ler h = exp(A) 1. Let h; € R denote
the representation of node v;. There exist nodes v;, v; which
are assigned different colors at some iteration k € N of

1-WL, but for which h; = h; holds.

Proof. We use the graph illustrated in Figure 1, originally
introduced by Powers & Sulaiman (1982), to prove the
Proposition. For nodes vs and vg, we have that hy = hg.
However, after three iterations, the 1-WL algorithm assigns
different colors to nodes vz and vg. O

On the contrary, the following Theorem shows that a multi-
layer INVGNN can be as powerful as 1-WL.

Theorem 3.2. Let G<,,(X) be the collection of all un-
weighted, undirected graphs with at most n € N ver-
tices, where nodes are annotated with initial features from
Y C RY where ¥ is a countable alphabet. Let c(k)(v)
denote the color that 1-WL assigns to node v after k iter-
ations. Consider an INVGNN model that consists of K
layers, and within each layer node representations are up-
dated as in Equation (2) where f: R — R is an analytic
non-polynomial function. Set d' = 2n + 1. Let v and v’
be nodes in graphs G and G', respectively, where G, G’ €
G<n(X). Then for Lebesgue almost any 6 = (W(l) €
Rixd W E) ¢ RIxd p1) ¢ R pE) ¢
Rd/), hif) # hgf) if B (v) # E) ().

Proof. The proof relies on a recent result by Amir et al.
(2023) and is provided in Appendix A. O

Computational complexity. The price to pay for the in-
vertibility of the proposed layer is its increased time and
memory complexity. A single layer of a standard GNN
model has time complexity O(m), where m is the number
of edges. In contrast, a layer of the proposed model has time
complexity O(n?), since the matrix exponential exp(A) is
dense for connected graphs. The memory complexity like-
wise scales as O(n?). For dense graphs, where m ~ n?,
the time and space complexities of the proposed model are
comparable to those of standard GNNs. However, most real-
world graphs are sparse. We therefore acknowledge as a
limitation of our model that it does not scale to graphs with
a very large number of nodes (e.g., hundreds of thousands
or millions), since storing exp(A) in memory is infeasible
for such graphs. Nevertheless, we should stress that the
matrix product exp(A) M (with M an arbitrary matrix) can
be efficiently approximated as discussed in Appendix B.

4. Experimental Evaluation

In this section, we evaluate the INVGNN model on standard
graph classification datasets and validate its expressiveness.
We also demonstrate its effectiveness in outlier detection
and node feature generation, and its interpretable nature.

4.1. Graph Classification

Datasets. We evaluate the proposed model on six datasets
contained in the TUDataset collection (Morris et al., 2020):
MUTAG, NCI1, PROTEINS, ENZYMES, IMDB-BINARY
and IMDB-MULTI. We also evaluate the proposed model
on ogbg-molhiv, a molecular property prediction dataset
from the Open Graph Benchmark (OGB) (Hu et al., 2020).

Baselines. For the six datasets from the TUDataset col-
lection, we compare the proposed model against the follow-
ing nine GNN models: (1) DGCNN (Zhang et al., 2018);
(2) DiffPool (Ying et al., 2018); (3) ECC (Simonovsky &
Komodakis, 2017); (4) GIN (Xu et al., 2019); (5) Graph-
SAGE (Hamilton et al., 2017); (6) 3-step RWNN (Niko-
lentzos & Vazirgiannis, 2020); (7) m7-GNN (Nikolentzos
et al., 2022); (8) SPN (Abboud et al., 2022); and (9) Nested
GNN (Zhang & Li, 2021). For the ogbg-molhiv, we com-
pare the proposed model against the following eight GNN
models: (1) GCN (Kipf & Welling, 2017); (2) GIN (Xu
et al., 2019); (3) GCN-FLAG (Kong et al., 2020); (4) GIN-
FLAG (Kong et al., 2020); (5) GSN (Bouritsas et al., 2022);
(6) m-GNN (Nikolentzos et al., 2022); (7) ESAN (Bevilac-
qua et al., 2022); and (8) E-SPN (Abboud et al., 2022). For
all baselines, we use the accuracies and ROC-AUC scores
that are reported in prior work.
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Table 1. Classification accuracy (£ standard deviation) of the proposed INVGNN model and the baselines on the datasets from the
TUDataset collection. Best performance is highlighted in bold. NA means not available.

MUTAG PROTEINS NCI1 ENZYMES IMDB IMDB
BINARY MULTI
DGCNN 84.0£67 72935 764+17 389+57 692+30 456=£34
DiffPool 798+71 737+£35 76919 595+56 684+33 456+34
ECC 754+62 723+£34 762+£14 295+£82 67.7£28 435+31
GIN 84.7+6.7 73340 800+14 596445 712£39 485+33
GraphSAGE 83.6+96 73.0+45 760+£18 582+60 68.8+45 47.6+35
3-step RWNN | 88.6 4.1 743+£33 739+13 57663 70739 478+35
m-GNN 86.1£84 73635 760+17 603+41 70430 485+35
SPN (K =1) NA 71037 800£15 675+£55 NA NA
SPN (K =5) NA 742+£27 786+£38 694+62 NA NA
Nested GNN NA 742 +£3.7 NA 312+6.7 NA NA
INVGNN ‘ 849+54 751+£29 764+24 612+38 T71.5+48 485+43

Note that achieving state-of-the-art performance on these
well-studied datasets is not the primary objective of this
work. Given that several existing models are more expres-
sive than INVGNN (Morris et al., 2019; Maron et al., 2019),
we do not anticipate outperforming such methods. Instead,
the purpose of the graph classification experiments is to
demonstrate that the proposed model can achieve perfor-
mance comparable to that of established GNN architectures,
and that its invertibility does not negatively affect its em-
pirical performance on real-world datasets. For this reason,
we do not include comparisons with architectures that are
more expressive and computationally more complex than
the proposed model.

Experimental setup. Following Errica et al. (2020), we
evaluate the model on TUDatasets using a 10-fold cross
validation using their provided data splits. For all datasets,
we set the batch size to 64 and the number of epochs to
500, using early stopping with a patience parameter of 50.
We optimize the model with the Adam optimizer and a
learning rate of 0.001. The exp(A ) matrix of each graph is
precomputed, and for stability, each entry of A is divided
by the average of the largest eigenvalue across all graphs in
the training set of each split. The hyperparameters tuned for
each dataset are the hidden dimension size € {32, 64,128},
and the number of layers € {2, 3,4}. The sigmoid function
is applied to the output of the hidden layers.

For the ogbg-molhiv dataset, we used the available prede-
fined splits. We set the batch size to 128 and the number of
epochs to 200. The hidden dimension size was chosen from
{128,256}, and the number of layers from {2, 3}. The rest
of the experimental setup is the same as described above.
All reported results are averaged over 10 runs.

Results. Table 1 illustrates the classification accuracy
achieved by the proposed INVGNN model and the base-

Table 2. ROC-AUC score (+ standard deviation) of the differ-
ent methods on the ogbg-molhiv dataset. Best performance is
highlighted in bold.

ogbg-molhiv

GCN 76.06 £ 0.97
GIN 75.58 £ 1.40
GCN+FLAG | 76.83 £ 1.02
GIN+FLAG | 76.54 £ 1.14
GSN 77.99 £ 1.00
m-GNN 79.12 £ 1.50
ESAN 78.00 = 1.42
E-SPN 77.10 £ 1.20
INVGNN 77.61 £1.61

lines on the six datasets from the TUDataset collection. We
observe that INVGNN is the best-performing model on three
of the six datasets. On most datasets, the accuracy of our
model is comparable to that of GIN, which can also match
the expressive power of 1-WL. Notably, on PROTEINS,
INVGNN provides an absolute improvement of 1.8% in
accuracy over GIN. However, on NCI1, GIN outperforms
the proposed model by 3.6%. Overall, our results indicate
that INVGNN achieves high performance on the six datasets
from the TUDatasets collection, and that invertibility does
not compromise its predictive ability.

Table 2 shows the ROC-AUC of the different methods on
the ogbg-molhiv dataset. Even though INVGNN is not the
best-performing method, it outperforms the GIN model by a
substantial margin (2.03% absolute increase in ROC-AUC
score). This experiment demonstrates the effectiveness of
the proposed model on large graph classification datasets, as
ogbg-molhiv is significantly larger (41,127 samples in total)
than the considered datasets from the TUDatasest collection.



INVGNN: Learning Invertible Node Representations on Graphs

Graph structure considered

Graph structure ignored

1751

n 125

5

S 100 |

c

% 751
50
25 1

[ normal data
[ anomalous data

.

il

16,0 12.5 15.0 17‘.5

—logp(x)

2‘,5 5:0 715

26.0

6:0 6.‘5 710

—logp(x)

5.0 5.5

Figure 2. Histograms of the negative log-likelihoods of nodes from 20 graphs. Half of the graphs are Erdos-Rényi graphs constructed
using the same procedure as those on which the model was trained (normal data). The remaining graphs exhibit a community structure
and are considered outliers (anomalous data). In the right panel, the graph topology is ignored.

Table 3. Number of failures of the INVGNN model in distinguish-
ing structurally different nodes that are distinguished by 1-WL,
with varying hidden dimension and activation.

. Analytic ‘ PwL
Dim - - -
Tanh  Sigmoid SiLU ‘ ReLU LeakyReLU

1 2 2 4 5,583,565 28
5 0 0 0 25 24
10 0 0 0 21 19
20 0 0 0 16 14
57 0 0 0 14 12

4.2. Expressive Power

We next provide empirical validation of our theoretical re-
sults on the expressive power of the proposed model. We
perform four iterations of the 1-WL algorithm on the 188
graphs of the MUTAG dataset. The number of nodes of the
graphs range from 10 nodes to 28 nodes. The total number
of nodes is equal to 3,371. The 1-WL algorithm assigns
some color to each one of those 3,371 nodes. We then ran-
domly initialize the parameters of INVGNN (we use four
neighborhood aggregation layers to match the iterations of
1-WL), we perform a forward pass and we count the pairs
of nodes that are assigned different colors by 1-WL, but
the same vector representation by INVGNN. Note that the
number of pairs of nodes with different colors is 5,583,565.
We experiment with different analytic and piecewise linear
functions and different hidden dimension sizes. Since the
largest graph consists of 28 nodes, Theorem 3.2 suggests a
dimension size of 2:28+41 = 57 to achieve expressive power
equivalent to 1-WL for almost any values of parameters.

The results are illustrated in Table 3. We observe that, in the
case of analytic activation functions, while our theoretical
result suggests a dimension size of 57 to achieve expressive
power equivalent to 1-WL for almost any choice of parame-
ters, this level of expressiveness is already achieved with a
dimension size as low as 5. On the other hand, the two piece-
wise linear functions fail to distinguish some structurally

different nodes, even with a dimension size of 57. For a
dimension size of 1, the ReLLU function appears unable to
separate structurally different nodes, which is likely due to
the model embedding all nodes into the same real value.

4.3. Outlier Detection
4.3.1. SYNTHETIC DATASET

Invertible models are commonly used for outlier detection.
We next investigate whether INVGNN can detect nodes that
are considered outliers. We construct a synthetic dataset
consisting of 100 Erdos-Rényi graphs, each with 50 nodes
and edge probability 0.27. Each node is annotated with a
two-dimensional feature vector. For half of the nodes, the
feature vectors are sampled from N (1,0.5I), while for the
remaining nodes they are sampled from N (—1,0.51). The
INVGNN model is trained on this dataset using maximum
likelihood estimation. We use 2 layers and train the model
for 1,000 epochs. For stability, each entry of A is divided
by the average of the largest eigenvalue across all graphs
in the training set. After training, we can compute the log-
likelihood of each node using the change-of-variables for-
mula (Equation (1)). After training, we generate 10 graphs
using the same procedure described above. In addition, we
generate 10 graphs that exhibit a community structure with
two equally sized communities and have a similar density
to the Erdos—Rényi graphs. Nodes in the first community
are annotated with feature vectors sampled from A/(1, 0.51),
while nodes in the second community are annotated with fea-
ture vectors sampled from A'(—1, 0.5I). We consider those
10 graphs as outliers. We feed all 20 graphs to the model
and visualize the negative log-likelihoods of the nodes.

The results are illustrated in Figure 2. The left panel consid-
ers the graph structure, while the right panel treats node rep-
resentations as independent, without interactions between
them. We observe that the INVGNN model assigns lower
negative log-likelihoods to nodes belonging to graphs drawn
from the same distribution as the training set. On the other
hand, nodes from graphs that exhibit a community structure
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are assigned higher negative log-likelihoods. This indicates
that the model assigns lower probability to such nodes and
therefore identifies them as potential outliers. As expected,
the model that ignores graph structure fails to distinguish
outlier nodes (results shown in the right panel), since an
equal number of nodes in both types of graphs are anno-
tated with features drawn from the same distributions. This
demonstrates that the proposed model can detect outliers in
setting where models that treat graphs as unordered multi-
sets of node representations fail.

4.3.2. REAL-WORLD DATASETS

Next, we evaluate the proposed model on five real-world
datasets containing organically occurring outliers, namely
Weibo (Zhao et al., 2020), Reddit (Kumar et al., 2019), Dis-
ney (Séanchez et al., 2013), Books (Séanchez et al., 2013)
and Enron (Sanchez et al., 2013). The objective is to de-
tect the outlier nodes. The proportion of outlier nodes in
these datasets is 10.3%, 3.3%, 4.8%, 2.0% and 0.04%, re-
spectively. As before, INVGNN is trained on each dataset
using maximum likelihood estimation. After training, the
log-likelihood of each node is computed using the change-
of-variables formula (Equation (1)). These log-likelihood
values are then used as anomaly scores to evaluate outlier
detection performance in terms of ROC-AUC. Note that in
real-world unsupervised outlier detection settings, hyper-
parameter tuning and model selection are particularly chal-
lenging due to the absence of ground-truth labels (Liu et al.,
2022). Following Liu et al. (2022), we evaluate multiple
hyperparameter configurations and report the best achieved
performance. In particular, we tune only the number of
layers and the number of training epochs. Moreover, for
stability, each entry of A is divided by its largest eigenvalue.

We compare the proposed method against six represen-
tative baseline approaches, including both standard and
GNN-based outlier detection methods: (1) SCAN (Xu
et al., 2007); (2) Radar (Li et al., 2017); (3) DOMI-
NANT (Ding et al., 2019); (4) DONE (Bandyopadhyay
et al., 2020); (5) AdONE (Bandyopadhyay et al., 2020); and
(6) GAAN (Chen et al., 2020). For all baselines, we use
ROC-AUC scores that are reported in prior work Liu et al.
(2022).

The ROC-AUC scores achieved by the proposed model and
the baseline methods are reported in Table 4. INVGNN
achieves the best performance on the Disney dataset, while
ranking second-best and third-best on the Books and Reddit
datasets, respectively. Overall, the results demonstrate that
the proposed approach is competitive with methods specifi-
cally designed for outlier detection. These findings further
indicate that the model is able to effectively capture the un-
derlying probability distribution of graph nodes, assigning
lower log-likelihoods to outlier nodes.

Table 4. ROC-AUC performance of the proposed INVGNN model
and the baselines on the five outlier detection datasets. For each
method, we report the maximum performance over all hyperpa-
rameter configurations. Best performance is highlighted in bold.

Weibo Reddit Disney Books Enron
SCAN 70.8 50.0 56.1 524 58.1
Radar 99.0 56.9 51.8 52.8 80.8
DOMINANT | 925 56.4 54.9 58.1 85.0
DONE 88.7 59.7 50.6 52.6 67.1
AdONE 87.6 58.1 59.2 56.1 53.6
GAAN 92.5 56.0 48.0 61.9 73.1
INVGNN 88.9 57.2 65.7 59.2 72.0
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Figure 3. Visualization of the 50 vectors sampled from A/ (0, I)
and then fed into the INVGNN model with the inverse of the expo-
nential adjacency matrix, and the resulting node features produced
via the inverse mapping. Colors indicate partition memberships.

4.4. Node Feature Generation

We next investigate whether the INVGNN model can gen-
erate node features similar to those of the graphs on which
the model is trained. We construct a synthetic dataset that
comprises of 100 bipartite graphs. Each graph contains 50
nodes, equally divided between the two partitions (i.e., 25
nodes per partition). The probability of an edge existing
between a node in the first partition and a node in the sec-
ond partition is set to 0.3. The nodes are annotated with
two-dimensional feature vectors. Features of nodes in the
first partition are drawn from A (1,0.5I), while those of
nodes in the second partition from A/(—1,0.5I). The IN-
VGNN model is trained on this dataset using maximum
likelihood estimation. We use 2 layers and train the model
for 200 epochs. After training, we generate a random bipar-
tite graph following the same procedure described above.
We compute (exp(A))f1 where A is the adjacency ma-
trix of the generated bipartite graph. We then sample 50
two-dimensional vectors from A(0, I), and feed both the
inverse of the matrix exponential and the sampled vectors to
the INVGNN model to perform the inverse mapping. The
model then outputs features for the nodes.

The sampled vectors and the generated node features are
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Table 5. Features of misclassified nodes in the Cora test set and of their neighbors that changed the most when the model output was
modified to correctly classify each node. Features are shown separately for each ground-truth class. For the nodes themselves, we report

the features with the largest increase, while for their neighbors we report those with the largest decrease.

‘ Reinforcement_Learning ‘ Theory ‘ Case_Based ‘ Neural Networks ‘ Probabilistic-Methods ‘ Rule_Learning ‘ Genetic_Algorithms
Node converg, limit, issu, com- limit, issu, com- limit, issu, heurist, issu, limit, heurist, level, improv, properti, properti, level, level, genet, nois,
(Largest T) plet, heurist, theoret, ab- plet, approxim, the- improv, situat, converg, complet, sequenc, genet, variabl, genet, sequenc, consist, finit, pro-
stract, program, lead, ap- oret, prove, lead, complet, approxim, theoret, context, call, rate, architectur, call, improv, activ, gram, properti, result,
plic understand, demon- theoret, context, approxim, situat, featur class, simul, logic scale, capabl
str, converg demonstr recognit
Neighbors converg, issu, theoret, limit, issu, ap- limit, issu, heurist, issu, heurist, com- level, improv, properti, properti, level, program, analyz, finit,
(Largest ) complet, limit, heurist, proxim, complet, complet, approxim, plet, converg, limit, sequenc, genet, variabl, genet, sequenc, activ, nois, control,
program, abstract, lead, understand,  the- theoret, situat, con- theoret, context, ap- factor, suggest, call, ar- activ, simul, class, reason, consist, inde-
reason oret, prove, lead, text, improv, solut proxim, recognit, er- chitectur solv, logic, call pend, understand
applic, converg ror

illustrated in Figure 3. We observe that the model success-
fully produces two distinct groups of features: one group
predominantly corresponding to nodes from the first parti-
tion and the other to nodes from the second partition. In
addition, the two groups are well aligned with the distri-
butions from which the training node features were drawn,
namely N(1,0.5I) and A'(—1,0.51).

4.5. Decision Explanation

We next use the INVGNN model to investigate how the
initial node features would need to change for the model
to correctly classify previously misclassified samples. We
experiment with the Cora dataset (Yang et al., 2016). Since
the publicly available version of the dataset does not pro-
vide a vocabulary, we recomputed bag-of-words features
for all nodes. To do so, we retrieved the abstracts of all
papers, lowercased all words, removed stopwords and to-
kens containing numeric characters, applied stemming, and
discarded terms appearing in fewer than 100 abstracts. Fol-
lowing these preprocessing steps, the resulting vocabulary
consists of 268 terms. We used 2,068 nodes for training and
the remaining 640 nodes for testing. The model consists
of 2 layers, each of dimension 268, to allow end-to-end in-
vertibility. Although the model produces a 268-dimensional
vector for each node, it effectively assigns the highest proba-
bilities to the first 7 components, corresponding to the actual
classes. We train the model for 50 epochs with a learning
rate of 0.001. For stability, each entry of A is divided by its
largest eigenvalue.

Once the model is trained (it achieved a classification ac-
curacy of 82.14% on the test set), we identify misclassified
nodes of each class in the test set. For each such node, we
increase the logit of the correct class so that it surpasses
the largest logit by a small constant, and then perform the
inverse mapping. In other words, we modify the model’s
predictions so that each previously misclassified node is
correctly classified. We then analyze the resulting changes
in the node’s initial features, as well as in the initial fea-
tures of its neighbors. This analysis provides insight into
which aspects of the initial features would need to be dif-

ferent in order for the model not to misclassify these nodes.
We provide in Table 5 the features that changed the most
for misclassified nodes of each class. For the nodes them-
selves, we list the features with the largest increase, while
for their neighbors we list those with the largest decrease.
The presence of certain terms in specific classes is not sur-
prising, such as “genet” in Genetic_Algorithms, “variabl” in
Probabilistic_Methods, and “recognit” in Neural Networks.
Papers whose abstracts contain these terms are expected to
belong to the corresponding classes. It is worth to mention
that for each class, the features that increase the most for the
nodes largely coincide with those that decrease the most in
their neighboring nodes. Since Cora is a homophilic dataset,
the majority of the neighbors of a given node contain useful
information for classifying that node. Intuitively, the ob-
served behavior can be interpreted as a flow of information:
to change the prediction for a node, the model diffuses the
node’s uninformative or confusing features to its neighbors
while aggregating more discriminative information from
them.

4.6. Time and Memory Complexity Analysis

As discussed above, one layer of the proposed model
has time complexity O(n?), since the matrix exponential
exp(A) is dense. The memory complexity also scales as
O(n?) since the matrix exponential is precomputed and
stored in memory. To illustrate the scalability of the IN-
VGNN model, we constructed synthetic node classification
datasets in which graphs are generated using a stochastic
block model. For each graph, we measured the model’s
runtime and memory usage, as well as the time required
to compute exp(A) from the graph’s adjacency matrix A.
Specifically, we generated graphs with equally sized blocks
and set the intra-block edge probability to 0.4 and the inter-
block edge probability to 0.05. Nodes in the first block were
assigned to class 0, while nodes in the second block were
assigned to class 1. We set the hidden dimension size equal
to 64 and the number of neighborhood aggregation layers
to 3. The output of the last neighborhood aggregation layer
was fed to a fully-connected layer to produce class probabil-
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Figure 4. Complexity analysis of the INVGNN model trained on graphs of increasing size. Left: average running time per epoch. Middle:
peak memory consumption. Right: computation of the matrix exponential of the adjacency matrix.

ities. The model was trained for 50 epochs by minimizing
the cross-entropy loss. All experiments were conducted on a
machine equipped with an Intel Xeon CPU running at 2.20
GHz (2 cores, 16 GB RAM) and an NVIDIA Tesla T4 GPU
with 16 GB of memory.

The results are provided in Figure 4. The average time per
training epoch of INVGNN remains approximately constant
for graphs with up to 2,000 nodes. For the graph contain-
ing 10,000 nodes, it increases by approximately one order
of magnitude. Nevertheless, a runtime of approximately
0.03 seconds per epoch remains well within acceptable lim-
its. We can also see that the memory requirements of the
model increase with graph size. While less than 22 MB
are required for graphs up to 400 nodes, the memory usage
increases to apprximately 40, 97 and 1,945 MB for graphs
with 1,000, 2,000 and 10,000 nodes, respectively. Note that
computing the matrix exponential exp(A ) requires an eigen-
value decomposition of the adjacency matrix A, which has
a time complexity of O(n?). Figure 4 shows that exp(A)
can be computed in less than one second for graphs with
up to 2,000 nodes, and requires approximately 23 seconds
for a graph with 10,000 nodes. Although this computation
introduces an overhead that standard GNNs do not incur, it
is performed only once, and the resulting increase in total
runtime is not dramatic.

5. Conclusion

In this paper, we introduced an invertible GNN layer that
enables the construction of fully invertible GNN models,
which we refer to as INVGNNs. Invertibility makes these
models particularly suitable for tasks such as density estima-
tion and data generation. Our proposed layer leverages the
matrix exponential of the adjacency matrix, ensuring that
the transformation is always invertible. We demonstrated
that stacking instances of this layer in sequence allows the
resulting models to match the expressive power of the 1-WL
algorithm, thus providing both invertibility and sufficient ex-
pressiveness. The INVGNN model was evaluated on graph
classification tasks, achieving performance comparable to
well-established GNN architectures such as GIN. Addition-

ally, we empirically showed that INVGNN can detect outlier
nodes, generate node features and provide explanations of
GNN decisions.
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A. Proof of Theorem 3.2

Before proceeding with the proof of the Theorem, we establish three Lemmas that will be used in the proof. If the multisets
of nonzero entries in the rows of the matrix exponentials of the adjacency matrix corresponding to two nodes are different,
then the nodes are structurally distinct. The purpose of the Lemmas is to show that if the multisets are equal, then the entries
of the rows that correspond to the two nodes are identical and uniquely determined. Moreover, the multisets of entries
corresponding to their direct neighbors are also equal, and these entries are distinct from those associated with nodes that are
not direct neighbors. Therefore, the node itself and its neighbors can be uniquely identified.

We will first show that if the multisets of nonzero entries in row exp(A); . and row exp(A)’; . are equal, then exp(A); ; =
exp(A'); ;.

Lemma A.l. Let G = (V, E), G’ = (V', E’) denote two unweighted, undirected graphs on n nodes, and let A, A’ denote
their respective adjacency matrices. In addition, let v; € V and v;- € V'. If the multiset of nonzero entries in row exp(A); .
is equal to the multiset of nonzero entries in row exp(A'); ., then exp(A); ; = exp(A); ;.

Proof. Because A and A’ are real symmetric matrices, they admit spectral decompositions. Let Aq, ..., A, denote the
eigenvalues of matrix A and let U be its orthogonal matrix of eigenvectors. Likewise, let Aj, ..., A, and U’ denote the
eigenvalues and eigenvectors of A’. Since the multiset of entries in row exp(A); . is equal to the multiset of entries in row
exp(A’); ., we have:

exp(A);,: exp(A);], = exp(A');. exp(A')],

%,

- eXP(A)?,i = eXp(A/)?,j

n
=) ()20, =Y (MU ,)?
k=1 k=1
n n
= Z UG, = Z k(U] )
k=1

k=1
n

n
— Z 62)\kU,L27k— Z 62)\;c (U;.k)Z = O
k=1 k=1

Let M = {u1, 2, . . ., ua be the set of all distinct eigenvalues present in either A or A’. We can group the terms of the
equation above by these distinct exponents to form a linear combination:

d
E CmeQMm -0
m=1

where each coefficient ¢, is equal to the difference between the sum of U?y i terms (for all £ where A;, = f1,,) and the sum
of (U ,)? terms (for all k£ where A = u,,,). Because the elements of A and A’ are integers, their eigenvalues and the
entries of their corresponding eigenvectors are algebraic numbers. The algebraic numbers form a field, and they are closed
under addition, subtraction, and multiplication. Therefore, every coefficient ¢,, is an algebraic number.

According to the Lindemann—Weierstrass theorem (Baker, 2022) (Thm. 1.4), if u1, ..., g are distinct algebraic numbers,
then their exponentials e#1, ..., et¢ are linearly independent over the algebraic numbers. Therefore, the linear combination
equal to zero requires that:

cp=cyg=--+-=¢cqg=0

Since every coefficient ¢, is exactly zero, any linear combination scaled by these coefficients is also zero. Therefore, we

have:
d
E cmel™ =0
m=1

Expanding c,, back into its constituent eigenvector products, we have:
n n
AL T2 A 72
Ze Uik — Ze *(Ui)” =0
k=1 k=1

13
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S0, = 3 ko
k=1 k=1
= exp(A);; = exp(A)

l. .
3:J

which concludes the proof. O

If the multisets of nonzero entries in row exp(A ); . and row exp(A)’, . are equal, then there exists a permutation 7: [n] — [n]
of the nodes of G’ with 7(j) = ¢ such that A; . = [A’]; .. Here, we have assumed that both graphs consist of n nodes. If a
graph contains fewer than n nodes, we can always pad its adjacency matrix with all-zero rows and columns to increase the
number of nodes to n. The next Lemma assumes that the aforementioned permutation has been applied to reorder the nodes
of G'. Tt states that if the rows exp(A); . and exp(A)’ . have equal multisets of nonzero entries, then the corresponding
rows of any power of the adjacency matrices of G and G’ also have equal multisets of nonzero entries.

Lemma A.2. Let G = (V,E),G' = (V', E’) denote two unweighted, undirected graphs and let A, A’ denote their
respective adjacency matrices. If the i-th rows of their matrix exponentials are equal, such that exp(A); . = exp(A'); .,
then A7 = (A')] . for any r € NU{0}.

Proof. Because A and A’ are real symmetric matrices, they admit spectral decompositions. Let A1, ..., A, denote the
eigenvalues of matrix A and let U be its orthogonal matrix of eigenvectors. Likewise, let A}, ..., A, and U’ denote the
eigenvalues and eigenvectors of A’. For any j € [n], we have:

exp(A)m» = GXp(A/),',’j

n n
— Y MULU =) MU U
€ i,k Yk = € ik gk

k=1 k=1

n n
= Z MU, Ujp— Z e U; U =0
k=1 k=1
Let M = {u1, 2, . . ., ua} be the set of all distinct eigenvalues present in either A or A’. We can group the terms of the
equation above by these distinct exponents to form a linear combination:

d
§ Cmeum =0

m=1

where each coefficient c,, is equal to the difference between the sum of U; U} . terms (for all £ where \;, = p1,,,) and the
sum of U; , U’ ; terms (for all k where A}, = p,,,). Because the elements of A and A’ are integers, their eigenvalues and
the entries of their corresponding eigenvectors are algebraic numbers. The algebraic numbers form a field, and they are
closed under addition, subtraction, and multiplication. Therefore, every coefficient c,, is an algebraic number.

According to the Lindemann—Weierstrass theorem (Baker, 2022) (Thm. 1.4), if u1, ..., pg are distinct algebraic numbers,
then their exponentials e#1, ..., e#¢ are linearly independent over the algebraic numbers. Therefore, the linear combination
equal to zero requires that:

cp=cy=---=¢q=0

Since every coefficient c,, is exactly zero, any linear combination scaled by these coefficients is also zero. Specifically, for
any r € NU {0}, we have:

d
> ety =0
m=1

Expanding c,, back into its constituent eigenvector products, we have:

n

Z AUk Uy — Z(/\;e)TUé,kU;',k =0

k=1 k=1
n n
— Z AU U, = Z(A;)TU;,kU;}k
k=1 k=1
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roo_ nr
=A;;=(A)

4,3

Because this holds for every j € [n], it follows that the entire i-th rows are equal, concluding the proof. O

From the above Lemma, we conclude that the multisets of entries of exp(A.); . and exp(A’); . corresponding to the neighbors
of nodes v; and v} are equal.

The final Lemma states that if two entries in the same row of the matrix exponential of the adjacency matrix are equal, then
the corresponding entries in every power of the adjacency matrix are also equal.

Lemma A.3. Let G = (V, E) denote an unweighted, undirected graph and A denote its adjacency matrix. If exp(A), ; =
exp(A)ie, then A7 ; = A7, for all v € NU {0}.

Proof. Since A is a real symmetric matrix, it admits a spectral decomposition. Let A1, ..., A, denote its eigenvalues and let
U be its orthogonal matrix of eigenvectors. Let yuq, ..., ., denote the distinct eigenvalues. Let I; denote the the set of
indices j € [n] such that \; = p;, ie., I; = {j € [n] | A; = p;}. Then, we have that:

exp(A)i; = exp(A)ie = Y MU Ujp =Y eMU;  Upy,

k=1 k=1
N zd: Z U U, b zd: Z U U me— (group terms that share the)
sm S [€ hmSm J€ = same distinct eigenvalue
k=1 mely k=1 mely
d
=3 (% (Ut~ Vi) e =0
k=1 mely
N Z (Ui,mUj,m B Uz‘,mUe,m) — 0 forall k € [d] (due to L1n(}[(?}rlrgzrrléll;1Welerstrass>
mely
= Y UinUjm= > UinUsy forall ke [d]
mely mely

Then, for any » € NU {0}, we have that:

n d n
AL = YU =3 (3 U)o = 3 (X UiV s = 30U = AL
k

k=1 k=1 “mely =1 “méely k=1

which concludes the proof. O

The above Lemma implies that if two entries in a row of some power of A are different, then the corresponding entries of
exp(A) are also different. Therefore, the entries of exp(A); . associated with neighbors of node v; are distinct from the
remaining entries because the corresponding entries of A (i.e., first power of A) differ. Likewise, exp(A ), ; differs from all
the remaining entries of exp(A.); . since AY; # A, for any j # i.

We also state the following Theorem by Amir et al. (2023) which we will use to show that our model can be as expressive as
1-WL.

Theorem A.4 (Amir et al. (2023)). Let 0 : R — R be an analytic non-polynomial function. Let n,d € N, and set
m = 2n + 1. Let also ¥ C R? be any infinite countable alphabet. Then for Lebesgue almost any A € R™*% b € R™, the
Sfunction f: M<,(X) — R™ given by

F(u) =) wio (Ax; +b) for p = w;dy, 3)
=1 1=1
is injective.
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We will use the above Theorem to show that, almost surely, different representations are learned for certain nodes. We repeat
below, for convenience, the node update rule of the proposed INVGNN model:

nk — Zexp (h(k D ywk) 4 b(k))
Note that the wy,...,w, values in the Theorem A.4 correspond to the exp (A)m’ ..., €XP (A)7 ,, entries of a row
of exp (A), while the the x1,...,x, vectors correspond to the node representations h§k71)7 . ,h%kil). Let v; and

v} be nodes in graphs G and G’, respectively, where G, G" € G<,(¥). Let f be an analytic non-polynomial func-
tion, and let the hidden dimension size be at least equal to 2n + 1. The above Theorem implies that if the multi-
k-1 k-1 k-1 k-1

sets { (exp (A), |, h{ ) L (exp (A)m, h )} and { (exp (A/)j,l’ ) (exp (A'), s /)Y are not
equal, then hl(-k) #* h;-(k) for Lebesgue almost any W*) b(¥) We will use this in the proof of Theorem 3.2 below.

We now proceed with the proof of the Theorem. If two nodes are structurally identical, it is easy to show that the proposed
model learns identical representations for them. We next prove that whenever the 1-WL algorithm assigns different colors to
two nodes, the proposed model almost surely learns different representations for them.

Let ¢(®) (v) denote the color that 1-WL assigns to node v after k € N iterations. The color of a node at iteration & of 1-WL
encodes the previous color of the node and the multiset of previous colors of its neighbors:

¢® (v) = hash(c* =V (v), {c* D (u) | u € N(v)})
where hash(-) assigns a new compressed identifier to the tuple.

We will show that if ¢¥) (v;) # ¢®) (v/), then h{¥) % h/(k) We proceed by induction on k. For k = 1,if ¢(?) (v;) # ¢ (v}),
then also hio) # hj © holds.

For the induction step, suppose that the representations learned by the proposed model distinguish all node pairs distinguished
by 1-WL after k — 1 iterations. That is, if ¢* =) (v;) # ¥~ (v/), then hFY h (k=1),

Now suppose that for two nodes v;, v (possibly from different graphs) we have that:

9(w3) # ¥ (v]) = hash (D (), fe* D (v0) | or € Nw)}) # hash (4D (@), febD () | 0f € N())})

This can happen in one of the following three cases:

Case (i): if c*~D) (v;) # *Y (v])

If {exp (A>i,1’ ...,exp (A)i,n}} # {exp (A')j)l, ..., exp (A/)jm'}}’ then, by Theorem A.4, the two nodes obtain dif-
ferent representations. Suppose that fexp (A), |,...,exp (A), } = {exp (A’)j oo €XD (A’)j ). By Lemma A1,
the elements of the multisets corresponding to nodes v; and v} are equal, i.e., exp (A), . = exp (A’ )j ;- Furthermore,
by Lemma A.3, these two elements are distinct from all other elements in the multisets because, in the 0-th power of the
adjacency matrix, they are equal to 1, while all other elements are equal to 0. Therefore, exp (A), . # exp (A), , for
any ¢ € [n] \ {i}. Likewise, exp (A’)jj # exp (A’)M forany ¢ € [n] \ {;}. Since h{* ") = h;-(kfl) by the induction
hypothesis, the pairs (exp (A) . h(»kfl)) and (exp (A’)j e h/.(kfl)) are different from each other, and Theorem A.4

0,87 J

implies that hgk) #* h;(k) holds for Lebesgue almost any parameter values.

Case (i): if ¥~V (vy) | v € N(vi)} # LBV (v)) | vy € N(v))}

Once again, if {exp (A)i,l, .., €Xp (A)m}} #+ {exp (A,)j,l’ .., €Xp (A’)j’n,}}, then, by Theorem A .4, the two nodes
obtain different representations. Suppose that {exp (A)i,l’ ..,exp (A)m}} = {fexp (Al)j,l’ ...,exp (A’)j"n,}. By
Lemma A.2, the elements in the multisets that correspond to neighbors of v; and v;- have identical values for all powers of the
adjacency matrix and therefore also in the multisets of entries of the matrix exponentials. We thus have that {exp (A) it |
v € N(v;)} = flexp (A’ )j7 , | vp € N(v})}. Furthermore, by Lemma A.3, those elements are different from those
of nodes that are not neighbors of v; and v; since their entries in the adjacency matrix are equal to 1, while the entries
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corresponding to non-neighbors are equal to 0. Therefore, {exp (A)i,f | ve € N(v;) } N {exp (A)i,f | ve & N(vy)} = 0.
Likewise, {exp (A/)M | v, € N(vf)} N fexp (A,)M | vy € N'(vj)} = 0. Therefore, we also have that {exp (A)M |
ve € N(v;)} N {exp (A/)i,é | vy & ./\/'(vg)}} = () and {exp (A/)M | vy € N(vé)} N {exp (A)i,é | ve & N(v;)} = 0.
Since we have {{hék_l) | ve € N(v;)} # {{h;(k_l) | vy € N(v})} by the induction hypothesis, the multisets of pairs
{(exp (A)i,l’ hék_l)) | ve € N(v;)} and {(exp (A’)M, h;(k_l)) | v € N(v})} are different from each other, and
Theorem A.4 implies that hl(»k) #+ h;(k) holds for Lebesgue almost any parameter values.

Case (iii): if both above conditions hold.
Based on the above, hz(.k) #+ h;(k) holds for Lebesgue almost any parameter values.

B. Sparse Chebyshev Approximation of exp(A)

Since we have assumed undirected graphs, the adjacency matrix A is symmetric. Most real-world graphs are sparse, and
therefore the associated matrix A is also sparse. We next present how we can compute the action of the exponential operator

Y = exp(A)M
for some arbitrary matrix Ml € R"*¢ (e.g., matrix of node representations), without explicitly constructing the dense matrix

exp(A).

Spectral bounds. Let A\pin(A) € R and Ayax(A) € R denote the smallest and largest eigenvalues of A. Chebyshev
approximation requires an interval [Amin, Amax] containing the spectrum of A. Some potential approaches for obtaining the
interval [Amin, Amax] are the following:

* Degree (Gershgorin) bounds. For undirected binary graphs, we have that
)\max(A) S dmaxa )\min(A) Z _dmax7

where dy,ax = max; » j A,;; is the maximum (weighted) degree of the graph. The complexity of computing these
bounds is O(m). The main weakness of these bounds is that they might be loose.

* Power iteration bounds. Since A is symmetric, the largest eigenvalue can be estimated by power iteration:
(t+1) _ Av(®
[AvV®)]
Anax = vIOTAv®)

A symmetric interval can then be chosen as follows:

>\min = _>\max and )\max = )\max~
Power iteration have a complexity of O(mT') for T iterations.

* Lanczos bounds. Alternatively, a Lanczos tridiagonalization of dimension m yields a small tridiagonal matrix T,
whose extremal eigenvalues approximate those of A. Let fiyi, and pim.x be the smallest and largest eigenvalues of
T,,.. We set

)\min ~ Hmin and >\max ~ Hmax
This provides the tightest bounds at slightly higher preprocessing cost. Specifically, the complexity of Lanczos bounds
is O(mmy) for Krylov dimension m.

Affine rescaling. Given the interval [Apmin, Amax], we define « and S as follows:

)\max + )\min
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Then, we have

A = ol + 3B,
A — ol

B=
B )

and the spectrum of B lies in [—1, 1]. Consequently,
exp(A) = exp(a) exp(6B).

Chebyshev expansion. Let 7}, denote Chebyshev polynomials of the first kind:

To(B) =1,
T:(B) =B,
To1(B) = 2BT4(B) — Ty_1(B).

The scalar function f(z) = exp(8z) on [—1, 1] admits the truncated expansion

K
o
flz) =~ 5 1 ZCka(m),

k=1

where the coefficients are given by the cosine—quadrature formula
N-1 . 1
2 =

=~ Z p(Bcosb;) cos(kb;) with 6; = w
7=0

Operator form (sparse implementation). Instead of forming B or T} (B) explicitly, the method applies them to features
using sparse matrix—vector products. For any M € R™*¢, we have

AM — aM
BM = = 4%
g
The Chebyshev recursion is evaluated as follows:
TO(B)M = Ma
T:(B)M = BM,

Tr+1(B)M = 2BT,(B)M — T}, (B)M,
requiring only repeated sparse multiplications by A.

The final approximation is given by:

K
exp(A)M =~ exp(a ( M+ ch T, (B )
k=1

The time complexity of the Chebyshev approximation is O (K m d), while its memory complexity is O(m+n d). Importantly,
at no point is a dense n x n matrix formed, making the method scalable to large graphs. The product exp(—A )M for the
inverse mapping can be approximated analogously.

C. Additional Experiments

C.1. Molecular Perturbation Experiment

Following the experiments conducted by Errica & Niepert (2024) (Figures 3 and 5), we also investigated whether the
proposed model can answer probabilistic queries about graphs. Specifically, we trained the INVGNN model on the ogbg-
molpcba dataset (Hu et al., 2020) using maximum likelihood estimation. After training, the log-likelihood of each node in
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Figure 5. The five subplots represent five molecules from ogbg-molpcba. The heatmaps illustrate variations in the log-likelihood of the
nodes under specific atomic modifications. Nearby atoms are also affected by these changes.

a graph can be computed via the change-of-variable formula (Equation (1)). We considered the five molecular examples
from (Errica & Niepert, 2024), in which certain atoms are replaced in the SMILES representation, and computed the negative
log-likelihood for each node before and after replacement. The results are illustrated in Figure 5. Our findings are consistent
with those reported by Errica & Niepert (2024). For example, in Figure 5a, where the Chlorine (CI) atom is replaced with
Oxygen (0), the log-likelihood increases because CI is deactivating and is therefore less likely to occur attached to an
all-carbon atom group.

C.2. Approximation Scheme

We next evaluate the approximation scheme described in Appendix B. This is particularly useful for large graphs where
computing the matrix exponential of the adjacency matrix exactly is computationally infeasible. Note that the proposed
scheme does not invert the approximation, but it instead approximates the inverse function directly. To quantify the
approximation error, we performed an experiment on the MUTAG dataset (Morris et al., 2020). For each graph of MUTAG,
we generated an n x 32 random matrix X (where n denotes the number of nodes of the graph) and approximated the product

19



INVGNN: Learning Invertible Node Representations on Graphs

Table 6. Error of the approximation scheme described in Appendix B as a function of the highest polynomial degree K.

| K
s | 10 | 15| 20 25

1156.0 226 | 0253 | 3.78 x107* | 5.11 x1078
61.0 0.932 | 0.012 | 1.25 x107° | 1.03 x107°

43308.8 | 458.5 | 0442 | 6.41 x10™* | 1.58 x1077

avg. ||X7XHF L=1)

)

) ‘

) 291.4 3.850 | 0.006 | 5.18 x107° | 1.67 x10~°
)

)

avg. |H—H|r (L=

(
(
ave. | X — X[l (
avg. |[H — H|[r (L =
(
(

458631.0 | 1423.0 | 0.516 | 5.97 x10~* | 3.63 x10~"
2093.3 32.16 | 0.100 | 8.79 x107° | 3.10 x10~%

2
2
avg. | X — X||r (L =3
avg. |[H—H]J|r (L =3

exp (A) ...exp (A) X using the approach described in Appendix B. Let H denote the approximation output and H the

L times
exact matrix. We then approximated the product exp ( — A) - - - exp ( — A) H, which corresponds to the inverse function,

L times
and let X denote the output. Finally, we computed | H — ﬂHF and || X — XH r, and report their average values for different
numbers of Chebyshev terms in Table 6. Power iteration was used to estimate the spectral bounds. It can be observed that
for a small number of terms, the approximation error is relatively large. However, the error decreases as K increases. For
K > 15, both the approximate output H and the reconstructed input X closely match their true counterparts. These results
indicate that the approximation scheme is reliable and can be confidently applied to datasets where exact computation of the
matrix exponential is not feasible.

C.3. Outlier Detection

We conducted experiments on three real-world datasets, MUTAG, ENZYMES and ZINC. MUTAG and ENZYMES are
standard graph classification datasets contained in the TUDataset collection (Morris et al., 2020). ZINC is a popular
molecular dataset (Irwin et al., 2012) where the task is to predict the constrained solubility of molecules, an important
chemical property for designing generative GNNs for molecules. For our experiments, we used the subset of ZINC that
contains 10,000 training samples. For MUTAG and ENZYMES, we treated the samples of one class as “normal” and
those of another class as “outliers”, while for ZINC, we treated the samples whose target is less than 3 as “outliers” and
the remaining samples as “normal”. From the normal class, we randomly sampled 20 graphs and removed them from the
training set, and we also sampled 20 graphs from the outlier class. We trained the model on the remaining normal graphs
using maximum likelihood estimation. Once training was complete, we evaluated the model on the 40 selected graphs (20
normal and 20 outliers) by computing the negative log-likelihood (NLL) of each node. For each graph, we averaged the
NLLs of its nodes, and Figure 6 illustrates histograms of these per-graph averages.

In most cases, INVGNN assigns lower NLLs to normal samples than to outliers, indicating that the model captures aspects
of the underlying data distribution. However, the model does not perfectly detect outliers. This is not surprising since the
classification task on ENZYMES (and on MUTAG for equally sized classes) is known to be challenging, and even models
trained on this specific task might achieve suboptimal performance. Furthermore, the training set that contains normal
graphs is relatively small, so patterns present in normal graphs from the test set may not be observed during training.

We also consider a different toy scenario. We construct an Erdos-Rényi graph with 20 nodes and edge probability 0.2, and
annotate all nodes with feature vectors sampled from A (0,I). An INVGNN model consisting of 10 layers is trained on this
graph using maximum likelihood estimation. After training, we add a new node to the graph and connect it to 10 randomly
chosen existing nodes. This new node is structurally anomalous, since its degree is unusually high compared to the original
nodes. The exponential of the new adjacency matrix is computed, and the new node is annotated with a vector also sampled
from A/(0, I). Finally, the graph is fed to the model to obtain negative log-likelihoods for all 21 nodes.

The graph along with the negative log-likelihoods are visualized in Figure 7. The more intense the color of a node, the
higher the negative log-likelihood. Note that the newly added node has ID 21, and that the negative log-likelihood of this
node is the highest among all nodes. This indicates that the model successfully identifies this node as an outlier.
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Figure 6. Histograms of the average negative log-likelihoods of nodes in 20 normal and 20 anomalous graphs from the MUTAG,
ENZYMES, and ZINC datasets.
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Figure 7. Negative log-likelihoods of the nodes of a graph produced by an already-trained INVGNN model. Node 21 was added to the
graph post-training and its degree is unusually high compared to the original nodes.

21



